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Abstract We develop a model for steady, laminar boundary layers over small-scale textured surfaces. Although
the texture is small relative to the boundary-layer thickness, it modifies the flow via a slip length. We use matched
asymptotic expansions to simplify the problem, dividing the flow into outer, boundary-layer and inner regions.
The far-field behaviour of the inner problem yields a slip boundary condition for the boundary layer. We derive
an asymptotic solution valid when the slip length is small, and for arbitrary slip lengths, we develop a numerical
method combining Chebyshev collocation and finite differences. We apply this framework to canonical small-
scale textured surfaces, including superhydrophobic surfaces and riblets, and utilise existing analytical slip
formulae. However, the framework is expected to extend to liquid-infused, porous, compliant or deformable
surfaces with a variety of regular or random textures. We demonstrate how slip modifies the boundary layer’s
velocity field, wall shear stress and displacement thickness across a range of surface configurations, and examine
the linear stability of the resulting slip-modified boundary layers. Our approach enables computationally
inexpensive modelling of a wide range of small-scale textured surfaces within laminar boundary-layer flows,
providing predictive capability for drag, boundary-layer growth and transition across applications ranging from
microfluidics to turbo-machinery and marine transport.

Keywords Laminar boundary layers - Slip length - Matched asymptotic expansions - Superhydrophobic
surfaces - Riblets - Drag reduction

1 Introduction

In high-Reynolds-number flow, a thin boundary layer exists near the wall where viscous effects are significant,
even though inertia dominates the bulk flow. This fundamental structure, formalised by Prandtl in 1904, enables
simplification of the Navier—Stokes equations via matched asymptotic expansions, separating the viscous near-
wall region from the outer inviscid flow [1]. Within this viscous near-wall region, normal diffusion balances
streamwise advection, allowing the flow to be described by a reduced model: the boundary-layer equations. For
steady, incompressible flow over a flat plate, the boundary-layer thickness scales as S99 ~ (D% / U)'/2, where
» is the kinematic viscosity, X the streamwise coordinate and U the free-stream velocity [2]. Downstream, the
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boundary layer grows in thickness as the velocity adjusts from the free-stream value U to the no-slip condition
at the wall. For a uniform free-stream velocity over a smooth, infinitely long flat plate, the Blasius solution
emerges, providing an exact similarity reduction of the boundary-layer equations to an ordinary differential
equation (ODE) [3].

The classical boundary-layer framework assumes a smooth, impermeable surface and a no-slip condition
at the wall. However, many natural or engineered surfaces, such as superhydrophobic surfaces (SHSs), liquid-
infused surfaces (LISs), riblets and porous surfaces, exhibit texture that can modify the viscous near-wall
flow [4-9]. These textures typically have a characteristic normal height A and streamwise half-period €, which
may be small relative to the boundary-layer thickness 899, yet their cumulative effect can be significant, as
they alter near-wall shear and flow resistance, ultimately influencing the boundary-layer flow [10]. When a
separation of scales exists (i.e., € < d99), the small-scale texture can be homogenised, meaning its effect is
captured through an effective boundary condition for the boundary-layer problem, rather than being explicitly
resolved. A common effective boundary condition in this context is a slip boundary condition, characterised by
a slip length A, which encapsulates the geometry and flow properties of the small-scale texture by modulating
the velocity at the wall [4—9]. The effect of slip on the boundary layer depends on the relative magnitude of A
and 899 [2,11]. When L < o9, slip acts as a small perturbation to the classical boundary layer, and Blasius’
solution remains valid to leading order. When A ~ §q9, slip modifies the classical boundary-layer structure,
causing Blasius’ solution to break down. When A > 899, homogenisation of the surface fails, and the texture
must be resolved directly.

Flow over a small-scale textured surface divides into three regions, reflecting the balance between inertial
and viscous forces and forming the basis for constructing matched asymptotic solutions [1,11]. The outer
region, governed by the Euler equations, is inviscid and unaffected by the wall. Viscous effects are negligible
here, and the velocity field is uniform, reflecting the dominant inertial dynamics in the bulk. The middle region
corresponds to the boundary layer, where inertial and viscous forces are both significant and balanced. Here,
the velocity adjusts to match the outer inviscid flow and inner viscous region. The boundary layer governs
the wall shear stress responsible for drag. The inner region lies closest to the wall, with a thickness of O (¢),
corresponding to the small-scale texture [11,12]. In the inner region, inertial effects are negligible compared
to viscous forces, and the texture must be fully resolved. The flow is governed by the Stokes equations, and its
far-field behaviour determines the slip length A in the boundary layer. Using matched asymptotic expansions,
these three regions can be connected to construct a solution valid across all scales, allowing the small-scale
texture to be replaced by a slip boundary condition in the boundary-layer equations.

In particular, a variety of small-scale textured surfaces have been investigated using multi-scale modelling
and experiments [10]. On superhydrophobic surfaces (SHSs), slip arises from gas pockets trapped between
ridges or pillars [13]. The slip length for SHSs depends on the small-scale texture geometry, gas fraction and
alignment relative to the flow direction. Analytical and semi-analytical models describing SHS slip behaviour
include those by Philip [14], Lauga and Stone [4] and Ybert et al. [15]. Liquid-infused surfaces (LISs), in
which the small-scale texture is filled with a second immiscible fluid, exhibit slip lengths that depend not only
on geometry but also on viscosity contrast, interfacial tension and capillary effects (Wong et al. [16]). Studies
by Hardt and McHale [5], Sundin and Bagheri [17] and Van Buren and Smits [18] have extended SHS-style
analyses to LISs. Riblets have long been employed for turbulent drag reduction and can also produce slip
effects in laminar flows. Their influence can be anisotropic, which is modelled using slip tensors that account
for the alignment of the riblets relative to the flow [6,12,19,20]. Other periodic textures have been analysed
using periodic homogenisation, yielding expressions for slip in Feuillebois et al. [7], Zhou et al. [21] and
Sharma et al. [22]. For random textures, stochastic homogenisation and empirical fits to experiments have
been used to develop models for slip [8,23-25]. Porous surfaces can be modelled using the Beavers—Joseph
condition, which gives a slip length proportional to the square root of the permeability [9,26].

In this work, we develop a model for steady, two-dimensional (2D) laminar boundary layers over small-scale
textured surfaces. Assuming the texture is small compared to the boundary layer thickness, we homogenise
the surface’s effect into a slip length A [10], resulting in a slip boundary condition of the form # = Au,, which
modifies Blasius’ solution [11]. We derive an asymptotic solution valid in the small-slip limit A < 1, which
yields explicit scaling relations for the changes in displacement thickness and wall shear stress and provides
a benchmark for verifying the numerical boundary-layer solver (and vice versa). We construct a numerical
solution for A = O(1) using Chebyshev collocation in the normal direction and finite differences in the
streamwise direction [27]. This asymptotic—numerical approach efficiently and accurately resolves flows for
arbitrary slip lengths. Crucially, this allows surface-induced slip effects to be incorporated into boundary-layer
models for a range of laminar flows, enabling prediction of boundary-layer thickness and drag relevant to
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analysis and design, without performing texture-resolved simulations, thereby reducing computational cost. In
addition to characterising the steady boundary-layer structure, we examine the linear stability of the resulting
slip-modified boundary layers, demonstrating how surface texture influences stability characteristics within this
framework. Applications of this model include drag-reduction and flow-control technologies across multiple
length and Reynolds-number scales, ranging from microfluidic devices to turbo-machinery blades and marine
transport operating in laminar flow regimes. We demonstrate the generality of this approach by applying it to
representative small-scale periodic textures with known analytical slip lengths, SHSs and riblets, which serve
as canonical examples for the broader modelling framework and for potential applications to other textured
surfaces, including LISs, porous, compliant and deformable surfaces.

The remainder of the paper is organised as follows. In Sect. 2, we formulate the problem of flow over
small-scale textured surfaces. Section 3 simplifies the problem to a 2D laminar boundary layer with a slip
boundary condition. In Sect. 4, we derive the asymptotic solution for small slip lengths and describe the
numerical solution for arbitrary slip lengths. Section 5 presents a linear stability analysis of the slip-modified
boundary layer. Section 6 analyses boundary-layer solutions for several small-scale textured surfaces. Finally,
Sect. 7 summarises the results, highlights applications of this framework, and outlines potential extensions.

2 Formulation
2.1 Governing equations

We consider 2D laminar flow over a textured surface, such as SHSs or riblets, characterised by a streamwise
texture period 2P and areference length L, such that the surface may be finite or effectively infinite (Flgure 1)

A scale separation is assumed between the streamwise texture half-period and reference length, i.e., P<L.

Dimensional variables are denoted with a hat to distinguish them from the non-dimensional variables 1ntr0duced
in Sect. 2.2. The spatial coordinates are X (streamwise) and $ (normal); 7 is time. The velocity components
are il = (%, §, 1) (streamwise) and b = (%, §, 7) (normal), and the pressure field is p = p(X, 9, 7). The
fluid is assumed incompressible and Newtonian with viscosity ji. For SHSs, the wall at = 0 consists of
alternating solid ridges of length 2(1 — qb)l3 and liquid—gas interfaces of length 2q§13, where 0 < ¢ < 1 is the
gas fraction. The liquid—gas interface is assumed flat, a common simplification in theoretical studies of SHSs
that enables analytical treatment of the inner problem. In practice, however, interfacial curvature can arise due
to pressure gradients or surface tension, which may alter the slip length [28].

The incompressible Navier—Stokes equations governing the velocity and pressure fields are

12); + ﬁ; =0, (1)
ﬁ;—i—ftﬁg-ﬁ-ﬁﬁy—i—ﬁg/ﬁ:ﬁ(ft};)}—i—ﬂyy), (@)
U7 + g + 005 + py/p = V(D3 + V35), (3

where p is the fluid density, b = [i/p is the kinematic viscosity and j is the dynamic viscosity. On the

liquid—gas portions of the SHS, located at X € [—¢I3, ¢13] +2nP at y = 0, the tangential stress-free and
no-penetration boundary conditions apply:

=0, 9=0, “)

for all integers n > 0. On the solid ridge portions of the wall, corresponding to x € [¢13, 2 - ¢>)13] +2nP
at y = 0, the no-slip and no-penetration conditions hold:

u=0, v=0. (5)

For riblets, the wall follows a periodic profile § = Asin(rf / P), where A is the riblet amplitude. On this
geometry, the standard no-slip and no-penetration boundary conditions given in (5) are applied. As § — oo,
the influence of the wall vanishes, and the velocity field approaches the imposed free-stream flow. In this work,
the flow is driven by a constant velocity U imposed far from the wall, so that

i— U, 17— 0, (6)

as y — oo.
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Fig.1 (a) Anaeroplane that could be equipped with riblets. (b) Schematic of the boundary layer forming over a transversely ribleted
surface with texture amplitude A, texture half- period P and reference length L.(©A ship with a potentlal superhydrophoblc

coatmg (d) Schematic of the boundary layer formmg over a transversely rldged SHS with texture half-period P and L. Schematics
in (b) and (d) illustrate the outer inviscid region, boundary layer and inner viscous region

2.2 Non-dimensionalisation and scalings

To simplify the problem and identify the relevant dimensionless groups, we non-dimensionalise (1)—(6) using
the characteristic velocity U and reference length L. We introduce the following non-dimensional variables:

t=1/(L/U), x=2R%/L, y=3%/L, u=a/U, v=0/U, p=p/pU>), )

and define the dimensionless texture half-period

h)

= P/L ®)
which we assume satisfies € < 1. The small parameter € quantifies the ratio of texture to flow scale and plays
a central role in the asymptotic analysis that follows. Substituting the non-dimensional variables (7)—(9) into
the dimensional Navier—Stokes Egs. (1)—(3), we obtain the non-dimensionalised system:

uy +vy =0, ©))
Re(u; + utty + vty + py) = thyy + Uy, (10)
Re(v; + uvy + vy + py) = vy + vy, (11)

where Re = UL /V is the Reynolds number, characterising the ratio of inertial to viscous effects. On the
liquid—gas interface of the SHS at x € [—¢¢, ¢pe] + 2ne and y = 0, we impose

uy =0, v=0, (12)
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while on the solid portions at x € [¢e, (2 — ¢)e] + 2ne and y = 0, we impose
u=0, v=0. (13)

For riblets, with surface y = A sin(rx/€), where A = A / L is the non-dimensional amplitude, the no-slip and
no-penetration conditions (13) are applied along the riblet surface. For the purposes of the stability analysis
performed in Sect. 5, the boundary conditions for the SHS or riblets can be approximated as an effective
condition with slip

u=¢efuy, v=0, (14)

where g is the slip length [4-9]. Far from the wall, as y — oo, the flow approaches the imposed uniform
stream:
u—>1, v—0. (15)

The non-dimensionalised system (9)—(15), with € < 1 and Re >> 1 as the relevant small and large parameters,
provides the starting point for the asymptotic analysis developed in the next section.

3 Model

To simplify the governing Eqgs. (9)—(15), we exploit the scale separation between the textured surface and
the boundary-layer flow. For SHSs, we consider the asymptotic regime ¢ < Re™!/? « 1. This inequality is
justified for specific applications in Sect. 6.4. The flow is analysed by decomposing the domain into multiple
regions, each governed by a distinct balance of inertial and viscous forces. For riblet geometries, we further
assume A < € € Re™ 1?2 « 1, where A is the non-dimensional amplitude of the riblets, ensuring that the
riblet height acts as a small perturbation within the textured scale. Under these scalings, the flow near the
surface can be treated as locally periodic, modulated by the slowly varying boundary-layer shear defined in
Sect. 3.2. The leading-order boundary value problem, derived from (9)—(15), is solved using a combination of
asymptotic expansions and numerical computations. The objective is to determine how small-scale periodic
textures influence the development of the boundary-layer.

To this end, the flow is decomposed into three distinct regions, each associated with a dominant physical
mechanism and a characteristic spatial scale. The outer region (Sect. 3.1), or inviscid layer, is defined by
x = O(1)and y = O (1), where viscous effects are negligible. The middle region (Sect. 3.2), corresponding to
the boundary layer, is characterised by x = O(1) and y = O (Re~!/2), where viscous—inertial interactions are
significant. The inner region (Sect. 3.3), located near the wall and around the small-scale texture, is characterised
by x = O(e) and y = O(e), where viscous effects dominate. The governing equations are analysed in
each region under the appropriate scaling, solutions are constructed, and then matched asymptotically in the
overlapping limits. This composite asymptotic solution is consistent across regions and captures the multi-scale
structure of the boundary layer.

3.1 Outer region (inviscid region)

In the outer region, the flow is governed by inviscid dynamics, corresponding to the bulk flow where the
influence of the wall is negligible and inertia dominates. In this region, the spatial coordinates scaleas x = O (1)
and y = O(1), with velocity components # = O (1) and v = O(1). Assuming the flow is steady, the flow and
pressure fields are expanded in powers of Re™!:

*

x=x% y=y" u=u*G* y)+..., v=0"G" y+..., p=pFE* yH+.... (16)

Substituting the expansion (16) into the non-dimensional Navier—Stokes equations (9)—(11), assuming the
flow is steady and taking the limit Re — oo, the leading-order outer equations reduce to the incompressible
Euler equations:

w*uye + v uls + pie =0, (18)
UV + vl + ple = 0. (19)
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At the lower boundary y* = 0, we impose the no-penetration condition from (12) and (13), neglecting
tangential conditions since viscosity is absent, such that

v =0. (20)
At the upper boundary, the free-stream condition from (15) is applied:

u— 1, 2n

u =1, v*=0. (22)
This solution represents the undisturbed bulk flow and serves as the far-field condition for the boundary layer

flow in the middle region, which in turn defines the slowly varying shear field that drives the inner, locally
periodic problems.

3.2 Middle region (boundary layer)

In the middle region, corresponding to the boundary layer, inertia and viscosity are balanced in the normal
direction, while streamwise viscous terms are negligible for Re >> 1. We stretch the normal coordinate as

y =Re!/?y, (23)

reflecting the classical boundary-layer thickness scaling d99 = O (Re™1/2) for high-Reynolds number flows [2].
Assuming the flow is steady, we scale and expand the space and velocity fields:

x=x', u=u'&, Y)+..., v=0(" y)/ReZ+ ..., 24)
withu = O(1)andv = O(Re~ /). Substituting (23)—(24) into the non-dimensional Navier—Stokes equations
(9)— — (11) and retaining leading-order terms as Re — oo, we obtain the Prandtl boundary layer equations:

u;/ + v;/ = 0, (25)
u'ul, + v/u’y/ = u’y/y/, (26)

where p’, = 0, as the outer flow is uniform and therefore has no imposed pressure gradient. Consequently,
the leading-order inner Stokes problem (Sect. 3.3) will be driven solely by viscous shear imposed through
matching with the boundary-layer velocity field. These equations describe the dominant physics within the
thin viscous layer adjacent to the wall, where the velocity adjusts to satisfy the boundary condition at y = 0.
At the outer edge of the boundary layer, matching to the inviscid region (22) requires

u —1 as y — oo. (27)

Near the wall, the velocity profile must match the inner problem, which resolves the small-scale geometry
of the textured surface. The scale separation € < Re™!/2 ensures that the boundary layer does not directly
resolve the small-scale surface variations, but instead interacts with the texture through the averaged velocity
and shear rate provided by the inner solution. As y’ — 0, the streamwise velocity can be expanded in a Taylor
series:

W',y =u'(x, 0) + u/y, &, 0y +..., (28)

where the coefficients vary only with the long streamwise coordinate of the boundary layer.
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3.3 Inner region (viscous roughness region)

The inner region corresponds to the small-scale texture, capturing both surface variations and the associated
viscous flow. We define the stretched coordinates

X=ux/e, Y =yle, (29)

so that X and Y are O(1) near the wall. Assuming the flow is steady, the velocity and pressure fields are
rescaled and expanded as

u=eUX, Y, x,y)+..., v=eVX, Y, x',y)+..., p=PX, Y, x',y)/Re+.... (30)

where U, V and P depend on the short length scales (X and Y) and on the long length scales parametrically
(x" and y’). In this regime, viscous forces dominate at leading order, while inertial effects are negligible.
Substituting the coordinates and expansions (29)—(30) into the non-dimensional Navier—Stokes equations (9)—
(11) yields the incompressible Stokes equations at leading order:

Ux+ Vy =0, 31
Uxx + Uyy = Px, (32)
Vxx + Vyy = Py. (33)

Derivatives with respect to the slow variables x” and y’ enter (31) at higher order. For SHSs, the boundary
conditions at ¥ = 0 from (12)—(13) are:

Uy =0, V=0, forXe[—¢,¢pl+2n, U=0, V=0, forXel[p,2—¢l+2n, (34

for all integers n. We assume that the number of cells N >> 1, but the total width Ne < 1, so that the inner
region is contained within the boundary-layer scale. For riblets with wall profile Y = A sin(;r X)) /€, we impose
the no-slip and no-penetration conditions (13) along the wall:

U=0, V=0 (35)

For Y > 1, the inner solution must match the Taylor expansion of the middle-region velocity. Based on (28),
the far-field inner solution satisfies

U~t(B+7), (36)

where T = 7(x’, y’) is the local wall shear rate and 8 = B(x’, y’) is the slip length. Differentiating (36) gives
Uy — 1, (37)

for Y > 1. Because the surface texture is much smaller than the boundary-layer and outer scales (¢ <
Re~!/2 « 1), the inner problem is treated as locally periodic in X for each fixed outer coordinate x’. For
certain canonical textures, such as superhydrophobic stripes or sinusoidal riblets, the inner problem (31)—(37)
can be solved exactly or asymptotically, yielding explicit expressions for 8. For SHSs, Philip [14] showed

1 b1 40)
B = Zln (sec <7>) , (38)

and for riblets, Luchini et al. [12] derived

w2 A?
4e2
where the slip-length expressions from [14] and [12] have been converted to the present coordinate system
and non-dimensionalisation.

f=- (39)
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3.4 Matching between middle and inner regions

In the overlapping region, the inner solution (¥ >> 1) and the middle solution (y — 0) must asymptotically
match. The inner expansion (36) gives

ulx, y)=et(B+y/e)+..., (40)
while the middle expansion (28) gives
ux, y) =ux, 0) +uy(x, )y +.... 41
Matching these expansions (40)—(41) term by term in the overlap region yields
u(x, 0) = eBuy(x, 0), 42)

so that the velocity at the wall is proportional to its normal derivative in a manner prescribed by the inner
problem. This is the slip condition for laminar boundary layers, where the slip length 8 encodes the small-
scale surface effects [29]. In boundary-layer variables (23)-(24), the slip condition becomes

W', 0) = dadl, (x', 0) = efRe' i, (x', 0), (43)
which provides the final boundary condition needed to close the boundary-layer Egs. (25)-(27). We now
proceed to solve the boundary-layer problem with a slip condition (25, 26, 27, 43) using asymptotic (A < 1)
and numerical methods (A = O (1)).

4 Methods
4.1 Numerical solution

We solve the steady, incompressible, 2D boundary-layer equations subject to a slip boundary condition, as
specified in (25, 26, 27, 43). Although (25, 26, 27, 43) were derived under the scale separation € < Re— 1/ 2,
which ensures that the inner texture region remains contained within the boundary layer, we also solve these
equations numerically to (i) verify the asymptotic predictions in the regime where the ordering implies A < 1,
and (ii) explore the qualitative response of the boundary layer to stronger slip within the same homogenised
model. Furthermore, while the geometric scale separation ¢ <« Re™!/? is maintained, the slip length 8 may
become large for certain textures (e.g., SHSs as ¢ — 1), so that the combined parameter A = ¢SRe!/? can be
O(1). To simplify the discretisation and enhance stability, we introduce an auxiliary variable ¢’ = du’/dx’,
reducing the system to zeroth-order in the streamwise direction for numerical integration. Chebyshev spectral
collocation is used in the normal direction y’ [27], while integration in x’ is performed using an implicit
marching scheme.

The normal domain y” € [0, y.] is linearly mapped to the standard interval & € [—1, 1], facilitating the
use of Chebyshev collocation points and differentiation matrices [27]. The height y. is chosen to capture the
full boundary-layer development, ensuring that numerically u’ — 1 as y’ — oo consistent with (27). At each
streamwise location xlf, the discrete solution vector contains the values of w’, v/ and q’ at N¢ + 1 collocation
points, arranged as X' = [u’ v/ q']" € R3 M+ Spectral differentiation matrices Dg and D§ are constructed
using standard Chebyshev-collocation methods and scaled to the physical domain [27]. At each streamwise
step x/, the boundary-layer equations (25, 26, 27, 43) are discretised to form a linear system:

L L, L3
Ax =b, where A= |M; M, M3 | € R3WetDx3(Ne+1) (44)
Ni N2 N3

where each submatrix L;, M;, N; encodes diffusive, advective and continuity contributions for the respective
velocity components. Boundary conditions are applied by directly replacing the corresponding rows of A and
entries of b. At the wall (y' = 0), we impose the slip condition u’ = Au’y , and no penetration v’ = 0; at the outer

boundary (y’ = y.,), the velocity is set to match the free stream u” = 1. Nonlinear terms, such as u’du’/dy’,
are treated using a fixed-point iteration, where the previous iteration’s solution is used to linearise the system.
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The iteration proceeds until the relative residual, defined as t,.; = ”A(x’ ) _x (”“))”1 /r, falls below a

prescribed tolerance of 10™#, with a relaxation factor of » = 0.5 applied to improve convergence stability.
Based on convergence tests, we set y,, = 30 and use Ny = 30 collocation points in the normal direction and
N, = 1000 streamwise steps over x’ € [x;, 30]. The resulting scheme combines spectral accuracy in y’ with
implicit integration in x’, providing an efficient, stable and accurate solution for boundary layers with arbitrary
slip lengths. The downstream marching is not initiated at x’ = 0, where the boundary-layer equations are
singular because the boundary-layer thickness vanishes at the leading edge. Instead, the computation is started
at a small finite location x; < 1. In the present computations, x, = 0.03. The velocity field is initialised at x;,
using the Blasius similarity solution, and the results were verified to be insensitive to the choice of x;).

4.2 Key quantities of interest

Key quantities of interest are the displacement thickness §(x”) and the wall shear stress 7 (x") [2]. The displace-
ment thickness is evaluated from the velocity field using Clenshaw—Curtis quadrature based on Chebyshev
collocation weights [27]. These quantities characterise how texture-induced slip alters the boundary-layer
structure and wall shear, providing key indicators of surface performance [2]. The displacement thickness
represents the distance by which the effective wall position must be shifted to conserve the free-stream mass
flux, and is defined as

Yoo
8:/ (1 —u)dy' (45)
0
The wall shear stress is defined as the normal gradient of the streamwise velocity at the wall,
T = u'y,(x’, 0), (46)

and quantifies the local tangential force per unit area exerted by the fluid on the surface. Together, § and 7 serve
as key diagnostics for assessing the influence of small-scale surface texture and for validating the asymptotic
predictions.

4.3 Asymptotic solution

While the perturbation procedure follows standard asymptotic methods, the resulting solution plays a central
role in the framework by providing explicit scaling relations for how slip modifies displacement thickness and
wall shear stress, and by serving as a benchmark against which the numerical solution can be assessed. The
regime A < 1 is also relevant for several textured-surface applications discussed in Sect. 6.4. In this limit,
we solve the boundary-layer equations (25,27,43) by expanding the velocity fields in a regular perturbation
expansion in A, obtaining corrections to Blasius’ solution:

w = ug+ Ay /Vx A ua/x o,V =g+ vV A o /x4 (47)

When A < 1, we have A/v/x” < 1 for x’ = O(1). This condition fails sufficiently close to the leading edge
as x’ — 0, indicating that the slip perturbation expansion developed below is not uniformly valid in x’. The
numerical solution described in Sect. 4.1 remains valid within the boundary-layer model in the regime where
slip corrections become O(1), since it solves the full boundary-layer equations rather than a perturbation
expansion. As . — 0, the region where slip effects become comparable to the leading-order solution shrinks
towards the leading edge, so the asymptotic expansion remains valid away from the immediate leading-edge
region.

4.3.1 Leading-order solution

Substituting (47) into (25,26,27,43), the leading-order terms satisfy Blasius’ problem for a flat plate. Using
the similarity variable n = y’/+/x’, the leading-order velocity can be written as

uo = fny vo = (nfy — )/ V"), (48)
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where f = f(n) satisfies the Blasius ODE and boundary conditions:

2fnnn+ffnnzov f(0) =0, fn(0)=0, fn(oo)zl- (49)

The solution to (49) is given in Appendix A. Here, vy is determined from continuity. The leading-order
displacement thickness (45) is

8o =/ (1— fpdy = \/)Pf (1 — f)dn =~ 1.72V/x, (50)
0 0

and the leading-order wall shear stress (46) is

0 = oy (x', 0) = fy(0)vx' ~ 0.33/V/x. (51)

4.3.2 First-order solution
At O(A/ V/x') of (47) in (25,26,27,43), we introduce the first-order correction

=gy v =g, —8)/QVx), (52)
where g = g(n) satisfies an ODE, linearised about the Blasius profile f, and boundary conditions

28u + f8mm + fing =0, g(0) =0, g,0) = f;(0), gn(c0) —>0, (53)

The solution to (53) is given in Appendix A. The first-order correction redistributes the velocity profile but
does not change the wall gradient, as g,,(0) = 0.

4.3.3 Second-order solution

At O(A2/x") of (47) in (25, 26,27,43), we introduce the second-order correction

uy =hy, v2 = (hy =)/ 2V, (54)
where i = h(n) satisfies an ODE, linearised about the leading-order Blasius solution f and first-order

correction g, and boundary conditions

2hyny + fhogn + finh + 88y =0, h(0) =0, hy(0) = gyy(0), hy(o0) — 0. (55)

4.3.4 Displacement thickness and wall shear stress

The corrected displacement thickness (45) is
o0
6= / (I = fy = Agy/Vx' + .. )VXdn=~vx'(LT72 = A /Vx' +...), (56)
0

and the corrected wall shear stress (46) is

T =1, (x', 0) = (f(0) + Ay (O)/Vx" + 22hyy (0)/x" + ...) VX
= (0.33 — 0.15A%/x" +...)/v/x, (57)

since g, (0) = 0. Physically, the first-order correction alters the velocity profile without changing the wall
shear; the first non-zero contribution to the wall shear arises at second order. These asymptotic results for §
and 7 quantify how small-scale surface slip alters key boundary-layer properties such as drag and thickness,
and provide a benchmark for validating the numerical simulations discussed in Sect. 4.1.
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5 Stability

We now examine the linear stability of the slip-modified boundary-layer flows derived in Sect. 3. Although the
base flow is obtained from a steady boundary-layer formulation with a slip boundary condition, the stability
analysis is performed by linearising the unsteady Navier—Stokes equations about this base state. This procedure
is standard in boundary-layer stability theory, where asymptotically derived base flows are used within the
full equations and the problem is formulated locally at a fixed streamwise position x = x¢, invoking a locally
parallel-flow approximation [30]. This approximation is valid when the streamwise variation of the base flow
occurs on length scales large compared with the disturbance wavelength, which holds in the present high-
Reynolds-number regime. Accordingly, the present study performs a local stability analysis of the boundary-
layer region; a complementary global stability analysis of the inner region, which may exhibit additional or
stronger instability mechanisms associated with the viscous roughness region, is beyond the scope of this
paper.

Letu’ = u'(y) denote the steady streamwise velocity component of the solution of the slip boundary-layer
equations (25, 26, 27, 43), evaluated at x = x(. We consider perturbations of amplitude A superposed on this
base flow of normal-mode form

u(x, v, ) =u'(y) + Ali(y) e @) ycc., (58)
vix, y, 1) = Ab(y) e @) 4 cc., (59)
px, y, 1) = Ap(y) e @ tcc., (60)

where « is the streamwise wavenumber,  is the complex frequency and c.c. denotes the complex conjugate.
Substituting (58)—(60) into the non-dimensional Navier—Stokes equations (9)—(11) and linearising in A yields
the following system for the perturbation fields:

. A . 2 A/ . oA 1 A 2A
—iwil +iou'i 4 du), =—zap+R—(uyy —a’il), (62)
e
1
—iwd +ioau'0 = —py + Re (ﬁyv — azﬁ) . (63)
L W

Eliminating # using continuity (61) and differentiating (62) with respect to y to remove the pressure term
reduces (61)—(63) to the Orr—Sommerfeld equation for the normal-velocity perturbation,

(dyy — a2)2 U —iaRe [u’ (dyy — o) — u’y},ﬁ] = —iwRe (dy, — a?) D. (64)

The Orr—Sommerfeld equation (64) is subject to the slip boundary condition and the requirement of no pene-
tration at the surface in the boundary-layer region (14). Using continuity (61) to eliminate i, (14) reduces to

0y(0) = ADyy(0)/Re'/?,  (0) = 0. (65)
As y — oo, disturbances decay into the free stream (15), giving
vy — 0, v — 0. (66)

Equations (64)—(66) define an eigenvalue problem for w, which generalises the classical Orr—Sommerfeld
formulation for the Blasius boundary layer to include the effects of wall slip.

5.1 Numerical solution

The Orr—Sommerfeld eigenvalue problem subject to the slip boundary conditions (64)—(66) is also solved
numerically using Chebyshev spectral collocation methods in the normal direction, similar to the base flow
in Sect. 4.1. The base flow u’ entering (64) is obtained from the boundary-layer computation described in
Sect. 4.1 and is treated as locally parallel, v’ = 0, at a fixed streamwise location, x = xo. The normal domain
y € [0, yso] is mapped linearly to the standard Chebyshev domain & € [—1, 1]. Once again, the truncation
height y., is chosen sufficiently large to ensure that both the base flow and perturbations have decayed to their
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free-stream values, ensuring that (66) is enforced. Spectral differentiation matrices Dg and Dg are constructed

following standard Chebyshev-collocation procedures [27] and scaled to the physical domain. Let v € CNs+!
denote the discrete solution vector of values of the normal-velocity eigenvectors at the collocation points.
Discretising the Orr—Sommerfeld Eq. (64) yields a generalised eigenvalue problem of the form:

C¥ = wD¥, 67)

where sub-matrices C and D € CWVe+Dx(Ne+D) encode the differential operators depending on the base flow
and perturbation waveform. Boundary conditions are enforced by replacing the appropriate rows of C and D.
At the wall (y = 0), the no-penetration condition and the linearised slip condition (65) are imposed, v = 0
and Uy = Ady,/ Re'/?, while at the outer boundary (y = y) the decay conditions (66) are enforced, o = 0
and v, = 0. For a given Re, A and «, the generalised eigenvalue problem (67) is solved using standard
eigenvalue solvers (eig.m) in MATLAB. The resulting spectrum w = w, + iw; determines the temporal
stability of the flow, with eigenmodes satisfying w; > 0 corresponding to linear instability. Convergence of
the eigenvalues and eigenvectors was verified by increasing both the number of collocation points Ng and
the domain height y,, until changes in the most unstable eigenvalues were negligible. The stability results
presented below use wall-normal resolution N¢ = 100 and domain truncation y., = 30 as employed for the
base-flow computations.

6 Results
6.1 Streamwise and normal velocity field

In this section, we present the evolution of the streamwise velocity u’(x’, y”) and the normal velocity v’ (x’, y’)
over a small-scale textured surface subject to the slip boundary condition (43). We compare asymptotic results
(Sect. 4.3) and numerical simulations (Sect. 4.1) to quantify how slip modifies boundary-layer development.
At this stage, the slip length 1 = €¢8Re!/? is treated as a parameter representing the influence of small-scale
surface texture, without reference to a specific geometry.

Figure 2 illustrates the streamwise and normal velocity fields for two representative slip lengths, A = 0.1
and A = 1, over the streamwise domain x’ € [0, 30] and the normal domain y’ € [0, 30]. The numerical
results are plotted using solid lines, and the asymptotic predictions using dashed lines. For A = 0.1, the slip
length remains small relative to the boundary-layer thickness (~ Vx'), so that A / Vx <« 1, corresponding
to a small-slip regime. In this regime, the small-scale textured surface slightly reduces the wall shear without
significantly altering the boundary-layer structure. The numerical and asymptotic solutions remain in agreement
throughout the domain, including near the leading edge. For A = 1, the assumption A/~/x’ < 1 breaks down
near the leading edge; for example, at x’ = 3, A/+/3 & 0.577, which is no longer small. This results in small
deviations between numerical and asymptotic solutions near the leading edge, as slip modifies the velocity
field. Downstream, as the boundary layer thickens and X/ Vx' decreases, agreement between numerical and
asymptotic solutions improves.

Atthe wall (y' = 0), the non-zero slip velocity u’(x”, 0) > 0reduces the velocity gradient and the wall shear
stress (46). Away from the wall, u” increases monotonically towards the free-stream value u’ — 1as y’ — oo,
while the boundary-layer thickness grows downstream ~ +/x’. The normal velocity v’ vanishes at the wall
due to the no-penetration condition and increases with distance from the wall within the boundary layer. For
fixed x’, v’ reaches a maximum at a height scaling as \/)7 , while the maximum decreases as 1/ \/)7 , consistent
with similarity arguments and the leading-order asymptotic solution (Sect. 4.3). Increasing A enhances the
slip velocity at the wall, further reducing the near-wall velocity gradient and wall shear. This accelerates the
approach of u’ to its free-stream value and modifies the distribution of v’. In particular, for larger A, u’ reaches
1 for smaller y’, while v” attains larger values far away from the wall (y” > 1). Near the leading edge, the
asymptotic approximation is less accurate for larger A, leading to larger differences between numerical and
asymptotic results for v’ in particular. Further downstream, both u’ and v’ converge toward the asymptotic
predictions for all A.
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Fig. 2 Streamwise velocity «’ and normal velocity v” for (a-b) A = 0.1 and (c—d) A = 1. Dotted lines indicate asymptotic
solutions using (47, 48, 52); solid lines show numerical results using (44). The plots illustrate how slip modifies the boundary-
layer development, with larger deviations near the leading edge for larger A.

6.2 Displacement thickness and wall shear stress

We now examine two key quantities that characterise the boundary layer: the displacement thickness &(x")
(45) and the wall shear stress 7(x’) (46). These quantities quantify the momentum deficit and surface drag,
providing integral measures of the boundary layer’s response to slip induced by small-scale surface texture.
Figure 3 shows the streamwise variation of § and t for slip lengths A = 0.1 and A = 1 over the domain
x" € [0, 30].

The displacement thickness represents the equivalent loss of mass flux due to the presence of the boundary
layer. In Blasius’ theory, § ~ +/x’ for x’ > 1, a consequence of the self-similarity of the velocity field [2].
For small slip (e.g., A = 0.1 in Figure 3(a)), the numerical results closely match both the Blasius solution
and the asymptotic solution (Sect. 4.3), which remains valid across the domain in the small-slip regime. The
small-slip displacement thickness (56) takes the form § = §o+ A 81/ NI , where §g ~ Vx' is the Blasius
contribution and A §1/ Vx'isan O(1) correction arising from the slip boundary condition. This correction leads
to a uniform reduction in § across x’, indicating that the slip lessens the velocity deficit in the near-wall region.
For larger slip (e.g., . = 1 in Figure 3(c)), the numerical and asymptotic results diverge near the leading edge,
reflecting the breakdown of the A/+/x’ < 1 assumption in this region. In this region, the boundary layer is
thin and highly sensitive to slip, resulting in behaviour not captured by the regular expansion (56). Further
downstream, the numerical displacement thickness approaches the Blasius value, demonstrating that even
moderate slip primarily affects the near-wall region during the early stages of boundary-layer development.

In Blasius’ theory, the wall shear stress scales as T ~ 1/ /x" [2]. For flows with slip, the wall shear stress
is modified due to changes in near-wall velocity gradients. The asymptotic prediction for t, obtained from the
corrected similarity solution (57), exhibits the expected 1/ V! decay for large x’. A higher-order O (A2/x'3/%)
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Fig. 3 Displacement thickness § and wall shear stress v for (a-b) A = 0.1 and (c—d) A = 1. Dotted lines depict asymptotic
solutions using (56, 57); solid red lines show numerical results obtained from (44, 45, 46); solid blue lines indicate the Blasius
solution (50, 51). The plots illustrate how slip modifies boundary-layer thickness and wall shear, with larger deviations near the
leading edge for higher A.

correction becomes significant for small x’, since the O (A/x") contribution turns out to be zero in the solution
of (53). For small slip (e.g., . = 0.1, Figure 3(b)), numerical and asymptotic solutions coincide across the
domain. For larger slip (e.g., A = 1, Figure 3(d)), the numerical wall shear stress deviates from the asymptotic
prediction near the leading edge, where O (A/ Vx') terms are no longer small. In this region, both numerical
and asymptotic solutions exhibit a non-monotonic rise before converging to the expected 1/ Vx' decay. This
initial increase likely arises from the interaction between the high slip velocity at the wall and steep near-wall
gradients, a behaviour absent in Blasius’ solution. For large x’, all three solutions (numerical, asymptotic
and Blasius) converge, as the influence of slip becomes negligible (Figure 3(b, d)). Increasing A reduces the

wall shear stress, meaning that slip lowers the viscous drag D = || xL'=0 7 dx’ over a surface of length L [2],
consistent with the role of slip in drag-reduction technologies.

6.3 Stability

We next examine the linear stability of the slip-modified boundary layer by computing neutral curves
from the Orr—Sommerfeld system (64)—(66), identifying conditions for which the imaginary part of the wave
frequency is zero. Results are presented for two representative slip lengths, A = 0.1 and A = 1, at streamwise
locations, x = 3,9, 15,21 and 27, as shown in Figure 4. For sufficiently large streamwise distances, the neutral
curves closely resemble those obtained for the classical Blasius boundary layer [30], indicating that slip effects
become progressively weaker downstream.
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Fig. 4 Neutral curves Im(w) = 0 and the most unstable velocity eigenmodes |i| and |0 for (a-b) A = 0.1 and (c—d) A = 1 at
x = 3,9, 15, 21, 27. The plots illustrate how slip modifies the boundary-layer stability, with the flow becoming more unstable
near the leading edge for larger A. As A — 0, we recover the critical wavenumber and Reynolds numbers given in Table 3.1 of
Schmid and Henningson [30], os &~ 0.3 and Res ~ 520, where our @ and Re are multiplied by the displacement thickness 1.72
to account for the different wave and Reynolds number definitions.

For small slip (A = 0.1, Figure 4(a-b)), the neutral curves and critical parameters remain close to the
no-slip case across the domain, consistent with slip acting as a small perturbation to the classical Tollmien—
Schlichting instability. As the slip length increases (A = 1, Figure 4(c—d)), the unstable wavenumber band
shifts to higher values and the critical Reynolds number decreases, indicating an enhanced susceptibility of
the laminar boundary layer to instability. The corresponding eigenmodes retain the characteristic Tollmien—
Schlichting structure, with velocity perturbations concentrated within the boundary layer, although their wall-
normal distribution varies modestly with streamwise position for A = 1. Overall, these results demonstrate
that sufficiently strong slip can locally modify the stability characteristics of laminar boundary layers within
the present homogenised framework.
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of texture amplitude A and half-period €, where Re = 100. The plots show how geometry and texture parameters influence slip
behaviour in laminar boundary layers.

6.4 Slip lengths for SHSs and riblets

To provide practical context, we consider the slip lengths for two common textured surfaces: SHSs and riblets.
Figure 5(a) shows how the slip length A varies with geometric parameters of SHSs, including the texture
half-period € and gas fraction ¢. For SHSs with transverse ridges that trap shear-free air pockets beneath the
liquid—gas interface, the slip length is given by (38). This expression assumes a periodic array of ridges with
alternating no-slip and shear-free regions and a flat liquid—gas interface. It is derived by solving the Stokes flow
problem over a representative periodic cell using conformal mapping and averaging the tangential velocity
at the interface. The slip length increases with ¢, € and Re, reflecting the larger proportion of shear-free
area, the expanded period size and the thinner boundary layer. In contrast, transverse riblets increase drag in
laminar flow due to the additional surface area and flow obstruction. The negative slip length shown in Figure
5(b) corresponds to a reduction in effective wall velocity relative to the no-slip case, resulting in higher wall
shear. For riblets of sinusoidal profile with small amplitude A < ¢, the slip length is given asymptotically
by (39). This expression is obtained by solving the inner Stokes problem over the sinusoidal wall geometry
and matching it to the outer boundary-layer solution. The negative sign indicates that the near-wall velocity is
lower than in the no-slip case, leading to a higher velocity gradient and increased wall shear (drag).

Figure 5 shows that the values of A considered in Sects. 6.1-6.2 arise from geometric and flow parameters
representative of SHS and riblet applications. Table 1 summarises representative values of €, ¢, A and Re for
SHSs and riblets in micro-fluidic devices, turbo-machinery blades, aircraft and marine applications [31-34].
These parameter ranges indicate that the assumptions € < Re™!/? « 1 for SHSsand A < € < Re™'/2 « 1
for riblets are reasonably satisfied in many practical applications, supporting the use of the present three-region
asymptotic framework. In some applications in Table 1, these scale separations are only weakly satisfied, and
the model should therefore be interpreted as providing qualitative trends rather than a quantitative description.
In such regimes, quantitative assessment requires comparison with texture-resolving numerical simulations
or experiments for specific surfaces and flow conditions. For low- and moderate-Reynolds-number flows
(Re < 10°), such as channel flows and microfluidic devices, the boundary layer is laminar and the present
theory applies without modification. In higher-Reynolds-number applications (Re > 10%), including aircraft
and marine surfaces, the boundary layer is predominantly turbulent; however, it remains laminar near the
leading edge prior to transition. The present framework is therefore applicable to this upstream laminar region,
while extension of the approach to turbulent boundary layers lies beyond the scope of the present work.

7 Discussion

We have developed a framework for steady, 2D laminar boundary layers over small-scale textured surfaces,
in which the surface geometry is incorporated through a slip length. This formulation combines matched
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Table 1 Representative parameter ranges for SHSs and riblets across different applications [31-34]. € = P /L denotes the texture

half-period, ¢ is the gas fraction of the SHS, A = A/i is the amplitude of the riblet and Re = Ui/f) denotes the Reynolds
number.

Type Application € ¢orA Re

SHS Channels and microfluidics 0.01 —0.05 $»=05-09 1072 — 102
Marine vessels 0.001 — 0.005 $»=03-0.7 107 — 108

Riblet Turbo-machinery blades 0.01 —0.05 A =0.002 - 0.01 10* — 10°
Aircraft surfaces 0.001 — 0.01 A = 0.005 — 0.015 10° — 108

asymptotic expansions with numerical computation, enabling the flow to be resolved without directly simulating
the small-scale texture. A main contribution of this work is a slip-corrected boundary-layer model, in which the
Prandtl boundary-layer equations are solved with a slip boundary condition of the form u = Au, imposed at the
wall. This slip boundary condition captures the influence of small-scale surface texture through a macroscopic
parameter, enabling efficient prediction of drag and boundary-layer quantities. This formulation provides a
framework in which a variety of textured surfaces can be compared consistently through their slip length.
The slip length is obtained by homogenising the inner viscous layer and is valid under the assumption that
the texture half-period P is small compared to the reference length Lie,e =P / L <« 1. Under this scale
separation, the small-scale texture perturbs the boundary-layer flow only through its averaged effect.

We have derived an asymptotic solution for the velocity field valid when the slip length is small compared
with the boundary-layer thickness, i.e., A/s/x < 1, giving a perturbation to the Blasius solution with the
correction arising from wall slip. This condition arises by comparing the slip velocity, of order Auy, with
the streamwise velocity u in the outer region. When A/4/x is small, slip acts as a weak perturbation and
the similarity structure is preserved. In the small-slip regime, the asymptotic solution provides accurate and
inexpensive closed-form estimates of displacement thickness (56) and wall shear stress (57), and defines an
analytical limit against which the numerical scheme can be validated (and vice versa). To extend the model
to cases where A/,/x = O(1), we developed a numerical scheme that employs Chebyshev collocation in
the wall-normal direction and implicit marching in the streamwise direction, which provides stability and
high accuracy in resolving steep velocity gradients near the wall. Numerical results (Figs. 2-3) confirm the
asymptotic predictions in the regime 1/,/x <« 1 and extend them to larger slip lengths. Both approaches
show that the slip-corrected velocity field, wall shear stress and displacement thickness deviate most strongly
from the Blasius solution near the leading edge, where the boundary layer is thin and velocity gradients are
steep, before converging downstream as A/./x decreases. We have also examined the linear stability of the
slip-modified boundary layers using a local, parallel-flow approximation. The stability analysis shows that
wall slip influences disturbance growth near the leading edge, where the slip length relative to the boundary-
layer thickness is largest. As the slip length increases, the neutral stability boundary shifts to lower Reynolds
numbers and higher amplification rates are observed, indicating that slip enhances instability in this region.

The present analysis is restricted to steady, 2D, laminar boundary layers. While appropriate for many
applications, the current framework does not account for unsteady or three-dimensional (3D) effects [35],
which could be incorporated in future extensions. Three-dimensionality is discussed further in Appendix B.
The assumption of a high Reynolds number with a thin boundary layer justifies the use of Prandtl boundary-layer
theory, but excludes low-Reynolds-number regimes where viscous effects dominate the entire flow domain.
In practice, textured surfaces may also be random, aperiodic or hierarchical [23-25]. Although the present
analysis focuses on periodic textures, homogenisation methods can be extended to disordered geometries using
stochastic or statistical approaches [8,23]. Another idealisation concerns the flatness of the liquid—gas interface
on SHSs, which underlies Philip’s analytical slip-length expression [14]. In experiments, meniscus curvature
and deformation are often significant, leading to deviations from the theoretical slip predictions [13,15].
Similarly, the asymptotic model for riblets, expressed as 8 = —72A2/(4€2), assumes small amplitude (A < €)
and low curvature [6, 12]. When this assumption is violated, for example at larger riblet amplitudes, the effective
slip may differ from the asymptotic prediction. The stability analysis is also restricted to 2D disturbances and a
local parallel-flow assumption, consistent with classical Blasius stability theory [30]. A global stability analysis
is being pursued as future work.

Despite these limitations, the framework provides a foundation for more general problems. It can be
extended to transitional or turbulent boundary layers [32,36], where slip modifies near-wall turbulence struc-
tures, or to time-dependent flows [35], such as pulsatile or start-up boundary layers. The slip boundary condition
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may also be generalised to a tensorial form to represent anisotropic textures such as grooves or riblets that
are not aligned with the main flow direction [37]. By coupling the present boundary-layer formulation to
macroscopic flow solvers, it is possible to incorporate microscale surface effects into large-scale simulations
without explicitly resolving the surface geometry [10,38]. Representative applications include SHSs and LISs,
where analytical slip-length expressions are available for simple geometries [4,5,13—18] and riblets, whose
small-amplitude slip effects can be derived asymptotically [7,21,22,37]. Porous surfaces, where slip follows
from Brinkman theory [9,26,39]; and rough or randomly textured surfaces, where homogenised or empirical
slip lengths are used [8,23-25], can also be accommodated. Compliant or deformable substrates, and those
subject to Marangoni stresses [31], may also be accommodated, although only approximate or experimental
slip lengths are typically available [40—-42]. The ability to represent these diverse surface textures within a
single laminar boundary-layer framework highlights the versatility and generality of the present approach.

8 Conclusions

This work establishes a framework for modelling laminar boundary-layer flows over small-scale textured
surfaces, e.g., SHSs, riblets, LISs, porous, compliant or deformable surfaces, incorporating slip lengths derived
from homogenisation. The framework captures both the steady boundary-layer structure and the linear stability
characteristics of slip-modified flows within a computationally-efficient model. By connecting small-scale
surface geometry to large-scale flow dynamics, the model enables accurate prediction of wall shear stress
and drag without explicitly resolving the texture. As a result, the framework offers simple predictions and
a practical route for analysing, designing and optimising small-scale textured surfaces across a range of
applications, including microfluidic devices, turbo-machinery blades and marine transport operating in laminar
flow regimes.
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A Blasius’ solution and first-order correction

Numerical solutions for f and g are shown in Figure 6(a) and (b). These similarity profiles give the leading-
order and first-order terms in the asymptotic boundary-layer expansion (47) for the streamwise and normal
velocity field, which leads directly to the scaling relations for displacement thickness and wall shear stress
(56)—(57).
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Fig. 6 Leading-order and first-order similarity solutions for the velocity profile in the presence of slip. (a) The Blasius profile f,

satisfying the no-slip boundary condition (48-49). (b) The first-order correction g, arising at O (%/+/x’) from the slip boundary
condition at the wall (52-53).

B Three-dimensional effects

The present analysis is restricted to steady, 2D boundary layers. Three-dimensionality may enter the problem
in two ways through the underlying surface texture or through the boundary-layer flow itself. First, the inner
(texture-scale) problem may be 3D even when the boundary-layer flow remains 2D. For example, longitudinal
ridges or riblets lead to inner solutions that depend on both the wall-normal and spanwise coordinates [14].
In such cases, homogenisation of the 3D inner problem yields a slip length that depends on the magnitude
of the imposed shear, while the outer boundary-layer equations remain 2D. The resulting 3D velocity field
can then be reconstructed by superposing the periodic inner solution onto the 2D boundary-layer flow through
asymptotic matching procedures (see Figure 7).

Second, 3D boundary layers arise when the spanwise velocity component is non-zero, for example due to
swept geometries or turbo-machinery blades. In this case, the boundary-layer equations must be formulated in
3D, and the slip condition becomes tensorial, with distinct streamwise and spanwise slip lengths for SHSs and
riblets. Under the assumption of a steady, incompressible, zero-pressure-gradient external flow with uniform
free-stream velocities, the 3D boundary-layer equations are given by

/ / /

ux/ + vy/ + wz/ == 0, (68)
u'ul, + v’u;, +w'ul, = u’y,y,, (69)
u'wl, + v/w;, +w'w), = w;,y,, (70)

subject to
u = Axtty, V=0, w= Xz/w;/ at y =0, (71)

and

W —1, w — W, as y — oo, (72)

where W' is the ratio of the free-stream spanwise velocity to the free-stream streamwise velocity. A complete
treatment of such 3D boundary layers, including their linear stability properties, requires a fully 3D numerical
formulation and lies beyond the scope of the present work.
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Fig. 7 Streamwise velocity u’ for A = 1 at (a) x = 3 and (b) x = 30, for the flow over longitudinally ridged SHSs. The
2D boundary-layer solution (25, 26, 27, 43) is contoured alongside the inner viscous solution for periodic longitudinal ridges
from [14], with streamwise velocities matched at the intermediate scale y' = € = 1.
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