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ABSTRACT
Demand forecasts that capture the life cycle phases of demand are crucial for many high-stake opera-
tional decisions. However, difficulty arises when the demand history is restricted to the earlier phases
of the product life cycle. An additional challenge occurs if demand is low volume and intermittent, as
is common for products in aftermarket industries. In this paper, we present methodology to apply the
Bass life cycle model to spare part demand. Furthermore, we propose an extension which pools the
incomplete demand history of other products to improve forecast accuracy when a limited amount
of demand history has been observed. Our numerical findings show that our extension improves
forecast accuracy, even for cases before the peak of demand has been observed. We validate our
approach on 175 automotive spare parts and find that pooling the incomplete demand history of
multiple products delivers superior forecasting performance.
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1. Introduction

Demand forecasts are crucial for many strategic and
operational decisions concerning resources, logistics,
manufacturing, financial planning and inventory
throughout a product’s life cycle. Demand patterns may
change over the course of a product’s life cycle, which
is important to capture in forecasting. For example, in
spare part management, the product life cycle is typically
divided into three phases: growth, maturity and end-of-
life (Dekker et al. 2013; Fortuin 1980), where demand
increases during growth, stabilises during maturity, and
then declines during the end-of-life phase.

One of the main challenges with forecasting demand
over a product’s life cycle arises when the decision-maker
can only observe demand at the early phases of the life
cycle and does not have any information about demand
later on. In some cases, historical data is restricted to
before a peak demand level or a declining pattern in
demand has been identified. This is particularly challeng-
ing in the case of long-term strategic decision-making,
where demand needs to be forecasted for many peri-
ods ahead and potentially cover the remainder of the life
cycle. For instance, an inventory decision common to
aftermarket industries is a final order, also known as a
Last Time Buy (LTB). LTB decisions can be required at
any point in the life cycle and must sustain demand over
the rest of the service period.
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Another challenge may occur if demand is also inter-
mittent, with periods where no demand is recorded.
For example, demand for spare parts in the after-
market is commonly irregular and intermittent (Hasni
et al. 2019). Aftermarkets operate across numerous sec-
tors including automotive, consumer electronics and avi-
ation industries (Durugbo 2020). However, intermittent
demand is a more widespread phenomenon. Sillanpää
and Liesiö (2018) and Sarlo, Fernandes, and Boren-
stein (2023) highlight the practicality and relevance of
intermittent demand forecasting in retail contexts. Inter-
mittent items, although slow-moving, have high preva-
lence and in some cases can be attributed to 60% of stock
investment (Johnston, Boylan, and Shale 2003). Much of
the current intermittent demand methodology focuses
on stationary demand patterns (Croston 1972; Syntetos
and Boylan 2005). Where trend is considered, existing
approaches focus on the final phase of the life cycle where
a decline in demand is present (Fortuin 1980; Goldsmith,
Sachs, and Boylan 2025; Moore 1971).

The research presented in this paper is motivated by
a real-world application from an automotive manufac-
turer. The automotive manufacturer has to make oper-
ational and strategic decisions at different phases of a
product’s life cycle, for which they require a reliable
demand forecast. In Figure 1 we illustrate examples of
monthly demands for different spare parts where the
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Figure 1. Demand for SKUs belonging to an automotive manufacturer. (a) Exhaust Manifold. (b) Bracket. (c) Cover and (d) Crossmember.

automotive manufacturer was able to collect data for sev-
eral phases of each product’s life cycle over the last nine
years. We observe that demand is non-stationary and
follows life cycle patterns. There is an initial rise in the
demand pattern before the average demand reaches a
maximum level, after which we see a sustained decline.
We also observe some monthly periods where no demand
is recorded.

A common approach to modelling life cycle demand
was developed by Bass (1969). Originally designed for
demand forecasting of new products, the Bass model is
characterised by a bell-shaped curve and consists of a dif-
ferential equation, explaining the process of customers
adopting a new product. Central to the formulation is
the assumption that the rate of sales is a linear function
of previous sales. The model is favoured for its simplic-
ity whereby solely historical data is used to estimate the

model parameters. However, applying the Bass model
with limited historical data is known to incur parameter
estimation issues (Meade and Islam 2006; Putsis Jr and
Srinivasan 2000; Van den Bulte and Lilien 1997). Imple-
menting the model to forecast demand for products with
little or no demand history often relies on utilising sales
data of a similar product for which the whole life cycle
has been observed.

In practice, complete demand records for previously
sold products are not always available. Manufacturers
may not have access to data records far enough into
the past to be able to obtain the full demand history
of previously sold products. This is common for after-
market SKUs as the life cycle can be several years long.
Additionally, even if full demand records for past prod-
ucts are available, some items may not have historical
counterparts. This can be the result of changes in sales
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strategy or technological advancements. In the automo-
tive sector, for instance, the production of electric vehi-
cles means manufacturers now sell spare parts which
do not hold similarities with parts that service standard
vehicles.

In this paper, we contribute methodology to deter-
mine long-term forecasts for aftermarket SKUs. We
model demand throughout the life cycle as a Poisson
process, adopting the Bass curve as a representation of
the underlying intensity function. Exploiting the likeness
between demand series, we provide a pooling approach to
improve forecast accuracy when limited demand history
is available. This is done by using the limited demand his-
tory for multiple active products to determine the model
parameters. Beneficially, we do not rely on complete his-
torical demand series in our implementation. We show
that error can be significantly reduced using our multi-
ple series technique for forecasts determined at different
phases of the life cycle, including before the height of
demand has occurred.

2. Literature review

Life cycle forecasting aims at capturing the pattern of
demand throughout all phases of a product’s life. The
central tenet of life cycle demand forecasting is the
Bass model, which has inspired a vast literature (Chan-
drasekaran and Tellis 2007; Guidolin and Manfredi 2023;
Hauser, Tellis, and Griffin 2006; Y. Li and Sui 2011; Meade
and Islam 2006; Peres, Muller, and Mahajan 2010). The
model is characterised by a simple differential equation
which describes product adoption in a market popu-
lation. By using sufficient sales records of comparable
products, Ismail and Abu (2013) apply the Bass model
in a real-life example at a automotive company. Sales
patterns with related features have also been used when
applying the Bass model to determine forecasts for tech-
nology products (Ganjeizadeh et al. 2017; Li et al. 2021).
Li et al. (2021) forecast demand relying on representa-
tive forecasts found using average demand across similar
products with life cycle sales records. Representative fore-
casts are also formed by Hu et al. (2019) by grouping
products using time-series-based clustering. The Bass
model as well as polynomial, triangle and trapezoid life
cycle shapes are used to forecast sales of new computers.
Dombi, Jónás, and Tóth (2018) fit parametric life cycle
demand functions to full historical demand series to infer
the shape of life cycle curves. Clustering on the parame-
ters of the fitted life cycle demand functions is performed
to find typical demand models to forecast the demand for
active parts.

Applications of life cycle models have justifiably
exploited the likeness between past products to determine

forecasts for active products. Life cycle forecasts deter-
mined using solely the incomplete demand history of
an active part can have low accuracy. For the Bass
model, parameter estimation issues when limited his-
torical data is available are well known. Putsis Jr and
Srinivasan (2000) revisit early findings on the estimation
of parameters and demonstrate that the peak of demand
needs to have been observed to obtain robust and sta-
ble estimates (Srinivasan and Mason 1986). Focusing on
the non-linear least squares method, Van den Bulte and
Lilien (1997) show that the amount of bias in estimates
is in accordance with the degree of truncation of avail-
able demand history. Highlighting the issue, Meade and
Islam (2006) argue for the relevance of research concern-
ing life cycle modelling for products with limited demand
history.

The current methodology to aid long-term decision-
making prioritises forecasting demand in the end-of-life
phase of the life cycle. Fortuin (1980) design an approach
for the LTB problem which considers that demand fol-
lows a Gaussian process with an exponentially declining
mean. A time-series approach designed by Moore (1971)
fits deterioration curves to sales data on a logarith-
mic scale. More recently, Goldsmith, Sachs, and Boy-
lan (2025) introduced a long-term stochastic forecast-
ing model for intermittent SKUs with a declining trend,
whereby demand is treated as Poisson. An extension to
the model is given which facilitates using demand his-
tory from similar products to improve forecasts. These
approaches are intended for forecasting during the final
phase of the life cycle where a decline in demand is
present. As such, demand with a declining pattern needs
to be observed to forecast demand over the rest of the life
cycle.

Pooling the demand history of multiple products
to estimate common model parameters has received
increased attention. This approach is based on the
assumption that demand for a group of products fol-
lows an identical process and is also often referred to
as ‘cross-learning’. Semenoglou et al. (2021) find that
training a single model for multiple SKUs increases fore-
cast accuracy and is much less computationally expensive
than individual models for each SKU. In the recent M5
competition, the best-performing approaches utilised
joint models instead of fitting a model for each SKU
using solely its own demand information (Makridakis,
Spiliotis, and Assimakopoulos 2022). Information about
exogenous variables is used to identify similarity between
products. Cohen, Zhang, and Jiao (2022) also show
that borrowing demand history from other products
improves accuracy for newly introduced retail SKUs with
insufficient demand history. Lei et al. (2025) propose
a pooling framework that integrates both category and
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product level demand history when determining fore-
casts for individual SKUs.

The main consideration of the current methodology
for intermittent SKUs, such as spare parts, is short-term
decision-making. Where long-term circumstances are
considered, approaches are concentrated on the end-of-
life phase where historical demand data with a declining
pattern is used to forecast years ahead. Models which
represent multiple phases of the life cycle have yet to
focus on intermittent and low-volume items. Addition-
ally, applications of life cycle models, such as the Bass
model, to SKUs with little or no demand history rely
on similar products for which full life cycle demand is
known. We present a forecasting model for spare part
SKUs that incorporates the patterns in demand attributed
to the product life cycle phases. Additionally, we utilise
data pooling techniques and incomplete demand histo-
ries of multiple SKUs to forecast cases with insufficient
demand history.

3. Methodology

In this section, we introduce a long-term stochastic
demand forecasting model for aftermarket SKUs that
incorporates life cycle patterns. We represent demand in
each period throughout the life cycle as a Poisson pro-
cess with an intensity function that changes with respect
to time. We adopt the well-known Bass curve (Bass 1969)
as a representation of the intensity function of the Pois-
son process. Our initial approach uses the demand his-
tory of a single SKU to estimate our model parameters.
We develop our methodology to forecast for SKUs with
limited demand history by using the combined demand
history of multiple products.

3.1. The Bass model

A principle model of life cycle demand forecasting, the
Bass model describes how a product is adopted by its
market. Two factors are considered with regard to the
rate of sales. The first is the probability of a sale at intro-
duction, referred to as the innovation of a product. The
second component, the imitation effect, encompasses the
impact of previous sales on future sales. Model formu-
lation assumes that the relationship between the rate of
sales and the number of previous sales can be described
linearly.

Bass (1969) specifies that the cumulative number of
sales from time 0 through to time t is

S(t) = m

(
1 − e−(p+q)t

1 + q
pe−(p+q)t

)
(1)

where m, m > 0, represents the total market size and p, q,
p > 0, q > 0, are coefficients of innovation and imitation,
respectively.

Thus, the number of sales as a function of time is given
as

s(t) = dS(t)
dt

= m

(
e−(p+q)tp(1 + q

p )2

(1 + q
pe−(p+q)t)2

)
. (2)

An acknowledged advantage of the Bass model is its
parameter interpretability. Low values of m indicate a
small total market size. The innovation coefficient, p, rep-
resents the probability of a sale at time t = 0. Therefore,
high p values correspond to immediate product popu-
larity (Li et al. 2021). When the effect of imitation is
larger than the innovation effect (q > p) a bell-shaped
curve is formed. In the alternate scenario, the peak of
sales is observed as soon as a product is put on the market
with an onward decline in sales expected. Large values of
both p and q are consistent with a product selling very
quickly and reaching its maximum market potential. In
such cases, sales decay rapidly after observing a peak in
sales (Lilien, Rangaswamy, and De Bruyn 2017).

3.2. Application to spare part demand

The Poisson distribution is a commonly proposed rep-
resentation of spare part demand (Boylan and Synte-
tos 2021; Syntetos, Babai, and Altay 2012; Teunter and
Haneveld 1998). We model demand throughout the life
cycle as a Poisson process with an intensity function that
changes over time.

For a single unit of a product, we propose that demand
incidences follow a Poisson process over the time inter-
val [0, T] with intensity function which follows the Bass
curve as introduced in Equation (2).

Consequently, for all τ such that 0 ≤ δ(τ − 1) <

δτ ≤ T, the total demand within time interval (δ(τ − 1),
δτ), is a Poisson random variable. Let Yτ be the num-
ber of demand incidences for a single unit of product in
the interval (δ(τ − 1), δτ), such that 0 ≤ τ − 1 < τ ≤
T. We write

Yτ = Y(δ(τ − 1), δτ) ∼ Poisson
(∫ δτ

δ(τ−1)
s(t) dt

)
.

(3)
We note that Yτ is independent of Yτ+1 if (δ(τ −
1), δτ) ∩ (δτ , δ(τ + 1)) = ∅.

By definition of s(t),

∫ δτ

δ(τ−1)
s(t) dt = S(δτ ) − S(δ(τ − 1)),

for all 0 ≤ δ(τ − 1) < δτ ≤ T, (4)
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and ∫ T

0
s(t) dt = S(T) − S(0) = S(T). (5)

For n independent demand observations in consecutive
time periods, y1, . . . , yn, the resulting likelihood function
is given by

L(p, q, m; y1, . . . , yn)

=
[ n∏

τ=1
[S(τ ) − S(τ − 1)]yτ

]
e−S(T). (6)

The log-likelihood function is given by

�(p, q, m; y1, . . . , yn)

=
n∑

τ=1
[yτ ln(S(τ ) − S(τ − 1))] − S(T). (7)

The issue of poorly estimated parameters when apply-
ing the Bass model to products with limited data is
well-known (Meade and Islam 2006; Putsis Jr and Srini-
vasan 2000; Srinivasan and Mason 1986; Van den Bulte
and Lilien 1997). Additional methodology is needed to
determine long-term forecasts for these products. Given
the expansiveness of aftermarket inventories, we assume
that there exists products with the same life cycle pattern.
Therefore, the demand history of SKUs with common
life cycle behaviour can be pooled to estimate common
model parameters.

Where Yτ ,i = Yi(δ(τ − 1), δτ) is the number of
demand incidences for a single unit of product i in
the interval (δ(τ − 1), δτ), the demand for product i in
period τ is given by

Yτ ,i ∼ Yi(δ(τ − 1), δτ) ∼ Poisson
(∫ δτ

δ(τ−1)
s(t) dt

)

where ∫ δτ

δ(τ−1)
s(t) dt = S(δτ ) − S((τ − 1)δ).

For n independent demand observations in consecutive
time periods belonging to k products, y1,1, . . . , yn,1, . . . ,
y1,k, . . . , yn,k, the resulting likelihood function is given by

L(p, q, m; y1,1, . . . , yn,1, . . . y1,k · · · , yn,k)

∝
[ k∏

i=1

n∏
τ=1

[S(τ ) − S(τ − 1)]yτ ,i

]
e−S(T). (8)

The log-likelihood function is

�(p, q, m; y1,1, . . . , yn,1, . . . y1,k · · · , yn,k)

=
k∑

i=1

n∑
τ=1

[yτ ,iln(S(τ ) − S(τ − 1))] − S(T). (9)

4. Forecast accuracy

Our forecasting methodology is inspired by the fore-
casting requirements of long-term operational decisions,
such as the LTB decision. When evaluating the perfor-
mance of a forecasting technique for the LTB, we are
concerned with measuring the forecast error between the
total true demand and the total forecasted demand over
the remaining service period, rather than the forecast
error in each period.

We define ft,i as the forecasted demand for series
i in period t and Fi as the total forecasted demand
across the out-of-sample length, n + 1, . . . , N, where
Fi = ∑N

t=n+1 ft,i. Additionally, where yt,i is the demand
for series i in period t we specify that the total demand
across the out-of-sample period be given by Di, where
Di = ∑N

t=n+1 yt,i.
The Mean Percentage Error (MPE) and Mean Abso-

lute Percentage Error (MAPE) are scale-independent
metrics and thus suitable for measuring performance
across a number of demand series that vary in demand
size. Over K series, the MPE and MAPE are given as

MPE = 100%
K

K∑
i=1

(
Di − Fi

Di

)
(10)

and

MAPE = 100%
K

K∑
i=1

∣∣∣∣Di − Fi

Di

∣∣∣∣ . (11)

Our methodology can also be used for other long-term
managerial decisions for which it may be useful to eval-
uate forecast performance in every period. To do so,
we require a measure that is suitable for non-stationary
demand series with periods of zero demand. Accuracy
metrics that optimise for the median are not suitable for
the series with periods of zero demand as the median
is often close to zero. Therefore, these types of mea-
sures reward approaches that forecast very low levels of
demand (Kolassa 2016). Measures that involve dividing
the forecast error by the true demand in an individual
period are also rendered unsuitable due to the periods of
zero demand in intermittent series.

The Root Mean Squared Scaled Error (RMSSE) (Hyn-
dman and Koehler 2006) scales the mean squared error
of the forecast by the mean squared error of a one-step
naive forecast on the in-sample demand. The RMSSE for
series i is given by

RMSSEi =
√√√√ 1

N−(n+1)

∑N
t=n+1(yt,i − ft,i)2

1
n−1

∑n
t=2(yt,i − yt−1,i)2

. (12)

A RMSSE value of less than 1 indicates that the perfor-
mance of the model is better than the naive forecasting
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method. Conversely, a RMSSE greater than 1 means that
the performance of the model is not better than the
naive forecast method. We evaluate performance across K
series by calculating the RMSSE for each series and taking
the mean across these values. That is,

Average RMSSE = 1
K

K∑
i=1

RMSSEi. (13)

We note that forecast uncertainty could also be evalu-
ated. For approaches that discuss prediction intervals in
relation to life cycle models we refer the reader to Van
Steenbergen and Mes (2020) and Wu et al. (2010).

5. Simulation

By conducting a simulation, we seek to quantify the accu-
racy of forecasts determined using our methodology and
determine the impact of volume size, in-sample length
and the combined innovation and imitation effects on
forecast accuracy. We also seek to assess the efficacy of
our extension on improving forecasts for products with
limited historical data.

We note that the experimentation in this section is
done in a controlled setting whereby the demand series
are generated based on the assumptions of our method-
ology. In Section 6 we test our approach on real data to
reflect the challenges faced by practitioners in industry.

5.1. Experiment design

In our experiment, we consider monthly demand over a
10 year period. Five life cycle curves are generated using
Equation (2) with specified parameters, p and q. Based on
Bass (1969), for given parameters of innovation, p, and
imitation, q, the time period of the peak of demand is
given by

t∗ = ln(q) − ln(p)

p + q
.

We select parameters p and q for three of the curves such
that the peak is fixed at 5 years, i.e. t∗ = 60. We also
include a curve which peaks early at t∗ = 30 and a curve
which does not reach a peak until the later part of the
10 year period, at t∗ = 90. Values chosen for p are 0.002,
0.003, 0.004, 0.009 and 0.0008. Corresponding values for
q are 0.0524, 0.0403, 0.0290, 0.0248 and 0.0436, respec-
tively. Henceforth, we refer to the curves generated using
the parameter pairs as Curves A, B, C, D and E. Three
values for the total market potential, m, are chosen to
incorporate the variety of product volume sizes. Table 1
reports the curve names, corresponding parameters and

Figure 2. Life cycle curves A, B, C, D and E for m = 1000.

Table 1. Parameters and peak values for curves A, B, C, D and E.

Peak Value

Curve p q m = 500 m = 1000 m = 5000

A 0.0020 0.0524 7.06 14.12 70.60
B 0.0030 0.0403 5.82 11.63 58.15
C 0.0040 0.0290 4.69 9.39 46.94
D 0.0090 0.0248 5.76 11.52 57.58
E 0.0008 0.0436 5.65 11.30 56.52

height of the curves for the chosen values for total mar-
ket potential. Figure 2 shows Curves A, B, C D and E for
monthly periods over a ten-year life cycle for m = 1000.

For each value of the total market potential, m, and
Curve A, B, C, D and E (parameter pair p, q), we draw
10,000 demand series of length 120 (10 years of monthly
periods) from a Poisson distribution which has a mean
that changes over time according to the methodology
presented in Section 3.2. That is, the first demand value is
drawn from a Poisson distribution with mean

∫ 1
0 s(t) =

S(1) − S(0) = S(1), the second demand value is drawn
from a Poisson distribution with mean

∫ 2
1 s(t) = S(2) −

S(1), the third demand value is drawn from a Poisson
distribution with mean

∫ 3
2 s(t) = S(3) − S(2) and so on,

for S(t) and s(t) given by Equations (1) and (2), respec-
tively, and corresponding parameters p, q, m. Examples
of simulated demand series for the different values of m
and Curves A, B, C are given in Figure 3. Each subfigure
shows a randomly generated demand series for specified
m and Curve A, B or C. Examples of simulated demand
series for the different values of m and Curves D and E
are given in Appendix 1.

The in-sample demand for each of the 10,000 demand
series is used to estimate the model parameters by numer-
ically maximising the log-likelihood function given by
Equation (7). We set initial values of 0.01 for p and q and
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Figure 3. Simulated demand series with intensity function given by curves A, B and C. (a) Curve A (m = 500). (b) Curve B (m = 500).
(c) Curve C (m = 500). (d) Curve A (m = 1000). (e) Curve B (m = 1000). (f ) Curve C (m = 1000). (g) Curve A (m = 5000). (h) Curve B
(m = 5000) and (i) Curve C (m = 5000).

use the total demand across the in-sample as an initial
value for m (Cowpertwait and Metcalfe 2009).

We also test our pooling methodology, using demand
history across products with the same life cycle patterns
to estimate model parameters. For each of the 10,000
series of random observations of length 120 drawn for
each combination of m and Curves A, B, C, D and
E (parameter pair p, q), we draw additional demand
series of random observations of length n. The in-
sample demand for each of the 10,000 generated demand
series and its additional series are used to estimate the
model parameters by numerically maximising the log-
likelihood function given by Equation (9).

Henceforth, we use ‘PBass’ (short for Poisson-Bass)
to refer to when only the in-sample from a single

series has been used to estimate the model parame-
ters, by numerically maximising Equation (7). Alter-
natively, ‘PBassM’ corresponds to our multiple series
approach, whereby parameters are estimated using the
in-sample demand of multiple series through the numer-
ical maximisation of Equation (9). Forecasts are evalu-
ated over the out-of-sample using the metrics outlined in
Section 4.

5.2. Life cycle phases

We select three in-sample lengths in our experiment,
n = 48, 60, 72. For Curves A, B and C, the forecast-
ing challenge for the chosen in-sample lengths can be
described as follows:



8 R. L. GOLDSMITH AND A.-L. SACHS

• Before the peak of demand (n = 48): The in-sample
data ceases one year before the peak of demand occurs.
The majority of the life cycle is yet to be observed and
forecasts need to capture the incline, peak and decline
in demand.

• At the peak of demand (n = 60): Demand will
decline over the rest of the planning horizon however
the in-sample does not include demand history with a
declining pattern.

• Past the peak of demand (n = 72): Demand with a
declining pattern is limited to 12 periods. Although
past the peak of demand, the rest of the life cycle spans
a number of years.

For Curve D, forecasts need to be determined when
demand has passed its peak level for every length of in-
sample included in the study. For Curve E, forecasts are
required before the peak of demand has been reached in
every case.

The MAPE is presented in Table 2. Results pertain-
ing to the mean percentage error and the average root
mean squared scaled error, as described in Section 4, are
presented in the E-Companion Appendix 2.

Forecasts determined using the single series approach
with data a year past the peak give reasonable accuracy in
all cases. Curves A, B and C incur MAPEs less than 40%
when n = 72. Forecast performance is also good when
the series is high volume. When m = 5000, the MAPE is
less than 23% in cases when demand has reached its peak
even though no declining demand has yet been observed
(when n = 60 for Curves A, B and C and for all in-sample
lengths for Curve D).

As expected, accuracy for forecasts generated using
data before the peak are impacted by parameter estima-
tion issues. When the demand history is right-truncated
before the peak (n = 48), accuracy is hardest to achieve
for demand series generated from Curve A. This curve
has a larger imitation effect causing a faster acceleration
and decay in demand than the other curves, making the
life cycle pattern in demand much harder to estimate.

Forecasts are easier to determine when the available
demand history includes multiple stages of the life cycle.
Curve D has a greater innovation coefficient reflected in
an early peak in demand. When compared with Curve B,
which peaks at a similar demand level, Curve D achieves
better forecast accuracy, illustrated by smaller MAPE and
average RMSSE values. Conversely, when p is small, as
is the case with Curve E, demand reaches a peak later
on in the life cycle. Therefore, the demand history for
this curve is restricted to the earlier stage of the life
cycle and forecasts are more difficult to determine. This
results in larger MAPE and average RMSSE values for this
curve.

Table 2. Mean absolute percentage error across 10,000 gener-
ated demand series.

n Curve m PBass
PBassM

(2)
PBassM

(5)
PBassM

(10)
PBassM

(50)

48 A 500 241.77 179.16 100.06 55.23 17.32
1000 177.56 119.51 57.54 30.99 11.67
5000 57.73 31.48 16.99 11.55 5.23

B 500 143.09 113.27 77.16 50.25 17.85
1000 113.99 87.63 51.50 31.48 12.03
5000 52.01 31.72 17.79 11.90 5.37

C 500 89.78 76.28 58.55 44.52 19.38
1000 76.93 64.17 45.14 32.68 12.95
5000 44.87 32.27 18.56 12.67 5.70

D 500 62.64 49.94 33.35 23.29 11.02
1000 48.60 36.17 23.02 15.92 7.69
5000 22.38 15.43 9.66 6.83 3.50

E 500 176.82 148.00 124.34 110.80 75.52
1000 146.56 128.58 109.21 93.99 55.79
5000 109.44 95.33 73.91 58.31 22.22

60 A 500 80.67 48.89 25.36 17.01 8.75
1000 47.03 28.05 16.65 11.81 6.26
5000 16.32 11.40 7.23 5.28 2.84

B 500 74.24 50.07 28.80 19.28 9.49
1000 51.21 32.65 18.94 13.27 6.64
5000 18.52 12.69 7.98 5.76 2.99

C 500 60.12 47.23 31.60 21.97 10.38
1000 47.35 34.78 21.28 14.94 7.37
5000 21.08 14.55 9.05 6.42 3.28

D 500 41.83 30.44 19.45 14.28 8.58
1000 30.39 21.21 13.44 10.02 6.08
5000 12.77 9.06 5.97 4.50 2.86

E 500 112.82 96.54 76.98 61.04 27.13
1000 98.33 82.70 63.17 46.27 18.10
5000 61.69 45.99 27.12 18.04 7.65

72 A 500 31.39 21.52 14.23 11.07 7.71
1000 21.32 14.88 10.03 7.84 5.49
5000 9.26 6.66 4.58 3.65 2.70

B 500 37.21 25.26 15.93 11.92 7.71
1000 24.28 16.94 11.04 8.53 5.58
5000 10.23 7.41 4.96 3.82 2.58

C 500 39.45 28.34 18.07 13.43 8.20
1000 28.44 19.86 12.70 9.46 5.89
5000 11.90 8.52 5.51 4.17 2.63

D 500 29.73 21.78 15.04 12.14 9.07
1000 20.55 14.89 10.34 8.29 6.32
5000 9.08 6.72 4.67 3.83 2.98

E 500 73.95 58.13 38.82 26.25 11.64
1000 56.92 42.57 26.13 17.79 8.16
5000 25.71 17.32 10.67 7.61 3.65

5.3. Pooling methodology with similar series

Table 2 shows the application of our pooling method-
ology using additional demand series of random obser-
vations of length n with the same parameter values. We
consider values of 2, 5, 10 and 50 for the total number
of demand series (1 plus the number of additional series)
used in this approach. The total number of demand series
(1 plus the number of additional series) used in the imple-
mentation of PBassM is given in parenthesis in Table 2
and in the E-Companion Appendix 2.

Using incomplete demand history from series with
identical parameters improves forecast accuracy at all
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considered phases of the life cycle. The multiple series
approach successfully compensates forecast accuracy for
low-volume series of varying in-sample length, offering
improvements to the MAPE in every case. The more
series included in the implementation of PBassM the
smaller the reported MAPE. In the case where demand
history is only available up to 12 months before the peak
of demand occurs (n = 48 for Curves A, B and C), we
see a drastic improvement in forecast accuracy with the
inclusion of demand history from additional series. In
these instances, PBassM achieves a MAPE of less than
20% when 50 demand series are used in its implemen-
tation.

We observe from Table 2 that forecasts using the
single series approach incur more severe errors when
demand volume is low. Lower volume series contain
more frequent zero demand periods so it is particu-
larly difficult to effectively estimate parameters. In severe
cases, the procedure fails to identify a peak of demand
across the total 10 year period, resulting in large negative
mean percentage errors. However, the bias in the forecast
using PBassM reduces as the number of series included
increases. Notably, this is true in every case.

5.4. Robustness study with dissimilar series

We explore the application of PBassM by generating addi-
tional demand series of random observations with dis-
similar parameter values. We refer to this application as
‘PBassM Mixed’. For each of the 10,000 series of ran-
dom observations of length 120 drawn for Curves A, B,
C, D and E, we use additional series of random observa-
tions drawn from the parameter pairs of the other four
curves to estimate the common parameters. That is, for
PBassM Mixed (5), parameters are estimated using the
in-sample demand of five series, one generated from each
of the parameter pairs corresponding to Curves A, B, C,
D and E. Similarly, for PBassM Mixed (10), we use the
in-sample demand of ten series, two generated from each
of the parameter pairs corresponding to Curves A, B, C,
D and E. We consider an in-sample length n = 60 and
m = 1000 and values of 5, 10 and 50 for the total num-
ber of demand series used in the approach. The MPE and
MAPE are given in Table 3. Results for the average root
mean squared scaled error, as described in Section 4, are
presented in the E-Companion Appendix 2.

Despite pooling demand series with heterogeneous
parameters, we observe improvements in the MAPE
using PBassM Mixed compared with PBass for Curves A,
B, C and E. Of the curves that peak at n = 60 (Curves
A, B and C), A and B become less biased when using
PBassM Mixed compared with PBass. Therefore, the
MAPE notably improves. For Curve C, PBassM Mixed

Table 3. Mean percentage error and mean absolute percentage
error across 10,000 generated demand series, m = 1000, n = 60.

Curve PBass
PBassM

Mixed (5)
PBassM

Mixed (10)
PBassM

Mixed (50)

Mean Percentage Error
A −22.62 −12.96 −9.54 −6.88
B −24.93 −18.09 −14.54 −11.76
C −19.07 −27.68 −23.86 −20.86
D −9.46 −81.29 −75.82 −71.55
E −47.50 6.05 8.88 11.09

Mean Absolute Percentage Error
A 47.03 25.04 17.66 9.55
B 51.21 27.25 20.01 12.84
C 47.35 33.03 26.32 21.01
D 30.39 81.39 75.83 71.55
E 98.33 22.36 16.95 12.01

has larger negative bias than PBass. This is because Curve
C has the lowest demand quantities of the five curves and
is thus overforecasted.

Products which have reached the final phase of the life
cycle do not benefit from the mixed pooling approach.
For Curve D, we observe larger MAPEs for PBassM
Mixed than for PBass. Of the five curves, Curve D
peaks the earliest and the demand history for this curve
includes most of the life cycle. Therefore, including
demand history of products which are at earlier stages
does not improve forecasts for this curve as they do not
not yield new information regarding its shape.

In almost all instances, forecasts determined using
additional demand series with dissimilar parameter val-
ues are less accurate than forecasts determined using
additional series which follow a similar life cycle pattern.
Consistently, PBassM using additional series generated
from the same life cycle curve obtains lower MAPEs
compared with those in Table 3 for Curves A, B, C and D.

We can improve forecasts for demand series which are
yet to reach peak demand by pooling demand history
from other series which includes multiple stages of the life
cycle. For Curve E, PBassM Mixed yields a lower MAPE
than applying PBassM using additional series generated
from the same life cycle curve (given in Table 2). This
effect is consistent for all values of the total number of
demand series used in the approach. As Curve E peaks
late on in the life cycle, the demand history reflects only
the first life cycle phase. This makes it difficult to esti-
mate the long-term pattern of demand, resulting in large
negative bias when applying PBass and PBassM. PBassM
Mixed reduces overforecasting for this curve as the addi-
tional series have demand history which includes later life
cycle phases.

We find that the timing of the peak is more relevant
than intensity of the peak when it comes to grouping
different products. We combined series generated from
Curves A, B and C to estimate their demand patterns,
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Table 4. Forecast performance across 175 automotive SKUs.

MPE MAPE Average RMSSE

n Bass PBass PBassM (175) Bass PBass PBassM (175) Bass PBass PBassM (175)

48 −18.36 −13.67 −28.22 65.41 58.29 31.60 1.30 1.24 0.94
60 −17.03 −16.57 −19.01 52.92 51.77 25.02 1.00 0.99 0.79
72 −3.09 −3.94 −0.78 38.95 38.26 21.55 0.82 0.82 0.74

as well as from Curves C, D and E (see E-Companion
Table A4). Note that Curves A, B and C peak at the same
time, but are of different intensity, whereas Curves C, D
and E are vice versa. All estimates except for those of
pattern D improve, which is in line with our finding for
PBassM Mixed. Furthermore, comparing the results with
those from Table 2, we find that combining two series
of Curve D results in better estimates than if product
D was combined with series of Curves C and E, despite
being a group of three rather than a group of two prod-
ucts. In contrast, estimates of Curve E result in a notably
lower MAPE if it were combined with series generated
from Curves C and D, rather than with two or five sim-
ilar series, but it would result in an even lower MAPE if
PBassM Mixed (5) was applied (see Table 3).

6. Real data

We assess performance of our proposed methodology on
real data of spare parts belonging to an automotive manu-
facturer. The demand data covers 9 years of the life cycle,
from 2014–2022, consisting of 108 monthly demands per
SKU. SKUs were selected for the study if all three life
cycle stages (growth, maturity and decline) were observ-
able across the 9 year period. The purpose of this selec-
tion is that it allows us to artificially censor the demand
history and compare forecasted demand values deter-
mined using different in-sample lengths to the actual
observed demands. In total, 175 automotive SKUs were
selected.

In our experiment, we consider in-sample lengths of
48, 60 and 72 monthly periods (4, 5, 6 years). Forecasts
are evaluated for the total demand over the remain-
ing time period, corresponding to out-of-sample of 60,
48 and 36 monthly periods (5, 4 and 3 years), respec-
tively. We estimate the parameters for PBass by numer-
ically maximising Equation (7). We apply the multiple
series approach, PBassM, using the in-sample demand by
numerically maximising Equation (9). Before the param-
eter estimation, the demand for each SKU is standardised
by dividing the demand in each period in the in-sample
by the total demand across its in-sample length. After
common parameters have been found, forecasts are de-
standardised by multiplying the forecasted demand for
each SKU by the total demand across its in-sample length.
As in our simulation, initial values are chosen as 0.01 for

p and q. The total demand across the in-sample is set as
the initial value for m (Cowpertwait and Metcalfe 2009).
Thus for the multiple series case, the initial value for m is
set to 1.

To benchmark our methodology we apply the stan-
dard Bass model using non-linear least squares to esti-
mate model parameters. We denote this approach as
‘Bass’ in the results. It should be noted that, as our
methodology is designed to forecast the life cycle pat-
terns of demand, existing approaches designed for the
short-term (e.g. exponential smoothing) are not suitable
baselines.

Table 4 reports the metrics outlined in Section 4 for
both approaches across the 175 SKUs. For the results
in Table 4, PBassM is performed using the in-sample
demand for all of the SKUs in the dataset. In line with
earlier findings, forecast errors for PBass are large when
limited historical data is available, especially when the
peak of demand has yet to be observed. We see an
improvement in forecast accuracy as the in-sample length
increases. Example forecasts for PBass using varying
lengths of demand history are shown in Figure 4.

We observe in Table 4 that PBass achieves a MAPE
less than 40% when n = 72 despite a declining pattern of
demand having been observed for a short period of time.
This showcases the strength of our single series method-
ology for long-term decision-making in the end-of-life
phase.

Both PBass and PBassM outperform the benchmark
in terms of forecast accuracy for all lengths of in-sample,
obtaining smaller MAPEs in every case. The greatest dif-
ference in accuracy occurs when n = 48, where demand
history is right-truncated early in the life cycle and
demand values are likely to be of lower volume. As such,
model parameters are especially challenging to estimate.

Utilising series with similar life cycle behaviour using
our methodology is effective on real data, even when
available demand history is limited. PBassM produces
more accurate forecasts than PBass and acquires a mean
absolute percentage error 47% lower on average. Figure 5
shows the percentage errors and absolute percentage
errors for PBass and PBassM with varying lengths of
demand data in the in-sample. The multiple series
approach improves upon forecasts determined using the
single series, with noticeable improvement in accuracy
across all lengths of in-sample considered. Figure 6 shows
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Figure 4. Examples of forecasts determined using PBass with varying in-sample lengths. (a) Manifold and (b) Sunvisor.

Figure 5. Distribution of forecast performance across the 175 automotive SKUs. (a) Percentage Error and (b) Absolute Percentage Error.

examples of forecasts determined using both PBass and
PBassM for in-sample lengths, n = 48 and n = 72.

Our multiple series approach still works well when the
amount available data is especially small and the peak
of demand is unlikely to have been observed. PBassM
obtains a MAPE of less than 32% when the in-sample
length is restricted to just 48 monthly periods.

We analyse the sensitivity of our multiple series
approach by determining forecasts using random sam-
ples of additional parts. For each SKU in the dataset
we select a random sample of additional SKUs from the
dataset and implement PBassM using the SKU’s own in-
sample demand and the in-sample demand of the SKUs
in the sample. Table 5 reports the MPE, MAPE and the
average RMSSE across all of the SKUs in the dataset.
We consider different sizes of random samples. The total
number of demand series (1 plus the number of randomly

selected additional series) used to implement PBassM are
given in parenthesis. We observe that smaller numbers of
parts results in larger MAPE and Average RMSSE met-
rics, and hence, less accurate forecasts. This pattern is
generally consistent across all lengths of in-sample. These
findings are consistent with the experiment in Section 5.

In some instances, it may be useful to cluster prod-
ucts into smaller groups prior to obtaining joint param-
eters. We use Dynamic Time Warping which determines
similarity between series based on the shape, allow-
ing for temporal distortion (Aghabozorgi, Shirkhorshidi,
and Wah 2015; Berndt and Clifford 1994; Sankoff and
Kruskal 1983). In our experiments, the life cycle pat-
terns appear to be sufficiently similar for the majority
of the products and grouping the SKUs prior to imple-
menting PBassM does not consistently improve upon
the overall results reported in Table 4, as shown in



12 R. L. GOLDSMITH AND A.-L. SACHS

Figure 6. Examples of forecasts determined using PBass and PBassM. (a) Gasket (n = 48). (b) Fuse Box (n = 48). (c) Pulley (n = 72)
and (d) Bracket (n = 72).

Table 5. Forecast performanceacross 175automotive SKUsusing
randomly selected additional SKUs.

n Metric
PBassM

(2)
PBassM

(5)
PBassM

(10)
PBassM

(50)
PBassM
(100)

MPE −13.37 −30.13 −27.83 −30.30 −28.34
48 MAPE 47.23 49.07 44.73 35.11 32.07

Average RMSSE 1.16 1.15 1.09 0.99 0.95

MPE −18.82 −22.45 −22.35 −20.64 −18.17
60 MAPE 45.14 40.83 36.76 26.37 24.93

Average RMSSE 0.99 0.95 0.90 0.80 0.79

MPE −2.80 −2.21 0.75 −0.34 −0.39
72 MAPE 34.21 29.73 23.85 21.51 22.00

Average RMSSE 0.80 0.79 0.76 0.75 0.75

Appendix 3. The results presented in Table 5 (and those
in Section 5) show that our approach is more effec-
tive when the number of products used to estimate the

parameters increases. Although clustering means that the
SKUs in groups have increased similarity in life cycle
behaviour, in doing so PBassM is applied to much smaller
groups of demand series which limits the benefit of
the approach. However, clustering may be appropriate
in other cases, especially for large numbers of prod-
ucts or when life cycle behaviour varies widely across
products.

7. Conclusion

We have introduced methodology to determine long-
term demand forecasts for aftermarket SKUs at various
stages of the life cycle. Our approach is designed to sup-
port high-stake long-term decisions, such as the Last
Time Buy inventory decision, and thus, has important
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practical implications. We model demand over time
as a Poisson process with a non-stationary intensity
function that follows the well-established Bass curve
(Bass 1969). We obtain the parameters of our model
and its extension using maximum likelihood estima-
tion. Acknowledging understood parameter estimation
issues with the Bass model when historical demand is
right-truncated we extend our methodology to improve
demand forecasts. Our extension pools the demand his-
tory of other products with similar life cycle patterns to
estimate model parameters. Unlike existing approaches,
we do not depend on manufacturers obtaining com-
plete demand records for historical products with similar
sales behaviour to determine parameter estimates. Our
approach instead uses the incomplete demand history of
other active SKUs.

In numerical experiments, we find that forecasts deter-
mined using our model extension have improved accu-
racy compare to our initial approach and forecast error
reduces as the number of series used in the multiple
series extension increases. However, products should be
grouped based on the truncation of the life cycle observed
of the product itself as well as those that it is grouped with.
For products (like those of Curve D) of which the major-
ity of the life cycle has already been observed, it is more
beneficial to group them with other products of the same
demand pattern. In contrast, for products that peak later
than the other products (such as Curve E), it is better to
group them with products that have an earlier peak so
that the life cycle pattern can be inferred. For other prod-
ucts (i.e. Curves A, B and C in our study), the main benefit
stems from grouping them with multiple other products
and results for similar or dissimilar products are close in
terms of MAPE.

When applying our methodology to a real dataset con-
sisting of 175 automotive aftermarket SKUs, we find that
our initial approach performs well when demand history
is long and the peak of demand is likely to have passed.
This is useful for long-term forecasting for SKUs in the
end-of-life phase, particularly in cases where only a small
amount of demand with a declining pattern has been
observed. Our model extension greatly improves fore-
cast accuracy for products with a limited demand history.
As such, our multiple-series approach is especially useful
for constructing long-term forecasts throughout the life
cycle, particularly when a declining demand pattern or
peak in demand value is yet to be observed.

In our experiments, forecasts are most accurate when
we estimate the parameters of our model extension using
the incomplete demand history of all SKUs in the dataset.
For large inventories or inventories which have parts
with varying life cycle behaviour, SKUs could be sepa-
rated into groups with similar life cycle patterns prior

to finding joint parameters. Time-series-based cluster-
ing approaches which group series based on the overall
growth pattern of the series and allow for temporal dis-
tortion could be employed. Alternatively, product infor-
mation could be useful for grouping parts with simi-
lar demand patterns together. The selection of accurate
grouping attributes would require careful consideration
and is likely to be specific to the relevant context.

In this work, we focus on representing demand in each
period as a Poisson random variable. A potential area for
future research is to explore alternative representations of
demand, such as different demand distributions that are
useful for spare parts (Syntetos, Lengu, and Babai 2013;
Syntetos, Babai, and Altay 2012). Additionally, the under-
lying pattern for demand incidences is assumed to follow
the Bass curve. However, other life cycle shapes may
also be beneficial for this problem. We highlight these
considerations as possible areas for future research.
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Appendices

Appendix 1. Examples of simulated demand series

Figure A1. Simulated demand series with intensity function given by curves D and E. (a) Curve D (m = 500). (b) Curve E (m = 500). (c)
Curve D (m = 1000). (d) Curve E (m = 1000). (e) Curve D (m = 5000) and (f ) Curve E (m = 5000).
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Appendix 2. Simulation results (MPE and
average RMSSE)

Table A1. Mean percentage error across 10,000 generated
demand series.

n Curve m PBass
PBassM

(2)
PBassM

(5)
PBassM

(10)
PBassM

(50)

48 A 500 −191.77 −138.60 −69.66 −31.22 −4.31
1000 −136.64 −86.29 −33.64 −12.72 −2.63
5000 −33.93 −13.22 −4.48 −2.49 −1.03

B 500 −93.70 −72.88 −46.65 −26.28 −4.56
1000 −72.99 −54.93 −27.23 −12.67 −2.41
5000 −27.53 −12.89 −4.87 −2.56 −1.01

C 500 −37.02 −32.51 −25.24 −18.32 −5.14
1000 −34.10 −29.76 −19.69 −13.10 −2.57
5000 −18.92 −11.96 −4.64 −2.53 −0.86

D 500 −26.07 −20.80 −12.34 −7.45 −2.57
1000 −19.09 −13.13 −7.21 −4.09 −1.67
5000 −7.08 −4.19 −2.27 −1.54 −1.17

E 500 −96.63 −76.65 −64.31 −57.82 −41.27
1000 −74.34 −64.20 −55.98 −48.42 −27.99
5000 −56.72 −50.30 −39.01 −30.25 −6.75

60 A 500 −48.45 −24.16 −8.41 −4.41 −2.09
1000 −22.62 −9.49 −4.25 −2.71 −1.77
5000 −4.10 −2.65 −1.75 −1.48 −1.22

B 500 −40.07 −23.83 −10.25 −5.19 −1.82
1000 −24.93 −12.91 −5.21 −3.09 −1.45
5000 −5.16 −2.91 −1.67 −1.30 −0.94

C 500 −22.76 −17.59 −10.20 −6.05 −1.82
1000 −19.07 −12.77 −6.03 −3.46 −1.30
5000 −5.56 −2.91 −1.49 −1.11 −0.70

D 500 −14.66 −9.79 −5.14 −3.41 −2.10
1000 −9.46 −5.45 −3.00 −2.18 −1.63
5000 −2.93 −2.16 −1.62 −1.42 −1.24

E 500 −51.75 −44.31 −37.04 −28.27 −8.79
1000 −47.50 −40.43 −30.73 −20.30 −4.27
5000 −28.06 −19.34 −8.76 −4.28 −0.73

72 A 500 −10.53 −5.94 −3.67 −3.06 −2.47
1000 −5.90 −3.76 −2.72 −2.43 −2.11
5000 −2.38 −2.04 −1.80 −1.74 −1.70

B 500 −13.52 −7.53 −3.60 −2.39 −1.64
1000 −7.12 −4.04 −2.27 −1.83 −1.49
5000 −2.22 −1.60 −1.40 −1.29 −1.20

C 500 −12.57 −8.16 −4.01 −2.79 −1.59
1000 −8.92 −5.09 −2.62 −1.91 −1.35
5000 −2.16 −1.45 −0.98 −0.93 −0.86

D 500 −8.29 −5.57 −3.56 −2.91 −2.48
1000 −4.93 −3.22 −2.31 −2.00 −1.81
5000 −2.11 −1.76 −1.51 −1.46 −1.39

E 500 −31.91 −24.93 −14.65 −7.61 −1.68
1000 −23.40 −16.25 −7.94 −4.00 −0.96
5000 −7.56 −3.87 −1.75 −1.06 −0.37

Table A2. Average root mean squared scaled error across 10,000
generated demand series.

n Curve m PBass
PBassM

(2)
PBassM

(5)
PBassM

(10)
PBassM

(50)

48 A 500 6.20 4.61 2.69 1.66 0.97
1000 6.27 4.26 2.17 1.37 0.95
5000 4.18 2.33 1.47 1.19 0.94

B 500 3.25 2.64 1.93 1.42 0.91
1000 3.57 2.80 1.80 1.28 0.89
5000 3.43 2.17 1.40 1.12 0.89

C 500 1.90 1.68 1.41 1.21 0.88
1000 2.21 1.92 1.49 1.22 0.86
5000 2.73 2.05 1.35 1.09 0.85

D 500 0.88 0.78 0.67 0.60 0.55
1000 0.93 0.79 0.65 0.59 0.55
5000 0.94 0.76 0.64 0.59 0.55

E 500 8.20 6.81 5.79 5.23 3.83
1000 9.27 8.13 7.00 6.12 3.91
5000 15.07 13.15 10.26 8.13 3.32

60 A 500 1.74 1.22 0.89 0.81 0.75
1000 1.45 1.05 0.86 0.80 0.75
5000 1.17 0.98 0.84 0.79 0.75

B 500 1.56 1.20 0.92 0.81 0.75
1000 1.50 1.12 0.88 0.80 0.75
5000 1.23 1.01 0.85 0.80 0.74

C 500 1.27 1.11 0.93 0.83 0.75
1000 1.36 1.13 0.91 0.82 0.75
5000 1.33 1.06 0.88 0.81 0.74

D 500 0.65 0.58 0.53 0.52 0.50
1000 0.65 0.58 0.53 0.51 0.50
5000 0.63 0.57 0.53 0.51 0.50

E 500 4.58 3.99 3.34 2.81 1.73
1000 5.49 4.70 3.74 2.91 1.65
5000 7.41 5.58 3.45 2.49 1.59

72 A 500 0.78 0.70 0.66 0.65 0.64
1000 0.76 0.70 0.66 0.65 0.64
5000 0.75 0.69 0.65 0.64 0.63

B 500 0.88 0.77 0.70 0.68 0.66
1000 0.84 0.75 0.69 0.68 0.66
5000 0.81 0.74 0.69 0.67 0.66

C 500 0.92 0.82 0.74 0.71 0.69
1000 0.92 0.81 0.73 0.71 0.69
5000 0.89 0.79 0.73 0.71 0.69

D 500 0.53 0.50 0.48 0.47 0.47
1000 0.52 0.49 0.48 0.47 0.47
5000 0.52 0.49 0.48 0.47 0.47

E 500 2.76 2.32 1.80 1.49 1.22
1000 2.93 2.35 1.73 1.45 1.21
5000 2.86 2.12 1.60 1.40 1.21

Table A3. Average root mean squared scaled error across 10,000
generated demand series, m = 1000, n = 60.

Curve PBass
PBassM

(Mixed 5)
PBassM

(Mixed 10)
PBassM

(Mixed 50)

A 1.45 1.24 1.11 1.01
B 1.50 1.09 0.96 0.85
C 1.36 1.09 0.96 0.85
D 0.65 1.12 1.03 0.97
E 5.49 1.85 1.70 1.60
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Table A4. Comparison of grouping curves A, B and C, as well as
curves C, D and E (mean absolute percentage error), m = 1000,
n = 60.

PBassM PBassM PBassM PBassM PBassM
Curve PBass (Mixed 3) (Mixed 3) (2) (5) (Mixed 5)

A 47.03 28.21 28.71 16.85 25.04
B 51.21 30.25 29.44 32.35 18.91 27.25
C 47.35 35.40 35.16 21.82 33.03
D 30.41 69.21 21.23 13.44 81.39
E 99.40 28.44 83.29 63.71 22.36

Table A5. Forecast performance across 175 SKUs.

n
Number of
Clusters Metric PBass

PBassM
(175)

PBassM with
Clustering

MPE −13.67 −28.22 −25.08
48 3 MAPE 58.29 31.60 31.10

Average RMSSE 1.24 0.94 0.94
MPE −16.57 −19.01 −19.91

60 2 MAPE 51.77 25.02 26.77
Average RMSSE 0.99 0.79 0.79

MPE −3.94 −0.78 −0.76
72 2 MAPE 38.26 21.55 21.54

Average RMSSE 0.82 0.74 0.74

Table A6. Forecast performance across clusters of SKUs obtained with dynamic time warping.

Cluster 1 Cluster 2 Cluster 3

n PBass PBassM PBass PBassM PBass PBassM

Number of SKUs 11 157 7
MPE −47.09 −2.02 −11.68 −29.25 −5.74 32.18

48 MAPE 104.05 20.04 54.57 31.82 69.85 32.18
Average RMSSE 1.40 0.80 1.24 0.96 1.08 0.85
Number of SKUs 115 60
MPE −8.3 −10.04 −32.41 −38.81

60 MAPE 44.74 19.45 65.24 40.8
Average RMSSE 1.02 0.81 0.93 0.75
Number of SKUs 107 68
MPE −7.83 −2.38 2.17 1.78

72 MAPE 47.34 24.41 23.97 17.02
Average RMSSE 0.78 0.70 0.87 0.81

Appendix 3. Results of real data experiment
using time-series clustering

We obtain groups of SKUs prior to the implementation
of PBassM using time-series clustering approaches. We use
Dynamic Time Warping (Berndt and Clifford 1994; Sankoff
and Kruskal 1983) to measure the distance between demand
series. We cluster hierachically using complete linkage to pro-
duce compact clusters. The number of clusters for each in-
sample length n is selected from inspection of the dendrograms
given in Figure A2 and is determined to be 3, 2 and 2 for
n = 48, n = 60, n = 72.

We report the MPE, MAPE and the average RMSSE for
PBass, PBassM using the in-sample demand of all 175 SKUs
and PBassM with clustering is applied in Table A5. A break-
down of the forecast performance for individual clusters is
given in Table A6. In Figure A3 we show the MAPE for different
numbers of clusters.
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Figure A2. Dendrograms using dynamic time warping distance metric. (a) n = 48. (b) n = 60 and (c) n = 72.



20 R. L. GOLDSMITH AND A.-L. SACHS

Figure A3. MAPE across 175 SKUs for different numbers of clus-
ters obtained using the dynamic time warping distance metric.
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