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Abstract

The Lattice Boltzmann Method (LBM) is a potential numerical tool
for solving challenging fluid problems. The Bhatnagar Gross Krook
(BGK) approximation is incorporated in the extensively used LBM-
BGK approach. In the Hyperbolic Lattice Boltzmann Method (HLBM),
a hyperbolic collision operator is used for the collision process, whereas
the essential objective of Multiple Relaxation Time (MRT) collision oper-
ators is to manage the relaxation of different moments independently
to boost accuracy and stability. In this paper, to solve the solid-liquid
phase change problem, the HLBM and MRT Discrete Boltzmann Method
(DBM) are coupled with the enthalpy method to observe the phase
change phenomenon governed by the heat conduction phenomenon.

Keywords: Hyperbolic Lattice Boltzmann, Discrete Boltzmann, Phase
Change, Multiple Relaxation Time

1 Introduction

Phase change problem is pervasive in many engineering applications such as
alloys solidification, energy storage, and many more. The differential equation
can be used to determine the nature of these phase changes, but solving it can
be challenging because it contains a non-linear term. As a result, numerical
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methods have been developed because analytical solutions are primarily con-
strained to problems with straightforward geometry and boundary conditions.
With the advancement of microscale processing technology in recent decades,
solid-liquid phase issues with microscale alteration, including laser cutting [1]
and selective laser melting (SLM) [2], have gotten more and more attention.
Due to the difficulty in the phase transition process, researchers have sug-
gested several numerical approaches. These methods fell into two categories:
one deals with the solid-liquid interface utilizing a fixed grid method and the
other deals with a distorted mesh or transformed coordinate system. The dis-
torted mesh has drawbacks of complicated coding and prolonged computation,
whereas the fixed grid technique does not have this problem. Voller et al. [3]
have discussed the multiple fixed grid methods for phase change problems;
however, the enthalpy approach [4] and the equivalent heat capacity method
[5] are the most frequently employed fixed grid methods.

Jiaung et al. [6] combined the lattice Boltzmann method with the enthalpy
method to solve the phase change problem by processing the phase change term
or the source term using the finite difference method, which involves iterative
calculation. Huang et al. [7] used the modified equilibrium distribution function
to avoid the iteration step in the source term and make it a little bit simpler.

Ahmed [8] developed the idea of a double distribution function combined
with an enthalpy method, while Chatterjee [9] introduced a passive scalar-
based thermal LBM paired with a fixed grid porosity approach to solving phase
change problems.

The discrete Boltzmann technique is a revolutionary LBM variation that
only uses one distribution function to determine numerous macroscopic char-
acteristics like temperature, velocity, density, etc. Furthermore, it captures the
hydrodynamic and thermodynamic nonequilibrium effects of fluid flow. DBM
has advanced significantly during the past few decades. Many researchers have
modeled the multiphase flow [10] while considering the gradient and interpar-
ticle forces. Zhang et al. [11] suggested a simplified Enskog expansion-based
kinetic model for multiphase flow. However, all of these were based on the BGK
approximation, i.e., the Single Relaxation Time (SRT) model. On the other
hand, in the MRT DBM [12] for compressible exothermic flows, each distri-
bution function is relaxed at a different pace toward the equilibrium position.
BGK operator is a specific instance of MRT operator, whereas MRT operator
is the general type of collision operator that is more stable and improves the
accuracy [13, 14].

The non-Fourier effect is currently excluded by the DBM, which is based
on the BGK approximation and MRT operator. Therefore, taking into account
the non-Fourier effect demands additional investigation.

To combat this, Cattaneo [15] and Vernotte [16] introduced the CV model,
which takes the non-Fourier effect into account to solve the hyperbolic heat
equation. Using this model, Liu et al. [17] developed the notion of HLBM. From
a mathematical perspective, the HLBM can be used to solve the hyperbolic
equation, whereas the LBM can be used to solve the parabolic equation.
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This work shows the temperature distribution of Fourier and non-Fourier
heat conduction using HLBM and DBM, involving the enthalpy technique and
Jiaung’s theory [6].

2 Enthalpy Method

The enthalpy approach is typically one of the best methods for modeling solid-
liquid phase change problems. The governing equations are stated in terms of
overall enthalpy and thus are expressed as:

∂(ρH)

∂t
= ∇.(K∇T ) (1)

The density, the thermal conductivity, and the total enthalpy is represented
by ρ, K, and H, respectively, where H is expressed in terms of the sensible
enthalpy and the latent heat as,

H = CpT + flLa (2)

where Cp symbolizes for specific heat at constant pressure, T for temperature,
La for latent heat of phase change, and fl for liquid phase fraction. Dur-
ing phase transformations, the value of the phase fraction always fluctuates
between zero to one. It carries a value of 1 for liquids and 0 for solids. Using
(2) in (1)

∂(ρCpT )

∂t
= ∇.(K∇T )− La

∂(ρfl)

∂t
(3)

Here, ρ, Cp and K are constants, therefore, equation (3) can be rewritten as:

∂T

∂t
= ∇.(α∇T )− La

Cp

∂fl
∂t

(4)

where, α= K
ρCp

is the thermal diffusivity.

Equation (4) describes the Fourier heat conduction equation with phase
change, although no consideration was made for the non-Fourier effect. The
Fourier law assumes that the rate of heat transmission is limitless. However,
it is invalidated by many factors, such as high heat fluxes, short intervals, and
low temperatures. Cattaneo and Vernotte considered the non-Fourier effect,
where the rate of heat transmission is restricted, as a solution to this issue.
They have identified the erratic behavior of heat conduction and speculated
that relaxation time would play an essential role in this.
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3 Hyperbolic Lattice Boltzmann method for
heat conduction with phase change

3.1 CV Heat Conduction Problem

The CV heat transfer equation with phase change is given by [18]

∂T

∂t
+ τ

∂2T

∂t2
= α∇2T +

La

ρCp

(
g + τ

∂g

∂t

)
(5)

The above equation’s LBM form is

fi(x+ dx, t+ dt)− fi(x, t) = Λ[fi(x, t)− feqi (x, t)] +
Lawi∆t

ρCp
gi (6)

Here, τ is the relaxation time and when it is zero and g = −∂(ρfl)
∂t , the equation

(5) reduces to equation (4). The hyperbolic collision operator Λ for 1D is given
by [18]

Λ = −
2∆x2

(
1 + τ ∂

∂t

)
2α∆t+∆x2

(
1 + τ ∂

∂t

) (7)

Substituting the value of Λ in equation (6), we obtain

ψi = ϕψ0
i − 2(ϕ+ φ)θi + 2ϕθ0i +

wi∆t

ρCp
(gi − g0i ) (8)

Here, ψi(x, t) = fi(x + ∆x, t + ∆t) − fi(x, t), ψ
0
i (x, t) = ψi(x, t − ∆t),

θi(x, t) = fi(x, t) − feqi (x, t), θ0i = θi(x, t −∆t), ϕ = γ
2α∗+1+γ , φ = 1

2α∗+1+γ ,

α∗ = α∆t
∆x2 , γ = τ

∆t and g0i (x, t) = gi(x, t−∆t)

3.1.1 2D CV Heat Conduction Problem

The equation (5) can be rewritten as:

∂T

∂t
=

α

1 + τ ∂
∂t

∇2T + La
g

ρCp
(9)

The equation (5) LBM form is

fi(x+ ci∆t, t+∆t)− fi(x, t) = Λ[fi(x, t)− f0i (x, t)] + ∆tΘi (10)

In this instance, fi and f
eq
i denote the particle distribution function and equi-

librium distribution function in the ith direction, respectively. The time step is
denoted by ∆t, the size of the lattice is denoted by ∆x, and the source term,
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also known as the phase change term, is denoted by Θi which affects the dis-
tribution function and comes from the direction i in a lattice, Θi is taken as
Θi = wiLa

g
ρCp

, and the collision operator we require is denoted by Λ.

f0i = wiT (11)

The weight functions for each distribution function are denoted by wi. The
Taylor series expansion of fi(x+ ci∆t, t+∆t) around (x, t) is given as:

fi(x+ ci∆t, t+∆t) = fi(x, t) + ∆t∂tfi +∆t∂xαciαfi

+
1

2
(∆t)2(∂t∂tfi + 2∂t∂xα

ciαfi + ∂xα
∂xβ

fi) +O(∆t3)

(12)

Substituting equation (12) in equation (10) gives:

∆t∂tfi +∆t∂xαciαfi +
1

2
(∆t)2(∂t∂tfi + 2∂t∂xα

ciαfi + ∂xα
∂xβ

fi)

= Λ[fi(x, t)− f0i (x, t)] + ∆tΘi (13)

The distribution function has the following constraint:

∑
i

f0i = T (14)∑
i

fri = 0, (r ≥ 1) (15)

Introducing the Knudsen number ϵ [14]

∂t = ϵ2∂t(2) , ∂x = ϵ∂x(1) (16)

where t(2) represents the slow time scale associated with the diffusive process
and x(1) represents the corresponding relatively large spatial scale and the
expansion of fi(x, t) is

fi = f
(0)
i + ϵf

(1)
i + ϵ2f

(2)
i +O(ϵ3) (17)

Substituting (16) in (13) and truncating the terms with an order of mag-
nitude larger than O(ϵ3). To recover (9), summation over all states for (13) is
given as:∑

i

ϵ2∆t∂
(2)
t fi +

∑
i

ϵ∆t∂
x
(1)
α
ciαfi +

∑
i

1

2
∆t2ϵ2ciαciβ∂x(1)

α
∂
x
(1)
β

fi

= Λ
(∑

i

(fi(x, t)− feqi (x, t))
)
+∆t

∑
i

Θi (18)



Springer Nature 2021 LATEX template

6 Article Title

The first term on the LHS of (18) corresponds to the unsteady term as:∑
i

ϵ2∆t∂
(2)
t fi =

∑
i

∂tfi = ∂tT (19)

The second term on the LHS of (18) is given as:∑
i

ϵ∆t∂
x
(1)
α
ciαfi =

∑
i

ϵ∆t∂
x
(1)
α
ciα

[
f0i + ϵf1i +O(ϵ2)

]
= ϵ∆t∂

x
(1)
α

∑
i

ciαf
(0)
i + ϵ2∆t∂

x
(1)
α

∑
i

ciαf
(1)
i +O(ϵ3)

= ϵ∆t∂
x
(1)
α

∑
i

ciα

(
1

Λ
ϵ∂

x
(1)
β

ciβf
0
i

)
= ϵ2∆t2

1

Λ
∂
x
(1)
α
∂
x
(1)
β

ciαciβf
(0)
i

=
1

Λ
c2∆t2∇2T (D1Q2)

=
1

3Λ
c2∆t2∇2T (D2Q5)

The third term on LHS of (18) becomes:

1

2
∆t2ϵ2

∑
i

ciαciβ∂x(1)
α
∂
x
(1)
β

fi

=
1

2
∆t2

∑
i

ϵ2ciαciβ∂x(1)
α
∂
x
(1)
β

[
f0i + ϵf1i +O(ϵ2)

]
=

1

2
∆t2ϵ2∂

x
(1)
α
∂
x
(1)
β

∑
i

ciαciβf
(0)
i +O(ϵ3)

=
∆t2

2
c2∇2T (D1Q2)

=
∆t2

6
c2∇2T (D2Q5)

The RHS of (18) is:

Λ
(∑

i

fi −
∑
i

feqi
)
+
∑
i

Θi = Λ(T − T ) + La
g

ρcp
= La

g

ρcp

Thus, (18) becomes:

∂T

∂t
= −

(
1

Λ
+

1

2

)
∆tc2∇2T + La

g

ρcp
(20)



Springer Nature 2021 LATEX template

Article Title 7

Comparing (9) and (20)

−
(
1

Λ
+

1

2

)
∆tc2 =

α

1 + τ ∂
∂t

(21)

The Hyperbolic collision operator Λ is given by:

Λ = −
2∆t

(
1 + τ ∂

∂t

)
2α+∆tc2

(
1 + τ ∂

∂t

) (22)

Substituting the value of Λ in equation (10)

ψi = ϕψ0
i − 2(ϕ+ φ)θi + 2ϕθ0i +

widt

ρCp
(gi − g0i ) (23)

Here, ψi(x, t) = fi(x + ∆x, t + ∆t) − fi(x, t), ψ
0
i (x, t) = ψi(x, t − ∆t),

θi(x, t) = fi(x, t) − feqi (x, t), θ0i = θi(x, t −∆t), ϕ = γ
2α∗+1+γ , φ = 1

2α∗+1+γ ,

α∗ = α
∆tc2 , γ = τ

∆t , c =
∆x
∆t and g0i (x, t) = gi(x, t−∆t)

The operator Λ is known as the Hyperbolic Collision operator and the
LBM using this operator is known as Hyperbolic Lattice Boltzmann Method
(HLBM).

3.2 Method

The two phases that make up the HLBM process are collision and streaming.
When particles collide, there is a difference between the distribution function’s
initial and final states. The collision operator in the HLBM describes this
rate of change. When particles collide, they stream through links in many
directions, referred to as streaming. The adopted LBM model determines the
direction of the distribution function. Here, we have chosen the D1Q2 and
D2Q5 models.

(a) D1Q2

(b) D2Q5

Fig. 1 Lattice arrangements
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4 Discrete Boltzmann method

The evolution of the distribution function is given by:

∂f

∂t
+ c.∇f + a.∇f =

(
∂f

∂t

)
c

(24)

Here, f is the particle distribution function, c is the velocity in the desired

direction, a is the acceleration driven on by an external force, and
(

∂f
∂t

)
c

indicates the rate at which the distribution function changes as a result of
contact. The discretized form of the equation is given by:

∂fi
∂t

+ ci
∂fi
∂x

=
1

τ
(fi − feqi ) + Fi (25)

Here, fi and f
eq
i are the particle distribution function and particle equilibrium

distribution function respectively in the direction i with velocity ci, F denotes
the external force.

The evolution equation of the discrete distribution function at time t+ dt
is given by:

fi(x, t+ dt) = fi(x, t)−
1

τ
(fi(x, t)− feqi (x, t))− ci

∂fi
∂x

+ Fi (26)

Both time and spatial derivatives need to be calculated in this process. Various
schemes, including finite difference, the nine-point stencil, etc., can be used
depending on the accuracy requirements. In this case, the time and space
derivatives are approximated using the forward Euler scheme.

4.1 MRT Discrete Boltzmann Method

Moments rather than population are relaxed by the MRT collision operator.
The population is moved from velocity space to moment space, where collisions
occur, and then returned to velocity space, where the macroscopic properties
are determined. The Discrete Boltzmann Equation (DBE) takes the form,

∂f

∂t
+ c.∇f = −(M−1SM)(f − feq) + g (27)

Here, f and feq denote the discrete distribution function and the equilibrium
discrete distribution function respectively. M is the transformation matrix,
M−1 is the inverse of transformation matrix M. The diagonal matrix S con-
tains elements that describe the rate at which f approaches feq. I is the identity
matrix. g is the source term or phase change term. The DBE form is given by
[19]

fi(x, t+ dt) = fi(x, t)− (M−1SM)ik(fk(x, t)− feqk (x, t))dt
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− ci.∇fdt+ dt

[
M−1

(
I− S

2

)
M

]
ik

gk (28)

4.2 Method

Here, we have used the one-dimensional D1Q7 discrete velocity model as given
in [20] . This model has three distribution functions say f0, f1, f2, f3, f4, f5,
f6 moving in opposite direction with seven discrete velocities c0, c1, c2, c3, c4,
c5, c6 having weight functions w0, w1, w2, w3, w4, w5, w6 respectively.

Fig. 2 Lattice arrangement for 1D D1Q7 model

5 Source Term

The enthalpy method is used to simulate the phase transition problem, in
which the interface conditions are satisfied naturally. Since the source term
involves the derivative term, the iterative procedure [6] is used. The source
term is given by:

g = −∂(ρfl)
∂t

(29)

Using the forward Euler scheme to approximate the derivate, we obtain that

g = −ρfl(x, t+ dt)− fl(x, t)

dt
(30)

The liquid phase fraction fl is given by

fl =


0 H < Hs

H−Hs

Hl−Hs Hs ≤ H ≤ Hl

1 H > Hl

The enthalpies Hl and Hs, respectively corresponds to the temperatures Tl
and Ts, standing for the temperature of the solid and liquid, respectively. The
total enthalpy H is given as

H = CpT + Lafl (31)
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6 Results and Discussion

The schematic diagram of the phase change phenomenon is given in figure 3.
With a temperature of Tm, the system was initially in the solid state. The
temperature at x = 0 was abruptly raised to T0 at time t = 0 and kept there
for all times t > 0. The discrete liquid/solid interface traveled in the positive x
direction as the boundary condition was imposed, and melting started at the
surface where x = 0 and progressed into the solid.

Fig. 3 Schematic diagram of solid-liquid phase change problem

6.1 Implementation

Figure 4 shows the flow chart of the HLBM and DBM processes. The algorithm
consists of cyclic processes: the main loop aims to calculate the temperature
evolution over time, while the iterative loop embedded inside the main loop
is used for calculating the enthalpy and liquid phase fraction. Collision and
streaming form the foundation of the HLBM algorithm, and the core of the
DBM process involves using any numerical scheme depending on the problem.

6.2 Melting in Half Region (HLBM)

The non-Fourier heat conduction involving the phase change is observed here.
It involves the effect of relaxation time τ , which makes it different from the
Fourier heat conduction phenomenon. The physical parameters are chosen as
τ=0.01, T0 = 1; Tm = −1; αl = 0.03; La = 1. The temperature profile at time
t = 1 is shown in figure 6. Moreover, it is evident that a change in the heat
transfer rate as thermal diffusivity increases. The melting process accelerates
considerably and is shown in figure 7.
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Fig. 4 Flow chart of HLBM

6.3 Melting in Half Region (DBM)

The schematic diagram of the phase change phenomenon is given in figure 3.
Here, the system is initially at solid-state and kept at melting temperature
Tm. The temperature on the left wall increased slowly until it reached T0 and
kept at that temperature for all time t > 0. Since the melting starts at surface
x = 0, the interface starts to move in a positive direction. The temperature in
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Fig. 5 Flow chart of MRT DBM

the liquid region is unknown. The physical parameters are chosen as Tm = 0;
T0 = 1; La = 1, cp = 1; α = 0.08; τ=0.741

The famous BGK approximation uses the single relaxation time, where all
the distribution function relaxes with the single time towards the equilibrium
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Temperature profile

Fig. 6 Temperature distribution using HLBM

=0.03
=0.05
=0.07

Fig. 7 Temperature distribution using HLBM at different α’s

distribution. The temperature distribution in the liquid region using the DBM
is shown in figure 8 and a close agreement is found between the analytical
solution and DBM solution
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Fig. 8 Temperature distribution using SRT DBM

6.3.1 MRT Discrete Boltzmann method

In D1Q7 lattice structure, the velocity ci, M and S is given by

vi =



0 i = 0
c0 i = 1
−c0 i = 2√
2c0 i = 3

−
√
2c0 i = 4

2c0 i = 5
−2c0 i = 6

,M =



1 1 1 1 1 1 1

0 c0 −c0
√
2c0 −

√
2c0 2c0 −2c0

0 c20 c20 2c20 2c20 4c20 4c20
0 c30 −c30 2

√
2c30 −2

√
2c30 8c30 −8c30

0 c40 c40 4c40 4c40 16c40 16c40
0 c50 −c50 4

√
2c50 −4

√
2c50 32c50 −32c50

0 c60 c60 8c60 8c60 124c60 124c60



S =



S0 0 0 0 0 0 0
0 S1 0 0 0 0 0
0 0 S2 0 0 0 0
0 0 0 S3 0 0 0
0 0 0 0 s4 0 0
0 0 0 0 0 S5 0
0 0 0 0 0 0 S6


The relaxation matrix S relaxes the moment, which represents the core of
the MRT collision operator. The values of Si are chosen in such a way that
the stability of the problem is maintained as given by [21]. The temperature
distribution using MRT DBM is shown in figure (13) and a close agreement is
found with the analytical solution.

6.4 Solidification in Half Region

The process of solidification is the change from a liquid to a solid state. Here,
a square cavity is used to solidify the liquid. The system is initially in a liquid
state at time t = 0 i.e. it is at the phase change temperature Tm for x > 0,
y > 0. The temperature at x=0 and y=0 gradually decreased until it reached
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Fig. 9 Schematic diagram of solid-liquid phase change problem.

the temperature T0 and remained there for all t > 0. The interface’s left side
appears to be solid when the temperature is decreased, while the right side is
in a liquid state. Because the temperature in one phase is already known and
the temperature in the other part is the sole of interest, this problem is also
referred to as a one-region problem. The schematic diagram of the process is
given in figure (9).

6.4.1 Melting in Half Region(HLBM)

When τ =0; then the Fourier heat conduction phenomenon is carried out. The
physical parameters are chosen as T0 = 1; Tm = −1; αl = 0.03; La = 1. The
1D phase change phenomenon is carried out using the proposed model and a
close agreement between HLBM solution and analytical solution as mentioned
in [22] is observed in figure (10).

Fig. 10 Comparison between Analytical and HLBM solution
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6.4.2 Solidification in Half Region(HLBM)

The 2D non-Fourier heat conduction phenomena, which considers the con-
tribution of relaxation time into effect, will be witnessed in this case. The
physical parameters are chosen as τ=0.1, T0=-1, Tm=0, αl = 0.10, and St =
C(Tm − T0)/La , La=1. It was also assumed that material properties are con-
stant. The temperature profile at time t=1 has been shown in figure (11) and
(12)

Fig. 11 Temperature distribution of 2D CV heat conduction problem with phase change
using HLBM

Fig. 12 Temperature distribution using HLBM
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Fig. 13 Temperature distribution using MRT DBM

6.4.3 Effect of Thermal Diffusivity (α)

The rate of heat transfer through a medium is governed by thermal diffusivity.
We have obtained the temperature profile at various α and observed that as α
is increased, the solidification process increases. The temperature distribution
at various α is observed in figure (15) and (14).

Fig. 14 Temperature distribution using HLBM at various α
′
s
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(a) α = 0.15 (b) α = 0.20

Fig. 15 Temperature distribution using HLBM

6.4.4 Solidification in Half Region(DBM)

The [23] discussed the higher order DBM. The discretized form of the equation
is given by:

∂fi
∂t

+ cix
∂fi
∂x

+ ciy
∂fi
∂y

= −1

τ
(fi − feqi ) + Fi (32)

∂fi
∂t

= −1

τ
(fi − feqi )−

(
cix

∂fi
∂x

+ ciy
∂fi
∂y

)
+ Fi (33)

Here, cix and ciy are the velocities in the x and y direction respectively. The
physical parameters are chosen as τ = 0.1, T0 = -1, Tm = 0, αl = 0.10, and St
= C(Tm − T0)/La, La = 4. It was also assumed that material properties are
constant. The temperature profile at time t = 1 has been shown in figure (16)

6.4.5 Solidification in Half Region(MRT DBM)

The D2Q5 has been used to carry out the 2D solidification process. The phys-
ical parameters chosen are τ = 0.741, T0 = -1, Tm = 0, αl = 0.04, and St =
C(Tm−T0)/La, La = 4. In D2Q5 lattice structure, the velocity ci, M is given
by

vi =


(0, 0) i = 0
(0, c0) i = 1
(−c0, 0) i = 2
(0, c0) i = 3
(0,−c0) i = 4

M =


1 1 1 1 1
0 c0 0 −c0 0
0 0 c0 0 −c0
0 c0 c0 c0 c0
0 c0 −c0 c0 −c0


The temperature distribution is given in figure (17)
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Fig. 16 Temperature distribution using SRT DBM.

Fig. 17 Temperature distribution using MRT DBM.

7 Conclusion

The phase change phenomena of the solid-liquid problems governed by the heat
conduction using the HLBM, DBM, and MRT DBM coupled with the enthalpy
method are compared. While using the HLBM both the Fourier and non-
Fourier phenomena are used for comparison. The impact of thermal diffusivity
(α) on the HLBM temperature distribution is also compared. The melting and
solidification processes increase as the α increases. Since the HLBM uses the
Hyperbolic collision operator which makes it different from the LBM which
uses BGK operator and other methods, it is one of the new methods devised
to solve hyperbolic equations. The non-Fourier phenomena for the DBM and
MRT DBM are yet to be explored.
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