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1. Introduction 

The aim of this paper is to investigate several important economic issues that depend on 

the eigenvalues of an input-output matrix. The Hungarian economist András Bródy was 

interested in the real-world problem of forecasting and planning. Using actual input-output 

tables, he considers the relations between actual outputs and theoretical equal-growth-rate ones, 

and between actual prices and theoretical equal-profit-rate ones. In each case, the actual 

variables can be linked to their theoretical counterparts through an iterative process going from 

the former to the latter (Bródy, 1970, pp. 74-75, 111-113, 120-123, 130-132, 156-158). By 

implication, the famous Marxian “transformation” of labor values into prices of production 

could also be viewed as an iterative process (ibid, p. 90). Coincidentally, around the same time 

as Bródy, Okishio (1974; 1972, in Japanese), Morishima (1978) (First published in 1973, pp. 

77-82: 1974, pp. 628-630) and Shaikh ([1973], 1977) developed their own demonstrations of 

the iterative nature of Marx’s transformation, followed by Abraham-Frois & Berrebi (1997, pp. 

148-162),  Egidi & Gilibert (1989, pp. 70-72) then showed that their formal iteration procedure 

applies equally well to price and quantity calculations (thus bringing us back to Bródy’s dual 

concerns). Furthermore, Mariolis & Tsoulfidis (2016, pp. 40-50; footnote 32 p. 50) showed that 

the first iterate will be exact if the matrix involved is singular. A further concern here is the 

degree of correspondence between observed market prices and their putative gravitational 

centers represented by equal-profit-rate prices Shaikh (2016, Ch. 9, Sections IV-X). 

For any given matrix, the speed of these sorts of iterations depends crucially on the 

ratio of the second eigenvalue to the first. It is here that Brody (1997) raises a second question: 

how is the speed of iteration related to the size of the input-output matrix? Economic matrices 

only exist in limited sizes, whereas a real economy is a huge web of production interrelations. 

Bródy constructed artificial input-output matrices of ever-increasing size, filled with randomly 

generated coefficients. Based on these experiments, he conjectured that as matrix size 

approaches infinity, all eigenvalues after the first, i.e., all subdominant eigenvalues of the 

matrix would go to zero. This became known as the Bródy’s Conjecture (BC). If we normalize 

all eigenvalue moduli by that of the first, and all eigenvalue ranks by matrix size n, then 

according to BC as n approaches infinity the rank distribution of eigenvalue moduli would 

approach an L-shape: one positive normalized dominant eigenvalue equal to 1 on the y-axis at 

the normalized rank 1/n on the x-axis, and all other moduli equal to zero running along the x-
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axis for normalized ranks greater than 1/N. In the limit, any given initial quantity or price 

vector would converge to the corresponding equilibrium in one single step.  

BC has puzzled many economists that have attempted to apply its consequences to real 

world input output matrices. As noted, Bródy’s constructed matrices were filled with random 

numbers. Modern input-output matrices are much larger than in earlier times, and their 

coefficients reflect the technological structures of industries. To investigate the empirical 

relevance of BC, we create a database of 307 matrices of different sizes ranging from 15 to 

425, for the years 1977, 1982, 1987, 1992, 1997, 2002 and 2007. Contrary to BC we find that: 

the coefficient of variation rises steadily with matrix size; relative to the first eigenvalue, 

individual subdominant eigenvalue moduli also rise, not fall, with matrix size; the rank-size 

distribution of eigenvalue moduli approaches a universal rank-size curve which is smooth and 

convex rather than the L-shaped curve implied by BC; the mathematical form of the limiting 

distribution of subdominant eigenvalue moduli can be derived as the quantile function of the 

best-fitting probability distribution of the moduli, which is a Weibull; the quantile function in 

turn  yields a power law for subdominant eigenvalue moduli which provides a better fit to the 

observed data than a previously proposed functions. 

The paper is structured in the following way. Section 2 discusses BC and the 

corresponding theoretical literature. Section 3 discusses the implications of BC for the capital 

controversy about the existence and shape of the ubiquitous aggregate production functions 

used in neoclassical economics. Section 4 addresses the prior empirical literature and presents 

our own contributions in relation to the coefficient of variation (CV) of the input-output 

coefficients, the effects of matrix size on the size of subdominant eigenvalue moduli, the 

implications for the iterative speed of convergence of some initial price or quantity vector to its 

corresponding equilibrium value, the rank-size distribution of the moduli, and the mathematical 

form of this distribution. The last section provides concluding remarks. 

2. On Bródy’s Conjecture 

In a path breaking paper, Bródy (1997) found that in random matrices with independently and 

identically distributed (i.i.d) entries, the relative size of all subdominant eigenvalues tends to 

zero as the matrix size approaches infinity. The smaller the size of the second eigenvalue 

relative to the first, the faster the convergence. Bródy argued that larger systems would 
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therefore converge faster than smaller ones, at a speed of 𝑛−0.50 in the limit. He understood that 

actual IO coefficients are not random but held out the hope that his conjecture might 

nonetheless hold (Bródy 1997, p. 255; Mariolis & Tsoulfidis, 2016, p. 220). 

The Bródy Conjecture has been investigated from several perspectives. The literature 

can be divided into theoretical and empirical aspects. On the theoretical side, one line of work 

pursues mathematical proofs of this conjecture for random matrices (Bidard & Schatteman, 

2001; Sun, 2008; Schefold, 2013). A second line is concerned with the conjecture’s validity 

when the assumption of random i.i.d entries hypotheses is extended to other probability 

distributions (Białas & Gurgul, 1998; Gurgul & Wójtowicz, 2015; Molnár & Simonovits, 

1998). A third follows up on the issue of the effects of Bródy’s argument on the convergence 

of quantity and price vectors to their equilibrium values.  Finally, on the empirical side, there 

are the empirical tests of Bródy’s Conjecture on actual input-output matrices (Gurgul & 

Wójtowicz, 2015; Mariolis & Tsoulfidis, 2016; Mariolis & Tsoulfidis, 2014). The current 

paper falls within this last domain.  

Although Bródy (1997) bases his argument on experimental results, his conjecture 

about the behavior of random matrices was proved to be valid under certain assumptions 

regarding the distribution of the coefficients in the matrix. Bidard and Schatteman (2001) 

proved mathematically that in matrices with randomly distributed coefficients the ratio 

between the subdominant and the dominant eigenvalue moduli of a square 𝑛 ×  𝑛 matrix with 

i.i.d. positive entries tend statistically to zero, and Sun (2008) proved that the speed of 

convergence was 𝑛−0.50  -- just as stated by Bródy. If this held true for real economies, which 

are vastly larger than any input-output representation, prices and quantities would converge 

very rapidly to their equilibrium values (Mariolis & Tsoulfidis 2016, 216-217). 

Białas & Gurgul (1998, p. 286) show that in a normalized random matrix with 

independent elements having a uniform distribution, the expected value of each element in the 

random matrix is 𝜇 =  
1

𝑛
, while the standard deviation is 𝜎 =

1

𝑛√3
. It follows that in such a 

matrix the coefficient of variation will be 𝐶𝑉 =
1

√3
 , which is a constant independent of matrix 

size. Bródy argues that in a random matrix, the second eigenvalue 𝜆2 can be approximated by a 
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ratio that tends towards zero as matrix size n increases as in equation (1)1. 

 𝜆2 ≈
σ

μ√n
=

CV

√n
 = 

1

√3n
    (1) 

Gurgul & Wójtowicz (2015) show that as matrix size increases the relative eigenvalues 

tend to zero even if the matrix elements are drawn from other probability distributions: they 

use a 𝜒2 (chi-squared) distribution as an illustration. For them, the real issue is that in actual 

practice smaller matrices are created through aggregation of larger ones, which is quite 

different from simply generating smaller random matrices. They show that aggregation lowers 

the modulus of the relative second eigenvalue. By implication, if we move from smaller to 

larger matrices, this relative modulus (𝜆2/𝜆1) will increase. This is what we find in our real 

tables.  

3. The Capital Controversy 

The capital controversy of the 1960’s centered around the manner in which relative prices 

change as the distribution between wages and profits changes (Harcourt, 1972). Of concern 

was the neoclassical claim that the marginal products of capital and labor determine the profit 

rate and the real wage rate, respectively, so that “[w]hat a social class gets is, under natural law, 

what it contributes to the general output of society" (Bródy, 1970, pp. 74-76, 112-113, 120-

126, 156-157). This is a fundamental argument about the operations of real capitalist 

economies. Several issues were of critical importance to this claim.  (Bidard & Schatteman, 

2001) pointed out that the quantity of “capital” was itself the aggregate price of a 

heterogeneous bundle of capital goods. Since individual prices of production depend on the 

profit rate, the aggregate price value of capital goods could not also determine the profit rate. 

Sraffa (1960) provided the formal foundation for this argument, which in turn became a central 

focus of the famous Cambridge capital controversies (Cohen & Harcourt, 2003; Harcourt, 

1972).  

The neoclassical story also requires that there exists an inverse monotonic relation 

between the aggregate stock of capital goods and the rate of return on capital, as well as one 

between the demand for labor and the real wage. This requires that in a “well-behaved” 

aggregate production function, higher aggregate capital-labor ratios will be associated with 

 
1
  This hypothesis is tested in section 4.1. 
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lower profit rates. Such assumed production functions are central to neoclassical growth theory 

and to the measurement of technological change (Solow, 1956). But when the capital stock is 

itself a composite price, at a theoretical level the complicated movements of individual prices 

in face of changes in the profit rate can lead to re-switching and reverse capital deepening. In 

the former, there can be more than one rate of profit compatible with the same capital-labor 

ratio, while in the latter a higher capital-labor ratio may correspond to a higher rate of return on 

capital. Both of these undermine the neoclassical tenet that there be an inverse correlation 

between the capital-labor ratio and the profit rate (Harcourt, 1972). 

To address this possible problem, Samuelson (1962) attempted to combine theoretical 

input-output tables into an aggregate “surrogate” production function, in which the required 

inverse correlation between the rate of return and the marginal product of the value of capital 

seemed to hold. It was subsequently pointed out that his construction of such a pseudo-

production implicitly relied on the assumption that all individual techniques had the same 

capital-labor ratios, in which case relative prices would be equal to labor values and hence be 

invariant to changes in wages and profit rates. But then the invariant aggregate capital that 

Samuelson sought would be the labor value of capital, and the aggregate relation between real 

wages and the rate of profit would be linear (Garegnani, 1970; Pasinetti, 1969). Even in this 

case, the equality between pseudo-marginal products of labor and capital and the 

corresponding wage and profit rates is not a causal relation, but rather a reflection of some 

otherwise-determined wage or profit rate.  

The debate led to the investigation of actual relative prices of production and of actual 

wage-profit frontiers. A large body of evidence has shown that wage-profit curves are often 

only mildly curved (Bienenfeld, 1988; Chilcote, 1998; W. Krelle, 1977; Mariolis, 2015; 

Mariolis & Tsoulfidis, 2011; Ochoa, 1984; Shaikh, 2013, 2016; Shaikh, Coronado, & Nassif-

Pires, 2020; Shaikh, 1998). Even individual prices are generally mildly curved and non-

monotonic movements are uncommon (Mariolis & Tsoulfidis 2016, p. 189; Shaikh et al. 2020, 

pp. 267-268)2. Han & Schefold (2006) found that in 32 European tables from the OECD 

 
2 Working with 59-order Danish, Finnish, French, German and Swedish matrices, Mariolis & Tsoulfidis (2016, p. 

188-189, and Appendix A.1.7 pp. 121-122), find that “[n]on-monotonic price-profit rate curves could not only be 

considered as rare but also have no more than one extreme point … More specifically, … [only] 18.8 % of the 

tested cases … display non-monotonic behavior)”.  Working with 387 and 425-order US industries, Shaikh et al. 

(2020) find that “price lines generally exhibit mild curvature … that the curves are almost always monotonically 
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database, only one instance of re-switching was found, and reverse capital deepening or reverse 

labor substitution were observed in less than 4% of tested case.  

The near-linearity of observed individual price curves and aggregate wage-profit curves 

undermines the widespread Sraffian claim that individual matrices will be characterized by 

price curves with complex and non-monotonic shapes. Sraffa (1960, pp. 14-15, 37-38) points 

to this as a general possibility, and as Robinson (1970, p. 310) notes, Sraffa’s followers made it 

seem as if complex movements in relative prices were “perfectly normal”. Schefold (1976, 21, 

26–27) initially argued that at a theoretical level as the profit rate varied, prices derived from 

any given production matrix would generally follow “a complicated twisted curve”. But he was 

careful to say that “there is no economic reason why real systems” would exhibit such a 

pattern, and he did indeed change his mind in the face of the growing body of empirical 

evidence contrary to theoretical expectations (Han & Schefold, 2006; Schefold, 2008). 

Sraffians have typically illustrated their notions of twisty price and wage-profit curves 

in terms of single-product, circulating capital models (Garegnani, 1970; Kurz & Salvadori, 

1995 pp. 447-51, 2003 pp. 299-309; Pasinetti, 1977 pp. 151-73; Petri, 2012). In the face of the 

large and growing body of empirical evidence to the contrary, some Sraffian authors have 

shifted to the claim that studies based on actual input-output tables are not adequate because 

they do not account for joint production, fixed capital, choice of technique, and/or the variety 

of sub-industries contained within any given input-output industry.  

On the joint production issue, Sraffa (1960,  p. 73) himself says that “[t]he interest in 

Joint Production does not lie so much in the familiar examples of wool and mutton, or wheat 

and straw, as in being the genus of which fixed capital is the leading species”. But there, it can 

be shown Marx’s classical treatment of gross fixed capital as a joint product does not give rise 

to the difficulties associated with the Sraffa’s Marshallian treatment of net fixed capital as a 

joint product. The difference here lies in the treatment, not the existence, of a joint product. At 

the same level of abstraction as in Sraffa, in Marx’s formulation at the end of the production 

period the firm is left with a depreciated machine and the money value of accumulated 

 
rising or falling …  in 2002 only … 26 (6.1 percent) … prices switch from one side of their labor value to the 

other. For 17 of these, the maximum deviation of prices from labor values is less than 2 percent and for the 

remaining nine it falls between 4–6 percent … With respect to the straight line between the individual price curve 

endpoints, only four (0.9 percent) cross over in 2002 and in every case the maximum deviations are less than 1 

percent”. 
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depreciation allowances. In Sraffa, at the end of the production period the firm is left only with 

a depreciated machine. Both procedures are well known in National Income Accounts, the first 

known as the gross stock measure and the second as the net stock one (Shaikh 2016, Appendix 

6.3).  

On the second point, it has been shown that the inclusion of fixed capital stocks 

generally makes price curves and wage-profit curves even closer to linear (Chilcote, 1998; 

Krelle, 1962, 1977; Ochoa, 1984, 1989; Petrović, 1987; Shaikh, 2016, pp. 410-413; Shaikh, 

1998). 

The third point has to do with the choice between various potential methods of 

production available at any given period of time. Robinson (1975, p. 34) calls this the "book of 

blueprints" available at any given time. In Samuelson’s famous surrogate production function, 

each possible method of production (blueprint) had an exactly linear wage-profit curve, and at 

any given rate of profit the optimal (and hence chosen) one was that which implied the highest 

wage rate. As noted in Section 3, the set of optimal techniques would yield a smooth convex 

wage-profit curve whose shape was consistent with a neoclassical pseudo-production function 

in which the marginal product of capital was equal to the profit rate. It was “pseudo” because 

the capital stock itself was measured in terms prices which themselves reflected the profit rate 

upon which they depended, so the determination was from the profit rate to the pseudo 

marginal product of capital. In this context, the near-linearity of wage-profit curves suggests 

the near-linearity of not only observed wage-profit curves but of the unobserved blueprint 

curves, which in turn implies that a pseudo-production function may be a good empirical 

approximation.  Kurz (2020) and Petri (2022) wish to deny this, while Schefold (2013, 2017, 

2020) and Shaikh (2013, 2016 pp. 429-438) accept it as interesting and unproblematic. 

However, Schefold bases his analysis on the assumption of random matrices, which is also 

Brody’s starting point, Section 4 of this paper finds that actual matrices are not random.  

The fourth claim raised by the Sraffian critics is that evidence from existing input-

output tables is not reliable since the “industries” in these tables are really amalgams of many 

different sub-industries and corresponding products. According to them, as we move to ever 

larger matrices corresponding to more disaggregated sectors, prices and wage-profit curves 

should become more “twisty”. However, Shaikh et al. (2020) show that prices across different 

matrix sizes constructed from the U.S. benchmark input-output tables for years 2002 and 2007 
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do not exhibit increases in curvature. They utilize the Theil index as a measure of heterogeneity 

in the distribution of price curvature3 at specific matrix sizes and find that this does not change 

with matrix size. In what follows, we therefore focus on the empirical relevance of Bródy’s 

Conjecture because this is central to the previous theoretical and empirical concerns.  

4. Empirical investigations of Bródy’s Conjecture  

To undertake our own detailed investigation of the effects of matrix size on their empirical 

properties, we first construct a large sample of matrices of different orders.  

Beginning from the Bureau of Economic Analysis (BEA) 2002 and 2007 US 

benchmark Use and Make tables, we construct a 425-order direct requirements industry-by-

industry table (A table) for 2002 and a 387-order table for 20074. We then successively 

aggregate the former down to a 15-order table and the latter to 16-order one (Appendix A). 

These two procedures yield a total of 307 A-tables of different sizes, to which we add five 

more large tables for 1977, 1982, 1987, 1992, 1997, 2002, and 2007 (Appendix A). There are 

no directly available capital stocks in US input-output form. Ochoa (1984, p. 234-242) 

estimates US fixed capital stock matrices from constructed investment flow matrices for 1958-

1977 at 71-order, and Shaikh (2016, pp. 410, 869-871) extends this procedure to the 1997 65-

order matrix. There appears to be no investment flow data at the 400-order sizes of our US 

benchmark tables. We hope to pursue this issue, if possible, in future work. As previously 

noted, in earlier and smaller matrices the inclusion of fixed capital stocks has the remarkable 

effect of making individual price curves far closer to linear (Shaikh 2016, pp. 410-413) and of 

making the eigenvalue size decay by rank much faster (Mariolis & Tsoulfidis 2016, p. 222).  

4.1 The coefficient of variation and matrix size  

We begin by considering the coefficient of variation of the entries of the A matrix. The 

empirical coefficient of variation can be calculated from our 307 tables of 2002 and 2007, 

 
3
  A widely used measure of shape of a path is the straightness index (SI), the ratio of the length of a straight line 

(the shortest distance) between the two endpoints to the length of the actual path (the actual distance traveled) 

between those same points (Benhamou, 2004). Then the straightness index will lie between 1 (the actual path is 

the shortest distance) and 0 (actual path is infinitely long). Equivalently, the curvature of a path can be defined as 

the ratio of the actual path to the shortest one (Shaikh, Coronado, & Nassif-Pires, 2020). 
4
 This first step involves aggregating non-basic commodities into the remaining sectors, thereby producing a table 

where all sectors are basic, i.e., their output are used directly and indirectly as inputs in the production of other 

commodities (Iliadi et al., 2014, footnote 8). 
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moving from smaller to larger ones in each year. In Bródy’s random matrices, CV =
1

√3
 is 

constant across matrix size, whereas in both 2002 and 2007 actual US tables the CV rises 

greatly with matrix size (Figure 1)5. Hence this implication of Bródy’s Conjecture is not 

supported by our data.  

[Figure 1] Coefficients of variation of the direct requirements coefficients, U.S. 2002 and 2007 A tables and 

Bródy’s table 

4.2 Eigenvalue moduli paths and matrix size 

We turn to the issue of rank-size eigenvalue moduli. Since only commodities that enter 

directly or indirectly into production, i.e., only “basic” goods (Sraffa 1960, pp. 4, 7-8) have 

non-zero eigenvalues, the matrices in question are the basic-goods submatrices in each year. 

To compare matrices of different sizes on the same scales, it is useful to work with normalized 

eigenvalue moduli (all relative to the first one, so that the first entry is 1) and normalized ranks 

(rank/N, where N = matrix size). Under Bródy’s conjecture, in an A-matrix of n sectors with 

eigenvalue moduli 𝜆𝑘 with k = 1, …, n, each measured relative to the first one, all subdominant 

eigenvalues  should approach zero as matrix size n approaches infinity (Bidard & Schatteman, 

2001; Sun, 2008)6. Over six different years, Mariolis & Tsoulfidis (2016, Table 5.2, pp. 8, 172-

173, 177-178) compare 21-order and 100-order tables for the 𝐻 = 𝐴(𝐼 − 𝐴)−1matrix with 

normalized eigenvalue moduli 𝜆𝐻 They conclude that the magnitudes of the first few moduli do 

not change much between these two sizes, which does not support Bródy’s conjecture that all 

subdominant moduli fall with matrix size and hence that the speed of convergence increases 

with size. They also compare published US tables or three different sizes in each year: 12, 129 

and 488 in 1997, 15 to 133 and 426 in 2002, both applied to a circulating capital model due to 

lack of capital stock data. They find that the second eigenvalue modulus increases with matrix 

size across all three matrices.  On the other hand, the third and fourth eigenvalue moduli 

increase when going from the small to the medium matrices in both years but decrease in going 

 
5 Iliadi, F., Mariolis, T., Soklis, G., & Tsoulfidis, L. (2014, pp. 42-43) discuss the CV of subdominant eigenvalue 

moduli, but not of input-output coefficients.  

6
 Previous investigations involving different matrix sizes have typically relied on comparisons across time rather 

than across scale (Ochoa 1984; Bienenfeld 1988; Ochoa 1989; Chilcote 1997; Shaikh 1998; 2012) Mariolis & 

Tsoulfidis 2016, pp. 168-184). 
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from the medium to the large one. Finally, they also examine published 15 and 65-order 

matrices available for each year from 1998-2011 and find that the second and third eigenvalues 

rise when going from the smaller to the larger matrix (ibid, 216-222 and Figures 6.3-6.4).  

Our data allows us to consider these issues in further detail. As noted, we work in terms 

of the relative eigenvalue moduli of the A-matrix, and we find that in each year as we move 

from smaller to larger matrices, all subdominant moduli end up being much larger than their 

“birth size”. When we start with the smallest matrix in a given year, say 16-order for 2007, we 

already have subdominant moduli λ𝑘 =  2, 3, … , 16. Now when we move to the next size, 

which is 17-order, we add one new eigenvalue λ17 to the mix “born” at matrix size 17. Each 

successively larger matrix continues λ17 along some size-path, while adding a new eigenvalue 

modulus to the list. We can use this to track the path of (say) λ17 from its birth to its size in the 

largest available matrix. Although individual paths have discontinuous segments and even 

segments which the general upward drift is temporarily reversed (as for 𝜆2 and 𝜆3), they 

always end up much larger than their birth size. Bródy’s conjecture on the size-paths of 

individual subdominant eigenvalue is decisively rejected in our data (Figure 2).  

The second relative eigenvalue shares this general upward drift. It follows that iterative 

convergence gets slower with increasing matrix size, which is directly contrary to Bródy’s 

conjecture. As previously noted in Section IV, adding fixed capital to the mix tends to make all 

eigenvalues smaller, which will increase the speed of convergence relative to the circulating 

capital case. But this will not change the finding that the speed will itself slow down with 

matrix size
7
.   

[Figure 2] Relative sub-dominant eigenvalue moduli by matrix size, U.S. 2002 and 2007 A-Tables, Basic 

Commodities 

4.3 The rank-size distribution of relative eigenvalue moduli  

In Figure 2, at the initial 16-order table there is an initial distribution of normalized rank-size 

moduli. As the matrix size, and hence the number of moduli, increases to about 400, we can 

 
7 Mariolis & Tsoulfidis (2016, p. 219-225), working with more granular data of 12, 129 and 488-order matrices in 

1997; 15, 133 and 426-order ones for 2002; and 15 and 65-order ones for 1998-2001, find that the relative 

modulus of the H-matrix second eigenvalue increases with matrix size, which contradicts Bródy’s conjecture. 

They note that introducing fixed capital into the model will lower the size of the second modulus and speed up 

convergence relative to a circulating capital model.   
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examine how the shape of the rank-size distribution changes with matrix size. The Bródy 

argument, which Gurgul & Wójtowicz (2015) show, applies even if matrix elements are drawn 

from non-uniform random distributions, implies that as matrix size increases toward infinity 

the curve of relative eigenvalue moduli approaches a unique L-shaped rank-size curve: one 

positive dominant eigenvalue modulus equal to 1 on the y-axis and at 1/N on the x-axis, with 

zero moduli for all subsequent x-axis values. This L-shaped curve is the universal limiting 

shape for random matrices. It turns out that at for actual matrices, at the empirical level we also 

get a universal limiting shape, but it is decidedly not L-shaped. Figure 3 depicts empirical rank-

size curves as we move to larger matrices in each given year, and we see that these curves 

approach the shape of the largest one.  

Figure 4 depicts individual rank-size curves of basic goods of the largest constructed 

matrices: 1977, 1982, 1987, 1992, 1997, 1992, 2002, and 2007, of sizes 469, 468, 451, 461, 

461, 398, and 366, respectively.  

[Figure 3] Curves of rank-size plots at various matrix sizes, U.S. 2002 and 2007 A tables 

[Figure 4] Rank-size eigenvalue moduli curves for the largest matrices, U.S. 1977, 1982, 1987, 1992, 1997, 

2002 and 2007 A tables 

4.4 The arithmetic means of eigenvalue moduli by matrix size 

As noted, Bródy argues that all subdominant eigenvalue moduli fall to zero as matrix size rises 

towards infinity.  In a matrix of size n, since the dominant eigenvalue is 1, the arithmetic mean 

of the moduli would then approach 
1

𝑛
 , [n is matrix size?] that this mean would approach zero as 

n rises. Mariolis & Tsoulfidis (2016, pp. 221-222 and Figure 6.3) work with only two matrix 

sizes, 16 and 65, in various years from 1998-2011. They find that the mean modulus rises with 

matrix size, which they attribute to their finding that “the second and the third eigenvalues in 

the 15-industry structure are lower than those in the 65-industry structure”. Our detailed data 

presents a different picture: the arithmetic average modulus does fall dramatically with matrix 

size up to a certain point, but then stabilizes at around 0.10 in contradistinction to Bródy’s 

conjecture (Figure 5).  

[Figure 5] Arithmetic means of eigenvalue moduli by matrix size, U.S. 2002 and 2007 A tables 
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    4.5 The shape of empirical rank-size curves 

This brings us to the question of the mathematical form of the rank-size price curves in the 

limit. Mariolis (2013, p. 5200) and Mariolis & Tsoulfidis (2016, pp. 175-177, Figure 5.5) work 

with the 𝐻 = 𝐴(𝐼 − 𝐴)−1 matrix and its associated eigenvalues 𝜆𝐻 =  
𝜆

(𝐼−𝜆)
. After some 

experimentation they settle on the exponential form shown in equation (2) on the grounds that 

it provides a good fit to the data
8
. Their empirical fitted coefficients vary across time and 

country.  They do observe that the actual distribution has a “long tail” which is characteristic of 

a power law (Mariolis 2013, p. 1500; Mariolis & Tsoulfidis 2016, pp. 151, 175-177). 

 

𝜆𝐻 = 𝛼0 + 𝛼1𝑒𝑥𝛼2
    (2) 

As noted, Mariolis (2013) and Mariolis & Tsoulfidis (2016) arrive at the exponential 

form through experimentation. However, since rank-size curves are discrete forms of quantile 

functions of probability distributions, we follow Torres-González and Yang (2019) and 

examine the Weibull, Beta, Gamma, and Exponential distributions of actual subdominant 

eigenvalue moduli based on a Bayesian estimation procedure that uses a Metropolis-Hastings 

algorithm relying on the Markov Chain Monte Carlo (MCMC) method to obtain a sequence of 

random samples to approximate the posterior distribution (Gelman et al., 2013, chapter 11). 

See Appendix B for details.  

We find that the Weibull and the Beta probability distributions best characterize the 

distribution of subdominant eigenvalue moduli. The Weibull has the further advantage of 

having an explicit quantile function whose discrete form yields a rank-size power law in the 

natural log of normalized rank (equation 3) and has a characteristic long tail like that detected 

in the data (Appendix C). Power-laws appear in multiple contexts involving complex systems 

with many interacting parts, and have been studied extensively (Robinson, 1953). For matrix 

size n, normalized subdominant eigenvalues are those with rank R > 1, normalized rank x = 

R/n, and moduli 𝜆. Then for positive parameters 𝛽, 𝛾 the power law is  

𝜆 = 𝛽𝑧𝛾 , where  𝑧 =  ln (
1

𝑥
) ≥ 0                 (3)  

 
8
 They use absolute rank (R), but since for any given matrix of size N the normalized rank = R/ N, this does not 

affect the fits.   
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From the observed rank-size distributions of moduli in the seven largest A and H 

matrices in our sample, we estimate parameter posterior distributions and corresponding 

predicted values of eigenvalue moduli from the fitted models of the exponential and power law 

functions. These are displayed as QQ plots in Figure 6 for the A-matrices and Figure 7 for the 

H-matrices. As can be seen, the power-law function provides a better fit to the observed 

eigenvalue moduli than does the exponential which tends to underpredict larger moduli. 

Further details are provided in Appendix B.  

[Figure 6] QQ plots: Exponential vs. Power Law, U.S. 1977, 1982, 1987, 1992, 1997, 2002 and 2007 A 

tables  

[Figure 7] QQ plots: Exponential vs. Power Law, U.S. 1977, 1982, 1987, 1992, 1997, 2002 and 2007 H 

tables 

5.  Concluding Remarks  

This paper is concerned with the empirical investigation of the distribution of eigenvalue 

moduli of actual input-output matrices. The ratio of the second eigenvalue modulus to the first 

determines the iterative speed of convergence from some initial quantity or price vector to the 

corresponding equilibrium vectors. The smaller this ratio, the faster the convergence. As we 

note, this has major implications for growth theory and for price theory.  

Bródy (1997) conjectured that in randomly generated matrices with independently and 

identically distributed (i.i.d.) entries, the relative size of all subdominant eigenvalues tends to 

zero as the matrix size approaches infinity. The smaller the size of the second eigenvalue 

relative to the first, the faster the convergence. Bródy’s conjecture was proved to be 

mathematically correct even for matrices whose elements were drawn from probability 

distributions such as the 𝜒2 (chi-squared). If true, an initial quantity vector would converge to 

the balanced growth in one step, and an initial price vector would converge to equal-profit-rate 

prices in the same manner.  

The latter result would also mean that Marx’s famous “transformed prices”, which are 

linear functions of the profit rate, would be exactly correct. Actual equal-profit-rate prices are 

generally near-linear. This finding has would have strong implications for the capital 

controversy of the 1960’s: linear prices would exclude the price “wiggles” on which Sraffa 

(1960, pp. 14-15, 37-38) puts so much weight and hence seemingly reinstate an approximate 
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Samuelson’s surrogate-production function. Still, this would still only be a pseudo production 

function because the prices that value the physical stock of heterogenous capital goods would 

themselves depend on the profit rate, so that the stock of “capital” could not be said to 

determine the profit rate. Finally, though the actual wage-profit curves in the economy are still 

be curved, the curvature is generally mild.  

Our paper has several novel features. First, we construct a database of 188 matrices for 

2002 and 119 for 2007, ranging in size from 16-order to 403-order. To this database we add 

five more large matrices: 1977, 1982, 1987, 1992, 1997, and 1992, of sizes 469, 468, 451, 461, 

and 461, respectively. These allow us to examine in detail the effects of matrix size on the 

variables of interest to Bródy. Previous studies have typically relied on just a few matrices in 

each year, with large gaps between sizes. Second, with this dataset in hand, we can show that 

the actual coefficient of variation (CV) rises steadily with matrix size, rather than being 

constant as predicted by Bródy’s argument. Third, Bródy’s conjecture implies that all 

subdominant eigenvalue moduli approach zero as matrix size approaches infinity. We find 

instead that each eigenvalue modulus rises with matrix size toward its own particular end-

value. Since this also applies to the second eigenvalue, it implies that larger matrices are slower 

to converge iteratively – contrary to Bródy’s conjecture.  

Fourth, the Bródy conjecture implies that each subdominant eigenvalue modulus falls 

with matrix size which in turn implies a unique L-shaped rank-size moduli curve in the limit: 

one positive dominant eigenvalue modulus on the y-axis at normalized x-axis value 1/N, and 

zero moduli at all subsequent x-axis values corresponding the rank of the moduli.  We find 

instead that the rank-size moduli curves of the large matrices in 1977, 1982, 1987, 1992, 1997, 

1992, 2002, and 2007 do indeed approach the same limiting curve, but this limiting curve is a 

smooth convex function rather than a Bródy L-shaped one. This finding is an entirely new 

result. 

Fifth, we develop a new approach to the mathematical shape of eigenvalue moduli 

curves. Through experimentation, Mariolis (2013, p. 5200) and Mariolis & Tsoulfidis, (2016, 

pp.  176-177) arrive at an exponential function as a general representation of the moduli rank-

size curve. We follow Torres-González & Yang (2019) by fitting various probability 

distributions to the subdominant eigenvalue moduli of the largest A and H matrices in 2002 

and 2007 and find that the Weibull distribution is best. In turn, its quantile function is a simple 
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power law, and provides an excellent fit to the distribution of eigenvalue moduli which is 

considerable better than that of the previously proposed exponential form.  

5.  References  

Abraham-Frois, G., & Berrebi, E. (1997). Prices, profits and rhythms of accumulation. Cambridge: 

Cambridge University Press. 

Benhamou, S. (2004). How to reliably estimate the tortuosity of an animal’s path: Straightness, sinuosity, or 

fractal dimension? Journal of Theoretical Biology, 229(2), 209–220. 

https://doi.org/10.1016/j.jtbi.2004.03.016 

Białas, S., & Gurgul, H. (1998). On Hypothesis about the Second Eigenvalue of the Leontief Matrix. 

Economic Systems Research, 10(3), 285–290. https://doi.org/10.1080/762947113 

Bidard, C., & Schatteman, T. (2001). The Spectrum of Random Matrices. Economic Systems Research, 

13(3), 289–298. https://doi.org/10.1080/09537320120070167 

Bienenfeld, M. (1988). Regularity in price changes as an effect of changes in distribution. Cambridge Journal 

of Economics, 12(2), 247–255. 

Bródy, A. (1970). Proportions, Prices, and Planning: A Mathematical Restatement of the Labor Theory of 

Value. Amsterdam: North-Holland. 

Brody, A. (1997). The Second Eigenvalue of the Leontief Matrix. Economic Systems Research, 9(3), 253–

258. https://doi.org/10.1080/09535319700000018 

Chilcote, E. B. (1998). Interindustry structure, relative prices, and productivity: An input-output study of the 

united states and oecd countries. New School for Social Research. 

Cohen, A. J., & Harcourt, G. C. (2003). Retrospectives: Whatever happened to the Cambridge capital theory 

controversies? Journal of Economic Perspectives, 17(1), 199–214. 

Egidi, M., & Gilibert, G. (1989). The objective theory of prices. Political Economy, 5, 59–74. 



16  

Garegnani, P. (1970). Heterogeneous Capital, the Production Function and the Theory of Distribution12. The 

Review of Economic Studies, 37(3), 407–436. https://doi.org/10.2307/2296729 

Gelman, A., Carlin, J. B., Stern, H. S., Dunson, D. B., Vehtari, A., & Rubin, D. B. (2013). Bayesian Data 

Analysis (3rd ed., Ed.). Boca Raton, FL: CRC Press. 

Gurgul, H., & Wójtowicz, T. (2015). ON THE ECONOMIC INTERPRETATION OF THE BRÓDY 

CONJECTURE. Economic Systems Research, 27(1), 122–131. 

https://doi.org/10.1080/09535314.2014.979138 

Han, Z., & Schefold, B. (2006). An empirical investigation of paradoxes: Reswitching and reverse capital 

deepening in capital theory. Cambridge Journal of Economics, 30(5), 737–765. 

Harcourt, G. C. (1972). Some Cambridge Controversies in the Theory of Capital. Cambridge: Cambridge 

University Press. Cambridge Core. https://doi.org/10.1017/CBO9780511560026 

Iliadi, F., Mariolis, T., Soklis, G., & Tsoulfidis, L. (2014). Bienenfeld’s approximation of production prices 

and Eigenvalue distribution: Further evidence from five European economies. Contributions to 

Political Economy, 33(1), 35–54. 

Krelle, W. (1977). Basic facts in capital theory: Some lessons from the controversy in capital theory. Revue 

d’économie Politique, 87(2), 282–329. 

Krelle, Wilhelm. (1962). Verteilungstheorie. Gabler Verlag Wiesbaden. 

Kurz, H. (2020). The theory of value and distribution and the problem of capital. European Journal of 

Economics and Economic Policies: Intervention, 17(2), 241–264. 

Kurz, H. D., & Salvadori, N. (1995). Theory of Production: A Long-Period Analysis. Cambridge: Cambridge 

University Press. Cambridge Core. https://doi.org/10.1017/CBO9780511625770 

Kurz, H. D., & Salvadori, N. (2003). Classical economics and modern theory. London: Routledge. 

Mariolis, T., & Tsoulfidis, L. (2016). Modern Classical Economics and Reality. Tokyo: Springer. 



17  

Mariolis, Theodore. (2013). Applying the mean absolute eigen-deviation of labour commanded prices from 

labour values to actual economies. Applied Mathematical Sciences, 7(104), 5193–5204. 

Mariolis, Theodore. (2015). Norm Bounds and A Homographic Approximation for the Wage–Profit Curve. 

Metroeconomica, 66(2), 263–283. https://doi.org/10.1111/meca.12069 

Mariolis, Theodore, & Tsoulfidis, L. (2011). Eigenvalue Distribution and the Production Price-Profit Rate 

Relationship: Theory and Empirical Evidence. Evolutionary and Institutional Economics Review, 

8(1), 87–122. https://doi.org/10.14441/eier.8.87 

Mariolis, Theodore, & Tsoulfidis, L. (2014). On bródy’s conjecture: Theory, facts and figures about 

instability of the us economy. Economic Systems Research, 26(2), 209–223. 

https://doi.org/10.1080/09535314.2013.879698 

Molnár, G., & Simonovits, A. (1998). The Subdominant Eigenvalue of a Large Stochastic Matrix. Economic 

Systems Research, 10(1), 79–82. https://doi.org/10.1080/09535319800000007 

Morishima, M. (1978). Marx’s economics: A dual theory of value and growth. Cambridge: Cambrigde 

University Press. 

Ochoa, Eduardo M. (1989). Values, prices, and wage-profit curves in the US economy. Cambridge Journal of 

Economics, 13(3), 413–429. 

Ochoa, Edward Martin. (1984). Labor-values and prices of production: An interindustry study of the us 

economy, 1947-1972 (united states). New York, NY: New School for Social Research. 

Okishio, N. (1974). Value and production price. Kobe University Economic Review, 20(1), 1–19. 

Pasinetti, L.L. (1977). Lectures on the Theory of Production. New York: Columbia University Press. 

Pasinetti, Luigi L. (1969). Switches of Technique and the “Rate of Return” in Capital Theory. The 

Economic Journal, 79(315), 508–531. JSTOR. https://doi.org/10.2307/2230379 

Petri, F. (2012). On the likelihood and relevance of reswitching and reverse capital deepening: Fabio Petri. In 



18  

N. Salvadori & C. Gehrke (Eds.), Keynes, Sraffa, and the Criticism of Neoclassical Theory (pp. 

389–427). London: Routledge. 

Petri, F. (2022). What remains of the cambridge critique? On professor schefold’s theses. Contributions to 

Political Economy, 41(1), 77–109. https://doi.org/10.1093/cpe/bzac006 

Petrović, P. (1987). The deviation of production prices from labour values: Some methodology and empirical 

evidence. Cambridge Journal of Economics, 11(3), 197–210. 

Robinson, J. (1953). The Production Function and the Theory of Capital. The Review of Economic Studies, 

21(2), 81–106. https://doi.org/10.2307/2296002 

Robinson, J. (1970). Capital Theory up to Date. The Canadian Journal of Economics / Revue Canadienne 

d’Economique, 3(2), 309–317. JSTOR. https://doi.org/10.2307/133680 

Robinson, J. (1975). The Unimportance of Reswitching. The Quarterly Journal of Economics, 89(1), 32–39. 

https://doi.org/10.2307/1881707 

Samuelson, P. A. (1962). Parable and Realism in Capital Theory: The Surrogate Production Function1. The 

Review of Economic Studies, 29(3), 193–206. https://doi.org/10.2307/2295954 

Schefold, B. (1976). Relative Prices as a Function of the Rate of Profit: A Mathematical Note. Zeitschrift Für 

Nationalökonomie / Journal of Economics, 36(1/2), 21–48. 

Schefold, B. (2008). C.E.S. production functions in the light of the Cambridge critique. The CES Production 

Function in the Theory and Empirics of Economic Growth, 30(2), 783–797. 

https://doi.org/10.1016/j.jmacro.2007.08.004 

Schefold, B. (2013). Approximate surrogate production functions. Cambridge Journal of Economics, 37(5), 

1161–1184. https://doi.org/10.1093/cje/bes056 

Schefold, B. (2017). The Improbability of Reswitching, the Certainty of Wicksell-Effects and the Poverty of 

Production Functions: The Cambridge Critique of Capital Transformed☆. Including a Symposium 



19  

on New Directions in Sraffa Scholarship. Emerald Publishing Limited. 

Schefold, B. (2020). What remains of the Cambridge critique of capital theory, if reswitching and reverse 

capital deepening are empirically rare and theoretically unlikely? European Journal of Economics 

and Economic Policies: Intervention, 17(2), 220–240. 

Shaikh, A. (1977). Marx’s theory of value and the transformation problem. Mathematical appendix. The 

Subtle Anatomy of Capitalism, 106–139. 

Shaikh, A. (2013). The empirical linearity of Sraffa’s critical output–capital ratios. In N. Salvadori, C. 

Gehrke, I. Steedman, & R. Sturn (Series Eds.), Classical political economy and modern theory (pp. 

105–118). London: Routledge. 

Shaikh, A. (2016). Capitalism: Competition, Conflict, Crises. New York: Oxford University Press. 

https://doi.org/10.1093/acprof:oso/9780199390632.001.0001 

Shaikh, A., Coronado, J. A., & Nassif-Pires, L. (2020). On the empirical regularities of Sraffa prices. 

European Journal of Economics and Economic Policies, 17(2), 265–275. 

https://doi.org/10.4337/ejeep.2020.0069 

Shaikh, A. M. (1998). The Empirical Strength of the Labour Theory of Value. In R. Bellofiore (Ed.), Marxian 

Economics: A Reappraisal: Volume 2: Essays on Volume III of Capital Profit, Prices and Dynamics 

(pp. 225–251). London: Palgrave Macmillan UK. https://doi.org/10.1007/978-1-349-26121-5_15 

Solow, R. M. (1956). A Contribution to the Theory of Economic Growth. The Quarterly Journal of 

Economics, 70(1), 65–94. JSTOR. https://doi.org/10.2307/1884513 

Sraffa, P. (1960). Production of commodities by means of commodities (Vol. 1). Cambridge: Cambridge 

University Press. 

Sun, G.-Z. (2008). The First Two Eigenvalues of Large Random Matrices and Brody’s Hypothesis on the 

Stability of Large Input–Output Systems. Economic Systems Research, 20(4), 429–432. 



20  

https://doi.org/10.1080/09535310802551471 

Torres-González, L. D., & Yang, J. (2019). The persistent statistical structure of the US input–output 

coefficient matrices: 1963–2007. Economic Systems Research, 31(4), 481–504. 

https://doi.org/10.1080/09535314.2018.1561425 

  


