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A B S T R A C T   

In this paper, a novel hybrid two-loop nonlinear controller is designed for stabilization and robust control of the 
LCL-type shunt active power filter (SAPF). To cope with the instability issue of the closed-loop system and the 
inherent resonance of the LCL coupling, backstepping, sliding mode and adaptive controllers are combined. DC 
link voltage of the grid-connected inverter is regulated in an outer control loop by determining a proper reference 
value for an inner loop. In addition to DC link voltage control, a major objective of the proposed closed-loop 
system is to make the grid current in phase with the grid voltage directly. Hence, active power filtering of the 
grid-connected inverter can be achieved without any current feedback from the local load. To stabilize the LCL- 
type SAPF in a wide range of changes, all uncertain parameters of the model including the DC link capacitor and 
equivalent impedances of the LCL coupling network are estimated by employing a proper Lyapunov function. For 
practical evaluation of the developed approach, the closed-loop system is implemented by using Texas In
struments’ digital signal processor (DSP-TMS28F335). Considering the application of an adaptive-robust 
nonlinear controller, it is proved that the system enjoys a stable and robust performance over the whole range 
of utilization, and it doesn’t suffer from resonance issues of the LCL-type SAPFs. Moreover, considering the 
experimental results, it is observed that the steady-state error of the proposed nonlinear controller is zero in a 
wide range of operations.    

List of symbols and abbreviations 
X vector of the system state variables 
x1, x2, x3 and x4 system state variables 
T period of switching signal 
D duty cycle 
u modulation index 
ρ1− 4 uncertain parameters 
rL1 Equivalent Series Resistances (ESR) of L1 (filter inductor) 
rL1 Equivalent Series Resistances (ESR) of L2 (filter inductor) 
i1 current of L1 (filter inductor) 
i2 current of L2 (filter inductor) 
vc voltage of C (filter capacitor) 
vdc voltage of Cdc (DC link capacitor) 
i∗s reference value of the grid current 
v∗DC reference value of DC link voltage 
KP and KI PI controller gains 

e1− 4 tracking signal errors for each step 
V1− 4 Lyapunov functions for each step 
Γ positive diagonal matrix 
S sliding surface 
Ip,k1− 3, c1− 3,b,W constant value. 

1. Introduction 

Application of the power electronics-based and nonlinear loads e.g., 
battery chargers, electric motor drivers and LED lights have been 
increased in the recent decade to employ electric energy more effi
ciently. It is well-known that harmonic current can spoil the power 
quality of the grid at the point of common coupling (PCC), increase 
power losses in lines and transformers, and result in the failure of 
electric equipment. Hence, power quality standards and regulations are 
provided to determine the acceptable range of harmonic components in 
the electric grid. For instance, the IEEE-519 standard specifies the 
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acceptable harmonic components of the current at the PCC [1]. 
Traditionally, LC-type passive filters are employed widely for har

monic mitigation due to the simplicity of implementation and low cost 
[2]. However, the cut-off frequency passive filters cannot be tuned to 
adopt their characteristic during the load changes. Moreover, due to the 
resonance issues of passive filters, a modern generation of harmonic 
filters – Shunt Active Power Filters (SAPF) – is introduced. From the 
power topology viewpoint, SAPFs are grid-connected inverters. Since 
there is no active power exchange between the inverter and grid, SAPFs 
don’t need a power source on the DC link. Regarding the requirements of 
AC side coupling, a passive network (L-type or LCL-type) is required as 
an interface between the AC terminal of the inverter and the grid [3]. 

The closed-loop controller of a SAPF includes three main blocks: DC- 
link voltage controller, inverter output current controller and reference cur
rent calculation unit. Inverter output reference current includes two 
components: an active power term to maintain the DC link voltage fixed 
over a defined value and inactive power [4] term for local load 
compensation. The active power term is determined based on the DC 
link voltage error. Also, inactive power is measured through analysis of 
the harmonic spectrum of the local load current. The stability and 
robustness of a SAPF can be identified based on the performance and 
effectiveness of the inverter output current controller and DC-link 
voltage controller. 

From a closed-loop controller design viewpoint, SAPF is a nonlinear 
system due to the switching features of grid-connected inverters. Hence, 
the conventional linear controller cannot be assumed as a promising 
candidate for the implementation of the closed-loop controller required 
in a SAPF [5]. On the other hand, the L-type SAPF – which uses an 
inductor for grid coupling of the filter – has a simpler structure than 
LCL-type filters. State-space model of the L-type SAPF only includes two 
state variables: DC-link voltage and AC-side current. So, a variety of 
model-based modern controllers e.g., the nonlinear, adaptive, and 
robust have been successfully applied and tested for L-type SAPFs [6]. 

It should be noted that LCL-type grid-connected inverters enjoy su
perior performance than L-type inverters in terms of grid-current THD 
improvement. Considering the frequency response of an LCL, it can 
effectively cancel out the switching harmonics of the inverter output 
current and result in an almost pure sinusoidal grid current. However, 
from the controller viewpoint, a nonlinear closed-loop system design for 
LCL-type SAPF is more challenging due to model complexity and 
inherent resonance of the LCL network. 

In [7], a dual-loop robust current controller is developed for the 
stabilization of an LCL-type SAPF. To extend the resonance-free region 
of the closed-loop system, a delay-compensation mechanism is intro
duced and replaced the proportional part of the conventional control
lers. According to the experimental results of [7] and despite the 
application of an LCL-type coupling network, it is seen that the THD of 
the power system can only be decreased from 24.7% (local load current) 
to 4% (in grid current) which can be obtained using L-type inverters in a 
similar situation as well. Moreover, the robustness and stability of the 
proposed control approach aren’t investigated against uncertainties of 
parameters. 

In [8], stabilization and closed-loop control of the grid-connected 
inverters are investigated. Instead of implementing the active damper 
by using the filter capacitor feedback, a quasi-resonant controller is 
designed which employs the grid-side current feedback signal. So, an 
extra current sensor isn’t needed for the implementation of an active 
damper. However, the controller is designed and evaluated in the Lap
lace domain and based on small signal approximations. Hence, the 
controller can only be verified around the operating point where the 
small-signal approximation is valid [9]. 

To cope with the damping issues and weak robustness of LCL-type 
SAPFs against grid impedance changes, the system characteristic is 
evaluated using open-loop pole analysis and it is shown that instability 
issues can arise under a large grid impedance. So, to achieve stable 
performance, an extra feed forward loop should be developed based on 

the PCC voltage. Hence, the tuning and implementation of developed 
control aren’t straightforward. 

Considering the nonlinear characteristic of LCL-type SAPFs, the 
application of linear controllers isn’t a promising idea. Hence in [10], 
the combination of linear and nonlinear controllers is used for the 
closed-loop control of LCL-type SAPFs. A linear term of the controller is 
responsible for the improvement of the steady-state response and 
cancelling the steady-state error. On the other hand, a nonlinear term is 
added to the controller to improve the dynamic response. However, the 
stability of the controller isn’t studied in a wide range of operations in 
[10] using nonlinear stability criteria e.g., the Lyapunov method. Also, 
the impact of model uncertainties and parameter changes isn’t 
investigated. 

To improve the stability and robustness of an LCL-type grid-con
nected inverter against grid disturbance and polytopic uncertainties of 
the LCL coupling filter, an adaptive current controller is developed in 
[11]. To achieve the full state-space control considerations without 
using extra measurement sensors, a discrete-time observer has been 
incorporated into the design. So, the closed-loop controller can lead to a 
low-THD grid current even in the distorted grid-voltage situation. Also, 
the linear quadratic approach is used for the estimation of LCL-filter 
uncertainties. Hence, the stability of the whole system cannot be guar
anteed in a wide range of operations due to the application of a linear 
estimator. 

To cope with the nonlinearity of LCL-type grid-connected inverters, 
the application of model-based nonlinear controller e.g. passivity [12], 
exact-feedback linearization [13], and backstepping [14] approached 
for the close-loop system design has attracted significant attention in 
recent years. 

The passivity-based controller can provide proper robustness against 
the interferences and deal with unbalanced grid voltages. So, a three- 
stage cascaded passivity-based controller is designed for LCL-type 
grid-connected inverters in [12] to stabilize the closed-loop system in 
a wide range of operations. It employs three cascade controllers in a way 
that the first controller generates the reference signal of the second 
controller and similarly, the second controller provides a reference for 
the third one. Hence, due to the propagation delay of reference signals in 
the previous loops, an overall response cannot be fast enough to meet 
the requirements of SAPFs, e.g. for compensation of high-order har
monic components. To overcome the inherent weakness of cascade 
controllers, an exact feedback linearization technique is used for the 
controller design in LCL-type grid-connected inverters [13]. In exact 
feedback linearization, the nonlinear model of a system is mapped into a 
linear one by defining new state variables using the Lie derivatives. 
Suitable state variable changes can linearize the model of a nonlinear 
system without small-signal approximation. Hence potentially, the exact 
feedback linearization can stabilize a nonlinear system in a full opera
tional range. However, in [13], the stability of the closed-loop system is 
analysed using the small-signal approach which isn’t valid if the oper
ating point changes widely. 

Backstepping control of the LCL-type grid-connected SAPFs is a 
model-based controller which is designed by successive modification of 
the Lyapunov functions using the virtual control inputs [14]. Due to the 
use of the Lyapunov stability criterion, the stability and robustness of a 
backstepping-based controller can be maintained within the full oper
ational range. In [14], two different controllers are designed using the 
backstepping approach. The first one determines the duty cycle of a 
DC-DC converter to ensure maximum power point operation of the 
photovoltaic sources. Moreover, another nonlinear controller is devel
oped for the unity power factor operation of a multilevel grid-connected 
inverter. However, the impact of model parameters changes on the 
robustness and stability of the controller isn’t studied in [14]. So, if the 
nominal values of the model parameters e.g., passive elements of the 
LCL branch, change, it can result in instability issues. 

In [15], a discrete-time super-twisting adaptive sliding mode 
controller is developed for closed-loop control of the grid-connected 
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inverter with LCL coupling. To investigate the robustness of the 
controller, a reference model is used based on the system partial model. 
So, the dynamics of the capacitor in the LCL coupling network are 
neglected to simplify the system model and obtain a first-order transfer 
function. Also, in [16], the one sample ahead preview approach is used 
for closed-loop controller design by combining the nonlinear (robust +
adaptive) controllers with the predictive (deadbeat) method. The 
controlled plant is a three-phase grid-connected inverter with LCL 
coupling. Based on the adaptive feature of the designed controller, it can 
successfully manage the closed-loop system even in a weak grid situa
tion. Since a three-phase inverter is studied in both [15] and [16], the 
multiple three harmonics of the injected currents are inherently 
cancelled. However, the overall THD of the proposed controllers is 
higher than 2.5% during the steady-state operation. 

In [17], a discrete-time adaptive and robust controller is designed for 
grid-connected inverters with LCL coupling. The covariance matrix of 

the system is designed in a way that improves the controller in terms of 
controller dynamic response. Also, using an input-output method in 
[17], the closed-loop controller of the grid-connected inverter is modi
fied to reduce the number of required sensors. The accuracy and effec
tiveness of the developed controller are verified using simulation and 
experimental results. However, the asymptotic stability and robustness 
of the controller aren’t evaluated using the nonlinear stability criterion 
and hence, it cannot be guaranteed in a wide range of changes. 

In [18], an observer-based sliding mode controller is developed for a 
grid-connected single-phase inverter with LCL coupling and its response 
is evaluated under weak grid circumstances. The controller estimates the 
state variables of the closed-loop model e.g. inverter-side inductor cur
rent and ac capacitor voltage only by measuring the grid voltage and the 
inverter output current. So, the number/cost of required sensors can be 
decreased significantly. Also, to improve the controller robustness, 
especially in the weak grids, an equivalent sliding mode controller is 

Fig. 1. (a) The circuit topology of the LCL-type SAPF in presence of a local nonlinear load (b) Bipolar SPWM switching (c) The equivalent circuit during the ON-state 
(active) of switching signal without ESRs and (d) OFF-state (non-active) switching interval signal without ESRs. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.) 
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added to the closed-loop system. However, based on the presented 
experimental results, it is seen that the closed-loop plant has a signifi
cant steady-state error in a wide range of changes. 

In all the above references [15–18], only the output current control 
of the grid-connected inverter is studied and the active power func
tioning of the closed-loop system is not investigated. In another world, in 
the mentioned references, the reference current of the inverter is a pure 
sinusoidal current one, while in this paper, the output current of the 
inverter includes a wide range of high-order harmonic (depending on 
the local load nature) and hence, a superior dynamic response is ex
pected from the grid-connected inverter in APF applications. 

In this paper, to improve the robustness and stability of the back
stepping controller against the model uncertainties, it is combined with 
the adaptive and robust controllers to develop a combined Lyapunov- 
based nonlinear controller for the closed-loop control of LCL-type 
SAPs. The proposed controller employs a novel hybrid two-loop 
nonlinear controller to cope with the instability issue of the closed- 
loop system and the inherent resonance of the LCL coupling. DC link 
voltage of the grid-connected inverter is regulated in an outer control 
loop by determining a proper reference value for an inner loop. In 
addition to DC link voltage control, the major objective of the proposed 
closed-loop system is to make the grid current in phase with the grid 
voltage directly. Hence, active power filtering of the grid-connected 
inverter can be achieved without any current feedback from the local 
load. To stabilize the LCL-type SAPF in a wide range of changes, all 
uncertain parameters of the model including the DC link capacitor and 
equivalent impedances of the LCL coupling network are estimated by 
employing a proper Lyapunov function. For practical evaluation of the 
developed approach, the closed-loop system is implemented by using 
Texas Instruments’ digital signal processor (DSP-TMS28F335). Consid
ering the application of an adaptive-robust nonlinear controller, it is 
proved that the system enjoys a stable and robust performance over the 
whole range of utilization, and it doesn’t suffer from resonance issues of 
the LCL-type SAPFs. 

2. Dynamic modelling of the LCL-type SAPF 

The circuit topology of a SAPF with LCL coupling in presence of a 
local nonlinear load is shown in Fig. 1a. that rL1 and rL1 are Equivalent 
Series Resistances (ESR) of LCL filter Inductors. 

By employing bipolar SPWM switching, the equivalent circuits of the 
converter during the ON (active) and OFF (non-active) states of the 
switching signal can be observed as shown in Fig 1. c and d, respectively. 
Also, in these figures the Equivalent Series Resistances (ESR) to simplify 
are not considered. Within the ON-state (active), Q1 and Q4 are ON and 
hence, Q2 and Q3 are OFF. Assuming X = (x1, x2, x3, x4)

T
=

(i1, i2, vc, vdc)
T as a state-space vector of the system, the state-space model 

of the ON-state (active) circuit in Fig. 1-c can be written as follows: 

Ẋ = A1X + B1

⎡

⎢
⎢
⎣

ẋ1
ẋ2
ẋ3
ẋ4

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

0 0 − 1/L1 0
0 0 1/L2 − 1/L2

1/C − 1/C 0 0
0 1/Cdc 0 0

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

x1
x2
x3
x4

⎤

⎥
⎥
⎦+

⎡

⎢
⎢
⎣

vs/L1
0
0
0

⎤

⎥
⎥
⎦

(1) 

Additionally, during the OFF-state (non-active) switching mode, the 
state space model will be (Q1 and Q4 are OFF while Q2 and Q3 are ON): 

Ẋ = A2X + B2

⎡

⎢
⎢
⎣

ẋ1
ẋ2
ẋ3
ẋ4

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

0 0 − 1/L1 0
0 0 1/L2 1/L2

1/C − 1/C 0 0
0 − 1/Cdc 0 0

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

x1
x2
x3
x4

⎤

⎥
⎥
⎦+

⎡

⎢
⎢
⎣

vs/L1
0
0
0

⎤

⎥
⎥
⎦

(2) 

It is well-known that these equations can be merged using the state- 
space averaging technique. So, the system’s model can be written as Ẋ =
AavgX + Bavg in which Aavg = (1 /T)(tactAact +tnonAnon) and Bavg 

= (1 /T)(tactBact +tnonBnon) are the average values of state-space matrices. 
By definition, tact = DT and tnon = (1 − D)T where D ∈ [0, 1] is the 
switching signal duty cycle. As a result, the average value of the state 
space variables is written in (3) 

Aavg =

⎡

⎢
⎢
⎣

0 0 − 1/L1 0
0 0 1/L2 − (2D − 1)/L2

1/C − 1/C 0 0
0 (2D − 1)/Cdc 0 0

⎤

⎥
⎥
⎦, Bavg =

⎡

⎢
⎢
⎣

vs/L1
0
0
0

⎤

⎥
⎥
⎦

(3) 

Considering the bipolar SPWM switching, the inverter modulation 
index (u) can be defined as u = 2D − 1, where u ∈ [− 1, 1] [19]. 
Assuming the inverter modulation index as a control variable, the 
averaged state-space model can be rewritten as: 
⎡

⎢
⎢
⎣

ẋ1
ẋ2
ẋ3
ẋ4

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

0 0 − ρ1 0
0 0 ρ2 − uρ2
ρ3 − ρ3 0 0
0 uρ4 0 0

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

x1
x2
x3
x4

⎤

⎥
⎥
⎦+

⎡

⎢
⎢
⎣

ρ1vs
0
0
0

⎤

⎥
⎥
⎦ (4) 

In which ρ1 = 1
L1

, ρ2 = 1
L2

, ρ3 = 1
C, and ρ4 = 1

Cdc 
are uncertain 

parameters. 

3. Controller design 

For local load compensation, the grid-connected inverter should 
generate a well-defined current waveform (reference current of the 
controller) which includes all harmonic and reactive components of the 
local load current. Considering the overall structure of the proposed 
controller in Fig. 2, the inner loop which is responsible for output- 
current control will be implemented by using the proposed hybrid 
nonlinear control approach. 

As explained, inverter reference current includes reactive and all high- 
frequency harmonic components of load current. If the SAPF generates the 
mentioned reference current, it will result in a pure sinusoidal grid current 
which is in phase with the grid voltage. So, it can be concluded that the 
grid reference current should be a pure sinusoidal waveform and in phase 
with the grid voltage. In this paper, to facilitate the reference current 
calculation process, the grid current controller is employed rather than a 
current controller for SAPF. The magnitude of the grid reference current 
will be determined based on the DC link voltage error. 

Briefly, if the DC link voltage of a SAPF is stabilized at a constant 
value (due to the lack of an independent voltage source on the DC side) 
and if a sinusoidal active current is defined as a grid reference based on 
the DC link voltage error, it can be concluded that the total reactive and 
harmonic power of the local load is supplied by the SAPF. 

3.1. Outer controller – Voltage loop design 

In the proposed controller, a proportional-integral (PI) controller is 
used in the outer voltage loop. If the load compensation is achieved, a 
sinusoidal current will be delivered through the grid which is in phase 
with the grid voltage. Consequently, the grid reference current can be 
represented as follows 

i∗s = Ipsinθ (5) 

In this equation, i∗s demonstrates the reference value of the grid 
current and also Ip is a constant value. The value of Ip depends on the 
characteristic of the local load and is determined by the outer loop in 
Fig. 2, based on the DC link voltage error. In this figure, (sinθ) will be 
generated by a phase-locked loop (PLL) circuit. To track the reference 
current in the inner loop, a hybrid adaptive robust backstepping is 
developed to control the filter output current. 

The external loop generates the grid reference current (i∗s ) and sub
sequently, the filter reference current (i∗1 = x∗

1). In this situation, the DC 
link voltage will be equal to its reference value (v∗DC). According to Fig. 2, 
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the PI controller is defined as follows 

Ip =
(

KP +
KI

s

)
(
v∗DC − vDC

)
=

(

KP +
KI

s

)

eV (6)  

where the PI controller gains are KP and KI. 

3.2. Internal controller – Current loop design 

This controller adjusts the switching signal of the inverter (u) to 
control the filter output current. As explained, the reference value of the 
inverter current is i∗1 = i∗s − iL. In this situation, all the reactive and 
harmonic components of nonlinear local loads will be provided through 
the SAPF. Considering the nonlinear characteristic of SAPF, in this 
paper, a nonlinear hybrid controller is developed for the internal loop. 
Also, it is assumed that all model parameters are uncertain, and the 
controller should estimate the uncertainties using an appropriate esti
mation rule. 

The step-by-step procedure for adaptive-sliding-backstepping 
controller design can be summarised as follows:  

1 State-space modelling of the plant.  
2 Defining the reference value of the state variables considering the 

overall purpose of the closed-loop system  
3 Defining the actual error variables  
4 Defining the virtual error variables based on the stability criteria  
5 Defining the sliding surface as a linear combination of all error 

variables including actual and virtual errors  
6 Updating the stability criteria by adding the square of the sliding 

surface to the Lyapunov function 

Below, the controller design detail is presented which includes four 
steps. 

Step 1: The tracking signal error is defined as follows 

e1 = x1 − x∗1 (7)  

where x∗
1 is the reference value of x1 determined by the external loop 

based on the voltage error of the DC link. So 

ė1 = ẋ1 − ẋ∗1 (8) 

By substituting ẋ1 from (4) in (8), it can be rewritten as 

ė1 = P̂
T
M1 − ẋ∗1 + (P − P̂)TM1 (9)  

where 

P̂
T
= [ ρ̂1 ρ̂2 ρ̂3 ρ̂4 ] (10)  

M1 = [ − x3 + vs 0 0 0 ]T (11) 

The Lyapunov function of the system can be selected as follows: 

V1 = 0.5e2
1 + (P − P̂)TΓ− 1(P − P̂) (12) 

In this equation, Γ is a positive diagonal matrix and its diagonal ar
rays are called estimated particle weights. The derivative of V1 can be 
written as 

V̇1 = e1ė1 + (P − P̂)TΓ− 1(−
˙̂P) (13) 

By substituting (9) in (13) V̇1 can be rewritten 

V̇1 = e1
(

P̂
T
M1 − ẋ∗1

)
+ (P − P̂)TΓ− 1( −

˙̂P +Γe1M1) (14) 

If P̂
T
M1 − ẋ∗

1 = − k1e1 and − −
˙̂P + Γe1M1 = 0 are considered in 

(14), then (14) will be simplified like V̇1 = − k1e2
1 ≤ 0, which is a semi- 

definite negative function and guarantees the asymptotic stability of the 
system. In these equations, k1 ≥ 0 is a constant scalar value. 

Step 2: Given that (− − k1e1) and (P̂
T
M1 − ẋ∗

1) are not necessarily 
equal, the error of these two variables is defined as the second error 
variable: 

e2 = − k1e1 −
[
P̂
T
M1 − ẋ∗1

]
(15) 

By substituting (15) in (9): 

ė1 = − k1e1 − e2 + (P − P̂)TM1 (16) 

The derivative of e2 will be equal to 

ė2 =
˙̂ρ1x3 + ρ̂1ẋ3 −

˙̂ρ1vs − ρ̂1v̇s + ẍ∗1 − c1ė1 (17) 

By taking P̂ and M1 into account from (10) and (11), the time de
rivative is simplified as follows 

ė2 = A+ P̂
T
M2 + (P − P̂)T( − k1M1 +M2) (18)  

which 

A = ˙̂ρ1x3 −
˙̂ρ1vs − ρ̂1v̇s + ẍ∗1 + k2

1e1 + k1e2 (19)  

MT
2 = [ 0 0 ρ̂1x1 − ρ̂1x2 0 ] (20) 

Similarly, by updating the Lyapunov function as 

V2 = 0.5e2
1 + 0.5e2

2 + (P − P̂)TΓ− 1(P − P̂) (21)  

its derivative can be simplified 

V̇2 = − k1e2
1 + e2

[
− e1 +A+ P̂

T
M2

]

+ (P − P̂)TΓ− 1( −
˙̂P +Γe1M1 − k1Γe2M1 +Γe2M2 )

(22) 

If, in (22), it is considered that − e1 + A+ P̂
T
M2 = − k2e2 and −

˙̂P + Γe1M1 − e1Γe2M1 + Γe2M2 = 0, in this case, (22) will be simplified 
as V̇2 = − k1e2

1 − k2e2
2 and will guarantee the asymptotic stability of the 

system. In these equations, k2 ≥ 0 is a constant scalar value. 

Step 3: Similarity, as (− − k2e2) and (− − e1 +A+P̂
T
M2) are not 

necessarily equal, the error of these two variables is defined as the third 
error variable 

e3 = − k2e2 −
(
− e1 +A+ P̂

T
M2

)
(23) 

By substituting (23) in (18) 

ė2 = e1 − k2e2 − e3 + (P − P̂)T( − k1M1 +M2) (24) 

The time derivative of e3 will be like 

ė3 =
(
1 − k2

1

)
ė1 − (k1 + k2)ė2 − ( ˙̂ρ1 ρ̂3 + ρ̂1

˙̂ρ3)x1 − ρ̂1 ρ̂3ẋ1 + ( ˙̂ρ1 ρ̂3

+ ρ̂1
˙̂ρ3)x2 + ρ̂1 ρ̂3ẋ2 −

¨̂ρ1x3 −
˙̂ρ1ẋ3 +

¨̂ρ1vs + 2 ˙̂ρ1v̇s + ρ̂1v̈s − x⃛
∗

1 (25) 

By taking P̂, M1 and M2 into account from (10), (11) and (20), the 
time derivative can be simplified as 

ė3 = B+ P̂
T
M3 + (P − P̂)T [(k1k2 + 1)M1 − (k1 + k2)M2 +M3] (26) 

Which 

B =
(
− 2k1 + k3

1 − k2
)
e1 +

(
− 1 + k2

1 + k1k2 + k2
2

)
e2 + (k1 + k2)e3

− ( ˙̂ρ1 ρ̂3 + ρ̂1
˙̂ρ3)x1 + ( ˙̂ρ1 ρ̂3 + ρ̂1

˙̂ρ3)x2 −
¨̂ρ1x3 +

¨̂ρ1vs + 2 ˙̂ρ1v̇s + ρ̂1v̈s − x⃛
∗

1

(27)  

M3 =

⎡

⎢
⎢
⎣

+ρ̂1 ρ̂3x3 − ρ̂1 ρ̂3vs
+ρ̂1 ρ̂3x3 − uρ̂1 ρ̂3x4

− ˙̂ρ1

x1 +
˙̂ρ1x20

⎤

⎥
⎥
⎦ (28) 

Similarly, by choosing the Lyapunov function as 
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V3 = 0.5e2
1 + 0.5e2

2 + 0.5e2
3 + (P − P̂)TΓ− 1(P − P̂) (29)  

its derivative can be simplified like 

V̇3 = − k1e2
1 − k2e2

2 + e3
[
− e2 + B+ P̂

T
M3

]
+ (P − P̂)TΓ− 1{ −

˙̂P + Γ[(e1

− k1e2 + (k1k2 + 1)e3)M1 + (e2 − (k1 + k2)e3)M2 + e3M3]}

(30) 

If in (30) it is assumed that − e2 + B+ P̂
T
M3 = − k3e3 and −

˙̂P +
Γe1M1 − k1Γe2M1 + Γe2M2 + (k1k2 + 1)Γe3M1 − (k1 + k2)Γe3M2 +

Γe3M3 = 0, then the (22) will be simplified like V̇3 = − k1e2
1 − k2e2

2 −

k3e2
3 that ensures the asymptotic stability of the system. In these equa

tions, k3 the constant scalar value is positive. 

Step 4: Finally, as (− − k3e3) and (− − e2 +B+P̂
T
M3) are not equal, 

the error of these two variables will be defined as the fourth error 
variable 

e4 = − k3e3 −
(
− e2 +B+ P̂

T
M3

)
(31) 

By substituting (31) in (23) the following equation can be written 

ė3 = e2 − k3e3 − e4 + (P − P̂)T [(k1k2 + 1)M1 − (k1 + k2)M2 +M3] (32) 

Considering (10) and (28), the e4 time derivative will be simplified as 

ė4 = C + P̂
T
M4 + (P − P̂)T [( − k1 − k1k2k3 − k3)M1

+( + k1k2 + k1k3 + k2k3 + 2)M2 − qc4M3 +M4]
(33)  

which   

M4 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

( − ρ̂1
˙̂ρ3 − 2 ˙̂ρ1 ρ̂3)x3 + (ρ̂1

˙̂ρ3 + 2 ˙̂ρ1 ρ̂3)vs
( − ρ̂1

˙̂ρ3 − 2 ˙̂ρ1 ρ̂3)x3 + (uρ̂1
˙̂ρ3 + 2u ˙̂ρ1 ρ̂3)x4

(
− ρ̂1 ρ̂2 ρ̂3 − ρ̂2

1 ρ̂3 +
¨̂ρ1

)
x1 +

(
ρ̂1 ρ̂2 ρ̂3 −

¨̂ρ1 + ρ̂2
1 ρ̂3

)
x2

+u2 ρ̂1 ρ̂2 ρ̂3x2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(35)  

qc1 = k4
1 − 3k2

1 − 2k1k2 − k2
2 + 2 qc2

= k3
1 − 3k1 + k2

1k2 + k1k2
2 − 4k2 + k3

2 − k3 qc3
= k2

1 + k1k2 + k2
2 + k1k3 + k2k3 + k2

3 − 2 qc4 = k1 + k2 + k3 (36) 

By updating of the Lyapunov function as: 

V4 = 0.5e2
1 + 0.5e2

2 + 0.5e2
3 + 0.5S2 + (P − P̂)TΓ− 1(P − P̂) (37)  

where S represents the sliding surface of the controller and is defined as 

S = c1e1 + c2e2 + c3e3 + e4 (38) 

In these equations, c1, c2, and c3 are constant scalar values. The time 
derivative of Lyapunov function (V̇4) can be determined as 

V̇4 = e1ė1 + e2ė2 + e3ė3 + SṠ + (P − P̂)TΓ− 1(−
˙̂P) (39)  

or 

V̇4 = qv11e2
1 + qv12e1e2 + qv13e1e3 + qv14e1e4 + qv22e2

2 + qv23e2e3 + qv24e2e4

+ qv33e2
3 + qv34e3e4 − c3e2

4 + (c1e1 + c2e2 + c3e3 + e4)C + (P − P̂)TΓ− 1{

−
˙̂P + Γ[(e1 − k1e2 + k1k2e3 + e3)M1 + ( + e2 − k1e3 − k2e3)M2 + e3M3

+ (c1e1 + c2e2 + c3e3 + e4)(qv1M1 + qv2M2 + qv3M3 + M4)]}

(40) 

Which 

qv11 = − k1 − k1c2
1 + c1c2 qv12 = − k1c1c2 − k2c1c2 − c2

1 + c2
2 + c1c3 qv13

= − k1c1c3 − k3c1c3 − c1c2 + c2c3 qv14 = − k1c1 + c2 − c1c3 qv22

= − k2 − k2c2
2 − c1c2 + c2c3 qv23 = − k2c2c3 − k3c2c3 − c2

2c
2
3 − c1c3 qv24

= − k2c2 − c1 + c3 − c2c3 qv33 = − k3 − k3c2
3 − c2c3 qv34

= − 1 − k3c3 − c2 − c2
3 qv1

= − k1 − k1k2k3 − k3 + c1 − k1c2 + k1k2c3 + c3 qv2
= +2 + k1k2 + k1k3 + k2k3 + c2 − k1c3 − k2c3 qv3 = − k1 − k2 − k3 + c3

(41) 

If in the previous equation, it is assumed that 

C + P̂
T
M4 = − b(S+Wsgn(S)) (42)  

and 

−
˙̂P + Γ[(e1 − k1e2 + k1k2e3 + e3)M1 +( + e2 − k1e3 − k2e3)M2 + e3M3 

+(c1e1 + c2e2 + c3e3 + e4)(qv1M1 + qv2M2 + qv3M3 +M4)] = 0 (43) 

Then Eq. (39) can be simplified as (42) if Eq. (43) is satisfied. 

V̇4 = qv11e2
1 + qv12e1e2 + qv13e1e3 + qv14e1e4 + qv22e2

2 + qv23e2e3 + qv24e2e4

+ qv33e2
3 + qv34e3e4 − c3e2

4 − bS2 − bW|S|
(44)  

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
qv11qv22

√
= −

1
2
qv12

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
qv11qv33

√
= −

1
2
qv13

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− c3qv11

√
= −

1
2
qv14 (45) 

By using Eqs. (42) and (43), adaptive nonlinear controller (u) and 
uncertain parameters estimation rules (ρ̂i for i = 1 − 4) are achieved by 

(34)  
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and 

˙̂ρ1 = γ11{[(e1 − k1e2 + k1k2e3 + e3)+ qv1(c1e1 + c2e2 + c3e3 + e4)](− x3 + vs)

+ [e3 + qv3(c1e1 + c2e2 + c3e3 + e4)](+ρ̂1 ρ̂3x3 − ρ̂1 ρ̂3vs)

+ (c1e1 + c2e2 + c3e3 + e4)( − ρ̂1
˙̂ρ3x3 + ρ̂1

˙̂ρ3vs − 2 ˙̂ρ1 ρ̂3x3 + 2 ˙̂ρ1 ρ̂3vs)}
(47)  

˙̂ρ2 = γ22{[e3 +qv3(c1e1 +c2e2 +c3e3 +e4)](+ ρ̂1 ρ̂3x3 − uρ̂1 ρ̂3x4)

+(c1e1 +c2e2 +c3e3 +e4)( − ρ̂1
˙̂ρ3x3 − 2 ˙̂ρ1 ρ̂3x3+uρ̂1

˙̂ρ3x4+2u ˙̂ρ1 ρ̂3x4)}

(48)  

˙̂ρ3 = γ33

{
[( + e2 − k1e3 − k2e3)+ qv2(c1e1 + c2e2 + c3e3 + e4)](ρ̂1x1 − ρ̂1x2)

+ [e3 + qv3(c1e1 + c2e2 + c3e3 + e4)]( −
˙̂ρ1x1 +

˙̂ρ1x2)

+ (c1e1 + c2e2 + c3e3 + e4)
(
− ρ̂1 ρ̂2 ρ̂3x1 − ρ̂2

1 ρ̂3x1 +
¨̂ρ1x1 

+ ρ̂1 ρ̂2 ρ̂3x2 −
¨̂ρ1x2 + ρ̂2

1 ρ̂3x2

)}
(49)  

˙̂ρ4 = γ44
{
(c1e1 + c2e2 + c3e3 + e4)

(
+ u2 ρ̂1 ρ̂2 ρ̂3x2

)}
(50)  

4. Practical results 

To examine the response of the developed adaptive-nonlinear 
controller, the SAPF with LCL coupling is implemented practically, 
and the experiment results are presented in this section. The controller 
and the uncertain parameters estimation rules are extracted in Eqs. 
(46)–(50). 

It should be noted that during experimental results, the slope of the 
saturation functions is assumed to be 0.1 as shown in Fig. 3. Clearly, the 
reduction of the function slope improves behaviour of the proposed 

(46)  

Fig. 2. Developed controller. (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. Employed saturation function for the implementation of the developed 
controller. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.) 

Table 1 
Nominal values of the system  

Symbol Parameter Value Symbol Parameter Value 

fs grid Frequency 50 Hz fsw Switching 
Frequency 

20 kHz 

vs grid Voltage 220 vrms Ts Sampling 
time 

25 μs 

RS Nonlinear Load - 
Series Resistor 

2 Ω k1 Controller 
coefficient 

8.9 ×

105 

RO Nonlinear Load - 
Output Resistor 

30 Ω k2 Controller 
coefficient 

8.9 ×

103 

CO Nonlinear Load - 
Output Capacitor 

100 μF k3 Controller 
coefficient 

1.4 ×

104 

L1 LCL Filter - Inductor 0.4 mH k4 Controller 
coefficient 

3 

rL1 LCL Filter – L1 

Equivalent Series 
Resistance 

0.4 Ω c1,c2,c3 Controller 
coefficient 

1 

L2 LCL Filter - Inductor 1.2 mH KP Controller 
coefficient 

0.5 

rL2 LCL Filter - Inductor 
Series Resistor 

1 Ω KI Controller 
coefficient 

7 

C LCL Filter - 
Capacitor 

50 μF γii Controller 
coefficient 

10− 9 

Cdc DC Link Capacitor 500 μF     
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Fig. 4. Implementation of hybrid nonlinear control of the shunt active power filter with LCL coupling (a) block diagram of the implemented system (b) Practical 
setup. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 5. (a) grid voltage (vs) and grid current, (b) grid voltage (vs) and nonlinear load current (iL) (c) nonlinear load current harmonics (d) harmonics of grid current 
(is). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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controller by reduction of the chattering. 
The nominal values of the system are listed in Table 1, and the block 

diagram of the controller and experimental setup are shown in Fig. 4. 
Also, to investigate the response of the developed controller, a full- 
bridge rectifier with RC load is used as a nonlinear load, and the nom
inal values of load parameters are represented in Fig. 4. The developed 
controller is implemented using the Texas instruments digital signal 
processor (DSP-TMS28F335) from Texas instruments. 

4.1. First test: steady state response 

The grid voltage waveform (vs), nonlinear load current (iL), as well as 
the harmonic spectrum of load current in steady state conditions, are 

shown in Fig. 5. As it can be seen, the THD of load current is about 
50.8%. The developed controller along with the estimation rules are 
employed for the closed-loop controller of the LCL-type SAPF and then, 
within the steady-state operation, the grid voltage, filter current, grid 
current (is), DC link voltage (vDC) and harmonic spectrum of both load 
and grid currents in the presence of the developed controller are illus
trated in Fig. 6. It can be seen that the proposed adaptive nonlinear 
controller can stabilize the closed-loop system and the grid current will 
be sinusoidal and in phase with the grid voltage after compensation. It 
should be noted that by using the developed hybrid backstepping 
controller, the THD of grid current will be about 1%, which is fully 
compatible with IEEE standards [1]. Moreover, the THD of the devel
oped hybrid nonlinear controller is about 1% better (less) than previous 
studies: Adaptive PI Controller (2.3650%) [20], Robust Model Reference 

Fig. 6. State variables of SAPF during steady state operation (a) waveform of 
Grid Voltage (vs) and filter current (i1) (b) Waveform of grid current (is) and 
DC-Link voltage (vDC). 

Fig. 7. (a) grid voltage (vs) and grid current (is) during startup of the filter, (b) 
DC-Link voltage (vDC) and grid current (is) at startup. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 8. (a) grid voltage (vs) and filter current (i1) during virtual current 
changing (b) DC-link voltage (vDC) and filter current (i1) during step change of 
virtual current magnitude, (c) grid voltage (vs) and filter current (i1) during 
phase change of the virtual current, (d) DC-link voltage (vDC) and filter current 
(i1) during phase change of the virtual current. (For interpretation of the ref
erences to color in this figure legend, the reader is referred to the web version of 
this article.) 
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Adaptive Controller (3%) [16] and Observer-Based Second-Order 
Sliding Mode Control (1.53%) [18]. Hence, it can be concluded that the 
proposed hybrid adaptive-nonlinear controller enjoys a superior per
formance than the conventional backstepping controller in terms of grid 
current THD. 

4.2. Second test: dynamic response of the inner loop 

A) Response of the Controller at Startup: In this test, to study the dy
namic response of the inner loop, the load current feedback is removed 
at first to make the load current feedback zero. In this condition, the 
external loop will continue stabilizing the DC link voltage at the refer
ence value (370 V) Then with the steady-state operation of the external 
loop, the load current feedback is fully applied to the controller. So, the 
inner loop will start to compensate for the nonlinear load and the dy
namic response of the inner load can be recorded. In this test, the grid 
voltage (vs), grid current (is) and DC link voltage (vDC) are presented in 
Fig. 7 for investigation of the inner loop dynamic response. Despite 
significant changes in the load current feedback, the developed hybrid 
backstepping controller can compensate fully for the local load within a 
grid cycle. According to Fig. 7b, it is seen that the steady-state error of 
the DC link voltage is zero despite the changes in inverter output current 
during the system start-up. 

B) Step changes in the reference current: To test the dynamic response 
of the internal loop during step changes of the reference signal, the load 
current feedback is replaced by a virtual sinusoidal reference signal 
within the controller and the dynamic response of the controller for a 
step change in the magnitude of the reference signal is shown in Fig. 8-a 
and b. 

Moreover, for further investigations of the inner loop, the dynamic 
response of the proposed controller to step changes in the phase angle of 
the virtual reference signal is demonstrated in Fig. 8-c, d. So, the oper
ating mode of the SAPF will switch from a capacitive leading current to 
an inductive lagging one (pure reactive reference currents). 

Despite having large changes in both the magnitude and phase of the 
reference current signal, it is observed that the developed controller is 
quite stable and robust with a very fast dynamic response. It should be 
noted that within this test, the external loop controller continues sta
bilizing the DC link voltage without any changes. 

4.3. Third test: dynamic response of the external voltage loop 

To evaluate the dynamic response of the outer loop, it is assumed 
that the DC-link reference voltage has been stepped up from 370 to 470 
Volts. In this experiment, in addition to the DC link voltage (vDC), the 
filter current (i1) is shown as well in Fig. 9. It can be seen, the developed 
voltage controller can stably track the reference signal satisfactorily 
with zero steady-state error, despite having a significant change in the 
reference signal. 

5. Conclusion 

To benefit from the advantages of backstepping, adaptive, and 
sliding-mode controllers all at the same time, a hybrid nonlinear 
approach for closed-loop stabilization of the LCL-type SAPF is developed 
using Lyapunov stability criteria and asymptotic stability and robustness 
of the proposed controller is proved analytically within a large range of 
changes. In addition to the control effort, some estimation rules are 
developed which will improve the performance of the controller against 
model uncertainties. By using the TMS320F28335 digital signal pro
cessor from Texas Instruments, the experimental response of the 
designed LCL-type SAPF is investigated and the effectiveness of the 
designed hybrid controller has been proved in both steady-state and 
dynamic situations. Despite using a local load with a very high current 
THD value (about 51%), the developed controller is capable of main
taining the grid current THD within the standard range (around 1%). 
Moreover, it is shown that the THD improvement of the proposed 
controller is more efficient than the previous studies. Moreover, 
considering the experimental results, it is observed that the steady-state 
error of the proposed nonlinear controller is zero in a wide range of 
operations. 
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