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Highlights

• Wolbachia-infected mosquitoes are released to break the cycle of dengue transmission.

• Modelling mosquitoes with stage structure and non-identical sex ratio augmentation is
proposed.

• Bifurcation diagrams and the basin of attractions of equilibria are obtained.

• Three possible results for mosquito augmentation in parameter space are summarized.

• The study will be helpful to design proper mosquito augmentation plans.
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Abstract

The introduction of endosymbiont Wolbachia into laboratory-reared mosquito populations,
which are then released to mix with natural populations to prevent the mosquito vectors
from reproducing and thus break the transmission cycle of dengue disease, is an innovative
new technology. Field trials of Wolbachia-carrying mosquitoes have now been implemented
in many countries where there have been the outbreaks of dengue disease. A mathematical
model is proposed to investigate the effects of non-identical sex ratio releases of Wolbachia-
carrying mosquitoes on the control of dengue transmission. Firstly, we analyzed the existence
and stability of equilibria for the system and proved the existence of forward and backward
bifurcations. Secondly, bifurcation diagrams, the basins of attraction of the equilibria and the
effects of mosquito augmentation for the system with imperfect and perfect transmission rates
were obtained. Thirdly, three possible results for mosquito augmentation were summarized
for different parameter regions. Further we explored an uncertainty and sensitivity analysis
of solutions to estimate the effects of different parameter values on the success or failure of
population replacement. Based on the above analysis, we considered a series of relevant issues
such as (a) whether or not mosquito augmentation can ensure the success of population re-
placement? (b) If not, what are the parameter regions for the success or possible success of
population replacement? (c) How does the initial density of natural mosquitoes and the quan-
tity of mosquito augmentations affect the success of population replacement? (d) Whether all
population replacements are effective for reducing the spread of dengue virus in the end? The
results of this study will be helpful for public health authorities in designing proper strategies
of mosquito augmentations for the control of dengue disease.

Keywords: Wolbachia, Dengue disease, Mosquito augmentation, Backward bifurcation

1. Introduction

Dengue disease has rapidly become one of the most common widespread mosquito-borne
diseases (MBDs) prevalent throughout the tropics and subtropics. It is estimated that around
two-thirds of the world’s population lives under the threat of dengue disease and almost 400
million infections occur each year [1, 2]. Dengue virus is transmitted to humans by mosquitoes,
especially Aedes aegypti. There exist at least five different serotypes of dengue viruses (DENV
1-5) [3, 4], so people may be infected with dengue virus more than once [5]. There is no licensed
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vaccine and specific prophylactic or therapeutic drug for dengue disease. Infected individuals
can gain lifelong immunity to the particular serotype that they are exposed to, but only tempo-
rary immunity to the others, which indicates that re-infection with another serotype will lead
to a higher chance of developing the more severe forms of the disease: dengue hemorrhagic
fever (DHF) or dengue shock syndrome (DSS) [6, 7]. Thus it is very challenging to develop
effective vaccines against all serotypes of dengue virus simultaneously. The control of the vec-
tor mosquitoes is therefore an appropriate method for preventing the spread of dengue disease
[8, 9]. However, traditional strategies to reduce vector mosquitoes are usually unsuccessful or
unsustainable. For example, extensive use of insecticides to reduce the number of adult or larval
mosquitoes is often prohibitively expensive, may cause major toxicological effects on human
health, and even lead to insecticide resistance [8, 10]. The destruction and removal of mosquito
breeding sites can reduce oviposition sites for mosquitoes, but it is impractical for scaling up
successfully over large geographical areas and in modern mega-cities [2, 11].

The introduction of Wolbachia bacteria into mosquitoes and widespread releases of such
laboratory-reared insects, to mix with natural populations of mosquitoes to fight against MBDs,
especially dengue disease, is an innovative technology that is now used in a variety of contexts
[12, 13, 14, 15]. It has been estimated that up to 65% of insect species and approximately
28% of the surveyed mosquito species can carry Wolbachia [16]. Wolbachia typically emerge
in the testes, ovaries and eggs of their host. Thus, they can interfere with the reproduction
of the hosts through some remarkable mechanisms such as maternal inheritance, cytoplasmic
incompatibility (CI), parthenogenesis, feminization of genetic males and so on. Moreover, the
phenotype expressed depends on host species and Wolbachia strains. For instance, CI results
in embryos from Wolbachia-free (or natural) females dying when they mate with Wolbachia-
carrying males, whereas others are not affected [17, 18].

There are two main strategies for the control of dengue disease by using Wolbachia-carrying
mosquito releases. One is based on CI mechanism to realize population suppression (reduction
of mosquito numbers) through the inundative release of Wolbachia-carrying males [17]. China
and Singapore are trying this approach [19]. Another is based on matrilineal inheritance and CI
to realize population replacement (Wolbachia-carrying mosquitoes becoming established and
replacing natural ones) through the mixture and inoculative releases of Wolbachia-carrying
females and males [14, 15, 20, 21]. Ten countries, including Australia, Brazil, Colombia, In-
donesia, Sri Lanka, India, Vietnam, Kiribati, Fiji and Vanuatu, have signed up for this approach
[19]. The introduction of different Wolbachia strains or different tactics of augmentation may
lead to different strategies of mosquito controls. The Wolbachia strain known as wMelPop can
halve the lifespan of adult mosquitoes so that the mosquitoes will die before the completion of
their extrinsic incubation period [13, 22, 23]. The wMelPop-CLA strain can halve the lifespan
of adult mosquitoes and inhibit replication and transmission of some MBDs [24]. However,
two other strains (wMel and wAlbB) have little influence on the lifespan of adult mosquitoes
which contributes to the success of population replacement. Thus they can act as a ’vaccine’
to prevent the mosquitoes from replicating and transmitting dengue viruses [14, 12, 25].

At present, Wolbachia strains as potential agents for the biological control of pathogen
transmission have drawn attention from both biological and mathematical researchers. Since the
first successful open augmentations (releases) of wMel -carrying mosquitoes in Yorkeys Knob and
Gordonvale, Australia, in 2011 [15], mosquitoes implanted with different Wolbachia strains have
been released to block the spread of dengue virus in other countries. For example, wMelPop-
and wMel -carrying mosquitoes are augmented into natural populations in Tri Nguyen Island,
Vietnam. At first, the experiment failed in April 2013 but was successful in May 2014 [26].
wMel -carrying mosquitoes were used in augmentations in the north of Rio de Janeiro, Brazil,
in September 2014. Releases also began in Niteroi, Brazil, in August 2015 [27].

There have been several modelling studies investigating the population dynamics of natural
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and Wolbachia-carrying mosquitoes, including discrete time models [28, 29, 30], continuous
time ordinary differential equation models [31, 32, 33, 34], continuous time partial differential
equation models [35, 36, 37, 38], stochastic dynamical models [39] and impulsive differential
equation models [40, 26, 41]. The spread of Wolbachia, and how Wolbachia strains can affect
the transmission of dengue disease has also been investigated [42, 43]. Haygood et. al. [30]
developed both deterministic and stochastic models to analyze the evolutionary consequences
of incompatibility in a sub-divided host population. They revealed that if population density
is regulated locally, variation among patches in infection frequencies may induce change in the
relative frequencies of the strains, and whether this change favours stronger incompatibility
depends on the initial frequencies. Farkas et al. [31] studied the competition between mutually
incompatible Wolbachia strains and developed an age-structured model with different fertility
and mortality rates at different stages of the mosquitoes’ life cycle. Zheng et al. [34] developed
a delay differential equation model and proved that there exists a threshold for the success
of Wolbachia invasion. Then they investigated the relationships of the minimal releasing of
infected mosquitoes and the waiting time (the first time when the ratio of Wolbachia infected
to total mosquitoes reaches 95%) with a time delay, and the waiting time in relation to the
sex ratio of the released populations. Zhang et al. [40, 26, 41] developed impulsive differential
equation models to investigate the effects of birth-pulse, different density-dependent death rates
and different mosquito augmentations on the success of population replacement and suppres-
sion. An epidemic model with the presence of Wolbachia and seasonal forcing in the mosquito
population was proposed to explore how the augmentations of Wolbachia-carrying mosquitoes
affect human dengue cases in [44]. Farkas et al. [45] introduced sex-structured models with CI
and male killing for the spread of Wolbachia in mosquito population, and extended the model
to incorporate West Nile virus (WNv) dynamics among birds and mosquitoes by using an epi-
demic modelling approach. A basic reproduction number was computed for the WNv infection.
The results suggested that, if the mosquito population consists mainly of Wolbachia-carrying
individuals, WNv eradication is likely if WNv replication in Wolbachia-carrying individuals is
sufficiently reduced.

In practice, Wolbachia-carrying mosquitoes are not necessarily augmented with identical sex
ratio in some field trials, so it is important to explore the effects on population suppression or
replacement of Wolbachia-carrying mosquito releases with different sex-ratios. The most severe
outbreak of dengue disease in Guangzhou in China occurred in 2014, with more than 47,000
reported cases [46, 47, 48], so Wolbachia-carrying mosquitoes were released in Shazai Island,
in Guangzhou by two separate procedures since Mar. 12, 2015 to fight against dengue disease.
First, only Wolbachia-carrying male mosquitoes were released three times a week, with about
70, 000 − 100, 000 mosquitoes involved each time, to significantly reduce the density of female
mosquitoes (population suppression). Next Wolbachia-carrying female mosquitoes were to be
released for population replacement [48]. Note that not all the releases of Wolbachia-carrying
mosquitoes succeed in suppressing or replacing the target population in open field trials [49].
Experience following the outbreak of Zika virus in Brazil provides an indirect evidence for the
failure of open releases [50]. In addition, whether the strategy of population suppression or
replacement is chosen has partly to do with costs. Unlike the replacement approach, the sup-
pression approach is more expensive because it involves sorting males from females in the lab
and requires sustained release of males [19]. We are therefore focusing on the second approach
in this work. Clearly, it is essential to study how Wolbachia-carrying mosquito releases with
different sex-ratios affect the dynamics of the mosquito population. Even though there have
been many studies on the dynamics of population replacement and suppression, the appropriate
threshold conditions to guide a successful practice remain unclear. Therefore, we developed a
mathematical model to investigate how non-identical sex ratio releases of Wolbachia-carrying
mosquitoes and specific parameter spaces affect the success of population suppression or re-
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placement. We will consider a series of relevant issues such as (a) whether or not mosquito
augmentation can ensure the success of population replacement? (b) If not, what are the pa-
rameter regions for the success or possible success of population replacement? (c) How does
the initial density of natural mosquitoes and the quantity of mosquito augmentation affect the
success of population replacement? (d) Whether or not all population replacements are effective
in reducing the spread of dengue virus in the end? The results of this study will be helpful for
public health authorities in designing proper plans on mosquito augmentation for the control
of dengue transmission.

The paper is organized as follows. First, in Section 2, we develop a deterministic math-
ematical model to investigate how releases of non-identical sex-ratios of Wolbachia-carrying
mosquitoes affect the success or failure of population suppression or replacement. In Section 3,
we investigate the existence and stability of equilibria of the system, and prove the existence
of forward and backward bifurcation. Then we give some numerical simulations and sensitivity
analysis. In the final section, some discussions and conclusions are given.

2. Model formulation

Mosquitoes pass through four stages in their life cycles: egg, larva, pupa and adult, and the
densities of each stage may have different dynamics. For convenience, the first three aquatic
stages (egg, larva and pupa) are treated together as one stage termed larvae or aquatic (L).
Then Wolbachia-free (or natural) mosquitoes are divided into aquatic female (LNF ), aquatic
male (LNM), adult female (FN) and adult male (MN). Similarly, we divide Wolbachia-carrying
mosquitoes into aquatic female (LWF ), aquatic male (LWM), adult female (FW ) and adult
male (MW ). Denote NL = LNF + LNM + LWF + LWM . Wolbachia is mostly passed from
Wolbachia-carrying adult females to their offspring with a probability τ ∈ (0, 1]. The effect of
the CI mechanism results in zygotic death of potential offspring with a probability q ∈ [0, 1]
when a Wolbachia-carrying male mosquito mates with a Wolbachia-free female. di (or d̃i),
i = 1, 2, 3, 4, denote the natural death rate of the corresponding female (or male) aquatic and
adult populations, respectively. βi (or β̃i) and δi (or δ̃i), i = 1, 2, denote the maturation rate
and the density-dependent death rates of corresponding female (or male) aquatic populations,
respectively. The natural birth rates of Wolbachia-free and -carrying mosquitoes are denoted as
b̃1 and b̃2, respectively. ηi (i=1,2,3) denote the proportions of female offspring of Wolbachia-free
females and of Wolbachia-carrying females with and without maternal inheritance, respectively.

It follows from numerical analysis (Figures 8, 10 and 11) in [41] that by decreasing the
release period and increasing the release amount of mosquitoes, it is easier and faster to realize
the strategy of population replacement. It indicates that sufficient release amount with high
frequency is beneficial to the success of population replacement and then to dengue control. In
practice, when mosquito clusters spring up, even along with the outbreak of dengue disease,
we desire the successful control of mosquito population, such as the success of population
replacement, within a short time. In this situation, it requires more amount of mosquito releases
with more frequency, such as in each day, to control mosquito population, so we involve the
daily average release quantities of Wolbachia-carrying females and males, which are denoted as
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θ1 and θ2, respectively. By extending from [32, 34], we have the following model:




dLNF

dt
= η1b̃1FN(1− qMW

MN +MW
) + η3(1− τ)b̃2FW − β1LNF − d1LNF

− δ1LNFNL,
dLNM

dt
= (1− η1)b̃1FN(1− qMW

MN +MW
) + (1− η3)(1− τ)b̃2FW − β̃1LNM

− d̃1LNM − δ̃1LNMNL
dFN

dt
= β1LNF − d2FN ,

dMN

dt
= β̃1LNM − d̃2MN ,

dLW F

dt
= η2τ b̃2FW − β2LWF − d3LWF − δ2LWFNL,

dLW M

dt
= (1− η2)τ b̃2FW − β̃2LWM − d̃3LWM − δ̃2LWMNL,

dFW

dt
= β2LWF − d4FW + θ1,

dMW

dt
= β̃2LWM − d̃4MW + θ2.

(1)

Since only adult female mosquitoes bite and transmit dengue virus, we focus on the dynamics
of aquatic and adult female mosquitoes. For system (1), denote ηi = 1/2, (i = 1, 2, 3), bi = b̃i/2,
βi = β̃i, (i = 1, 2) and dj = d̃j, (j = 1, 2, 3, 4). Then the ratio of Wolbachia-free male and female
mosquitoes is approximately 1 : 1 after several generations since system (1) will tend to a stable
state, so we assume that the densities of Wolbachia-free males and females are identical, i.e.,
FN = MN . In this paper, we aim to study the effects of Wolbachia-carrying mosquito releases
with different sex ratios on the densities of natural mosquitoes during their outbreak season.
Hence, we assume that there is no competition among the aquatic, i.e, there is a suitable
environment for their development, such as abundant nutrition, temperature and humidity.
Then we can disregard the effect of density dependence among aquatic, i.e., δi = δ̃i = 0, (i =
1, 2). Therefore, system (1) can be simplified to:





dLNF

dt
= b1FN(1− qMW

FN +MW
) + (1− τ)b2FW − β1LNF − d1LNF ,

dFN

dt
= β1LNF − d2FN ,

dLW F

dt
= τb2FW − β2LWF − d3LWF ,

dFW

dt
= β2LWF − d4FW + θ1,

dMW

dt
= β2LWF − d4MW + θ2.

(2)

The definitions of variables are the same as for system (1). The definition of parameters
and the ranges of their values are shown in Table 1. It can be verified that for system (2)
without the introduction of Wolbachia-carrying mosquitoes, there exists a stable (or unstable)
equilibrium (0, 0) provided that d2 > b1β1/(β1+d1) (or d2 < b1β1/(β1+d1)), which indicates the
success (or failure) of population suppression. In the following, we mainly study the existence
and stability of equilibria and bifurcation analysis of system (2).

3. Results

3.1. The existence of equilibria

Equilibria of system (2) are nonnegative roots of the algebraic equations obtained by setting
the right hand side of system (2) equal to zero. By simple calculation, equilibria of system (2)
satisfy the following equations:

FN =
β1LNF
d2

, FW =
β2LWF + θ1

d4

,MW =
β2LWF + θ2

d4

.

Then we obtain the interior equilibria of system (2) as follows

E∗i =

(
L

(i)
NF ,

β1L
(i)
NF

d2

, L∗WF ,
β2L

∗
WF + θ1

d4

,
β2L

∗
WF + θ2

d4

)
, i = 1, 2,
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