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Abstract

There is a growing interest in applying finite volume methods to model solid me-
chanics problems and multi-physics phenomena. During the last ten years an in-
creasing amount of activity has taken place in this area. Unlike the finite element
formulation, which generally involves volume integrals, the finite volume formula-
tion transfers volume integrals to surface integrals using the divergence theorem.
This transformation for convection and diffusion terms in the governing equations,
ensures conservation at the local element level. This is seen as a major attraction

for finite volume methods.

The research presented in this thesis details the development of a cell vertex based fi-
nite volume formulation for complex analysis like geometrically nonlinear modelling
and plate analysis. For both geometrically nonlinear and plate analysis a series of
simulation results are presented and are compared with conventional finite element

results.

Further research has been carried out to solve stress problems in multi-physics phe-
nomena using a Computational Fluid Dynamics(CFD) frame-work. This approach
has the advantage in that it uses the similarities between fluid and solid momentum
equations to introduce some modifications in a CFD code that allows a complete
CFD solution procedure to be used for the simultaneous calculation of the velocity,
temperature and displacement variables. The results of this integrated approach

are compared with results obtained by using techniques which solve the problem by
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using two solvers (one for solid regions, one for fluid regions).

In summary, the novelty of the research detailed in this thesis is:

e Finite volume formulation for elastic large strain analysis. Comparison of this

approach with traditional finite element techniques:

— Cell-vertex finite volume method is as accurate as finite element approach

but slower in solution time.

¢ Finite volume formulation for structural plate analysis. Comparison with tra-

ditional finite element method:

— Novel finite volume approach is as accurate as finite element approach.

— Does not display locking problems (observed with finite element methods)

and is comparable in solution times.

e Formulation of an integrated CFD solver for coupled flow, heat transfer and

stress calculations. Comparison with a 2-solver approach:

— Integrated approach is much faster and substantially less memory inten-

sive than 2-solver approach.

Comparisons between the new formulation and traditional approaches are made in

terms of accuracy and solution speed.
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Chapter 1

Introduction

The Finite Difference Method(FDM) was widely used in continuum physics be-
fore the advent of computers. Using a finite difference approach, the problems
are discretized in conjunction with a Taylor series approximation. The diagonal
dominant system of algebraic equations thus formed is solved by suitable numer-
ical solvers. This early technique had limited success for solving Computational
Solid Mechanics(CSM) problems compared with other methods such as the Finite
Element Method(FEM). The most important reason, was the difficulty of applying
these techniques to irregular geometries in a simple manner [1, 2]. The finite element
method has firmly established itself as the pioneering approach for the CSM prob-
lems. The Finite Element(FE) discretization approach is well suited to unstructured
meshes for modelling of problems involving irregular geometries. The FDM received
a renewed interest when associated with a control volume. This was a ground break-
ing step in discretization methods, as the method originally had the appearance of a
FDM but employed some of the typical conventions of a FEM. This was the initial
step in the creation of a new concept of discretization under the heading of Finite
Volume Methods(FVM). The Finite Volume(FV) technique enforces conservation of
the governing physics over the designed control volume as described by Patankar (3]
and Hirsch [4]. Today, the FVM is the most common discretization technique used

within the Computational Fluid Dynamics(CFD) community. The FVM applica-
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tion for CSM problems is in its early stage of developments|2, 5, 6, 7, 8] and for
many solid mechanics applications it is still under the development as indicated by

the research presented in this thesis.

The research undertaken in this project consists of three applications of the FVM
for the C'SM problems. The following sections describe these applications with par-

ticular regard to the above mentioned numerical techniques.

1.1 Geometrically nonlinear(GNL) problems

With the introduction of stronger, light weight and more flexible synthetic materi-
als. geometrically nonlinear analysis of civil, structural and mechanical engineering
applications and industrial components has become essential. In small deformation
based analysis (geometrically linear analysis), the equilibrium equations are for-
mulated with respect to the undeformed known configuration where the deformed
shape and undeformed shape are assumed the same in setting up the governing
equilibrium equations. In some practical situations such assumptions fail and the
difference between undeformed shape and deformed shape is significant and must
be taken into account. In this situation the load deflection characteristics are af-
fected by geometry changes caused by the loading. When deformation is dependent
on the unknown deformed geometry, it means the structural response is nonlinear
whether or not the material behaviour is linear. In other words, if an applied load,
P, causes a displacement response, u, the displacement response corresponding to
load aP, where « is a constant, is no longer cwu. This type of nonlinearity is called

geometrical nonlinearity.

The GNL analysis may be formulated in either a Total Lagrangian or an Eulerian co-
ordinate system, the former is in terms of the initial configuration and the latter is in

terms of the final deformed configuration. Computationally, an Eulerian formulation



is strictly an Updated Lagrangian approach 9], where the reference configuration
becomes the current equilibrium state prior to some incremental change. The Total
Lagrangian approach offers advantages since the initial configuration remains as a

constant reference configuration which simplifies formulation and computation.

While the GNL analysis by the finite element method, as mentioned above, started
in the 1960’s [10, 11]. the literature on applications of the finite volume technique
to these problems is very limited. Currently Maneeratana et al. [12] and Wenke
et al. [13] have adopted Cell-Centred Finite Volume(CC-FV) approach to analyse
these problems. The method discussed here differs from previous reported works as
it uses the Cell Vertex based Finite Volume(CV-FV) method as discussed by Fallah
et al. [14. 15].

1.2 Small deformation of plate

The subject of bending of plates and indeed its extension to shells was one of the
first to which the finite element method was applied. At that time various difficulties
that were to be encountered were not fully appreciated and for this reason the topic
remains one in which research is active to the present day. Plates and shells are
a particular form of a three dimensional solid, the treatment of which presents no
theoretical difficulties, at least in the case of elasticity. However, the thickness of
such structures is very small when compared with the other dimensions and complete
three dimensional numerical treatment is expensive. To ease the solution of such
problems, even long before numerical approaches became possible, several classical

assumptions regarding the behaviour of such structures were introduced as follows:

e The normal stress through the thickness (i.e. perpendicular to the mid-surface)

of the plate is zero.

e Material particles that are originally on a straight line perpendicular to the



mid-surface of the plate remain on a straight line during deformation.

In thin plate theory, which is based on assumptions formulated by Kirshhoff in
1850 [16], shear deformations are neglected and the straight line remains perpen-
dicular to the mid-surface during deformation. In the Reissner/Mindlin plate the-
ory [17. 18] shear deformations are included and, therefore the line originally normal
to the mid-surface in general does not remain perpendicular to the mid-surface dur-

ing the deformations.

Figure 1.1 illustrates deformation of a cross section of a plate with or without shear
effects. In both theories the direct stresses in the normal direction of mid-plane are
small and hence direct strains in that direction can be neglected. In the thin plate
theory it is possible to represent the state of deformation by the lateral displacement
w of the mid-plane of the plate. To ensure that the plate remains continuous and
does not kink at nodes on element interfaces, it will always be necessary to use both
the values w and its slopes to impose continuity. The first finite element procedure
developed to model thin plates in bending was based on the Kirshhoff plate the-
ory [19]. The difficulties in these approaches are that the elements must satisfy the
convergence requirements and be relatively effective in their applications. A great
deal of research was spent on the development of such elements [20, 21, 22]; however,
it was recognized that more effective elements can frequently be formulated using

the Mindlin/Reissner plate theory [23, 24, 25, 26].

The early work of applying finite volume to plate analysis was published by Demirdzic
et al. [27]. In that work the authors applied 8-noded brick elements for discretiza-
tion. Work by Wheel [28] is based on the Mindlin/Reissner plate theory, he showed
the non locking behaviour of the finite volume formulation for thin plate analysis.
The work presented in this thesis differs from that previously undertaken as again

it uses the vertex based finite volume method. It also compares this approach with

the traditional finite element method.



Neutral plane..--

(a) Deformations excluding shear effect (Kirshhoff plate theory)

(b) Deformations including shear effect (Mindlin plate theory)

Figure 1.1: Shear effects assumptions.
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1.3 Coupled problems

Frequently two or more physical systems interact with each other where the indepen-
dent solution of any one system cannot be made without the simultaneous solution
of the other. Such systems are known as coupled systems. A definition of coupled
systems may be generalized to include a wide range of problems and their numerical

discretization as [29]:

"Coupled systems and formulations are those applicable to multiple do-
mains and dependent variables which usually, but not always, describe

different physical phenomena and in which:

(a) Neither domain can be solved while separated from the
others;
(b) Neither set of dependent variables can be explicitly elimi-

nated at the differential equation level.”

In some problems coupling occurs on domain interfaces via the boundary condi-
tions imposed there. Generally each domain describes different physical situations.
Fluid-structure interaction is an example of this type [30]. In other types of prob-
lems coupling occurs through the differential governing equations describing different
physical phenomena. Metal extrusion can be an example of this type of coupling
where the plastic flow is strongly coupled with the temperature field while the same

time the latter is influenced by the heat generated in the plastic flow.

The general approach to solving coupled systems, especially those involving both
fluids and solids is to use two solvers, one for fluids (based on CFD(FV) methods),
the other for solids (based on FE methods). This involves integrating results from

two codes which is very time consuming and prone to errors.



Demirdzic et al.[31] have developed a cell centred finite volume based formulation
for solving coupled problems. In their approach they assembled and solved equa-
tions of different part of the model turn by turn by passing information accross
interfaces as boundary conditions. Spalding [32] has developed an approach where
the solid region in the model can be analysed simultaneously with the fluid part
of the model in a single CFD framework. This idea is based on the existence of
similarities between the Navier-Stokes equations for flow and the solid momentum
equations. \While the idea is novel and simple, its implementation depends on the

features of the CFD code being used.

The research described in this thesis (chapter 6) has essentially extended this single
CFD framework for solving fluid flow, heat transfer and stress using an unstructured
mesh solver within the PHYSICA [33] modelling framework. This is different from

work previously reported in this area.

1.4 Scope of the thesis

The main aim of this research is to provide novel developments of cell vertex based
finite volume modelling technique in solid mechanics analysis. The novelty of this

work 1s:
e Application of finite volume technique to GNL analysis.
e Application of finite volume technique to small deformation of plate analysis .
e Simultaneous analysis of coupled problems in a CFD framework.

A novel finite volume continuum mechanics based approach is developed for the GNL
formulation where Total Lagrangian reference frame is adopted. In this method,
there is no restriction on magnitude of the deformation quantities. The stress and

strain relation is assumed linear and the formulation is applicable for two and three



dimensional modelling. Constant strain triangular elements and bilinear quadrilat-
eral elements are used for the two dimensional analysis and trilinear hexahedral or
brick elements is used for three dimensional modelling. Plane strain and plain stress

assumptions are both considered in the formulations.

To provide an in-house resource as a need for comparing the results with the fi-
nite element predictions a finite element code was also been developed with the
same capabilities of finite volume code in solving GNL problems. Some bench-mark
test cases are presented which demonstrate the behaviour and the accuracy of two
and three dimensional elements for the GNL applications using both FV and FE

procedures.

Finite volume based formulation for plate structures is another goal of this work.
The plate deformation is assumed small enough, which allows us to apply the small
deformation theory of plates. Mindlin/Reissner plate theory is applied in the for-
mulation because, as in the finite element formulation [23], it provides simplicity
in element formulation using the cell vertex based finite volume method. Bilinear
quadrilateral elements are used in the discretization. As with the GNL analysis, a
finite element code has also developed in parallel with the finite volume code. Since
the finite element code with quadrilateral elements ”locks” in thin plate analysis, a
mixed interpolation technique [23] is used in the finite element code for enriching the
finite element code capabilities in thin plate analysis situations. The results of some
test cases demonstrate the finite volume capabilities in plate analysis. Using a finite
volume procedure, the nonlocking behaviour in thin plate analysis is demonstrated.
The finite element method displays locking for these examples and requires mixed

interpolation technique to overcome this.

The third goal of this research is the analysis of coupled problems using a CFD

frame work without making major changes to the structure of the CFD code. The



coupled problem of interest in this thesis is illustrated in Figure 1.2. This type of
problem involves stress-flow-thermal effects simultaneously in a multiphysics man-
ner. This type of example is typical of a chip on a printed circuit board where heat
1s generated in the solid part of the model (chip) because of its performance and
the temperature distribution becomes stationary by cooling from the surrounding
air flow. The traditional way for solving this type of problem is based on calculating
the temperature and air flow distribution over the whole field using a CFD code
and thereafter using an appropriate stress solver for calculating stress in the solid
part of the model. This method treats the problem in a decoupled manner. In
this research we are interested in solving the whole domain simultaneously by using
a single CFD solver to predict the velocity field in the fluid region, temperature
throughout the whole domain and displacement field in the solid region at the same
time. As mentioned before, the idea is based on the similarities between the fluid
and solid momentum equations. This idea has been implemented in this thesis. The
PHYSICA multiphysics package has been used and some necessary modifications
for imposing the solid equations has been made. The simulation results show this
technique is very cost effective in terms of memory usage and CPU time, compared

to the method where different solvers are used for the fluid and the solid parts.

—_— = =

B — R ——

R —
Cooling flow

e ==

T e

Solid block with heat source

Figure 1.2: Heated solid block with cooling flow



1.5 Layout of the thesis

Chapter 2:  Chapter two provides the foundation for the developments pre-

sented in chapter four. five and six. In this chapter the governing equations for
the large deformation are described. Different definitions related to the large strain
concept are explained. When deformation breaks through the small strain barrier
(5%) the body is deformed and displaced considerably, so careful attention should be
taken in the stress definition. This chapter also includes different stress definitions

in both the Eulerian and Lagrangian frame works.

Chapter 3: Chapter three discusses different discretization techniques for

the finite volume approach and includes properties of elements applied in the thesis.

Chapter 4: Chapter four provides a comprehensive discussions of geomet-

rically nonlinear problems. The generic formulation for analysis of this type of
nonlinearity is presented and will show the fundamental difference between Bubnov-
Galerkin finite element method and finite volume method. Based on the provided
formulations some standard elastic test cases in static situations are analysed by

both FEM and FVM.

Chapter 5: Chapter 5 provides the FV formulation for the plate analy-

sis. Reissner/Mindlin plate theory is the basis of these developments. Some test

cases are studied which reveal the free locking behaviour of finite volume method in

thin plate analysis.

Chapter 6: This chapter includes a new scope of finite volume application

for solid mechanics problems. This chapter presents discussions for enhancing the
capability of a CFD code for analysis of stress-flow-thermal coupled problems. Some

test cases involving pure solid problems and multiphysics problems are analysed.

10



Chapter T7: Finally chapter 7 provides the conclusions and suggestions for

future research.

11



Chapter 2

Mechanics of Solids

A review of some of the basic concepts of continuum mechanics which are required
in the formulation and numerical analysis presented in subsequent chapters is nec-
essary. The fundamental issues related to the kinematics, stress and equilibrium
equations for solid materials are briefly addressed. This chapter consists of three
main sections. In the first section the motion of a continuum body and the ex-
pressions for different strain and deformation measures are presented. The second
section details different stress measures in terms of the initial and current configu-
rations of the body. Finally the third section deals with the equilibrium equations

using the principle of momentum .

2.1 Kinematics

Describing the motion of a deformable body requires knowledge of ”where it is” and
”where it was” (Figure 2.1). The description used depends on initial configuration

at time ¢ = 0 or current configuration at time ¢. There are two main classes for

describing the motion of a continuum.

e Lagrangian or Material description
In this method all behaviour is described in terms of the initial particle co-

ordinates X at time ¢ = 0. Then ”where the particle is” is given in terms of

12



Configuration at time t

Configuration at time t=0

Figure 2.1: Motion of a deformable body

“"where it was” as:

x = g(X,1) (2.1)

Where X and x are the position vectors of a particle in the initial and the

current configurations respectively.

e Fulerian description
In this method all behaviour is presented in terms of the current position of a
particle at time ¢, hence ”where the particle was” is given in terms of ”"where
it is” as:

X =G(x,1) (2.2)

The Lagrangian description seems to be the more suitable one in elastic solids [34]

where there is usually a natural undeformed state to which the body would return

13



when it is unloaded. But the equations of motion, or equilibrium equations, must be
satisfied in the deformed or contemporary configuration and stress is therefore de-
fined in the deformed configuration. The Lagrangian approach is not generally used
in fluid mechanics as it leads to more cumbersome equations [35]. This is avoided
by using the Eulerian approach for fluids. For solids, the Lagrangian approach is

usually adopted especially in small strain analysis.

2.1.1 Finite Deformation and Finite Strain

In finite deformation analysis based upon the different description methods of de-
formation. various measures for the deformation and strain are possible. Since the
deformaton gradient tensor, F, is the key variable for the description of the defor-

mation and strain measures, before going ahead, this tensor is presented first.

2.1.2 Deformation gradient tensor

The deformation gradient tensor is defined as the derivative of the mapping g as:

0x
F = X (2.3)

It enables an elemental vector of dx, see Figure 2.1, to be obtained in terms of initial

vector of dX as:
dx =F .- dX (2.4)

Or inversely:
dX =F!.dx (2.5)

The cartesian components of F would be:
0
0X;

Where in the three dimensional case can be presented in a matrix form by:

Fi; = (2.6)




f X Initial position
X3' 73 |
x Final position
P " P
X
X
X
XM

Xy %

Figure 2.2: Initial and current position of particle P

With regards to relation of x and X from Figure 2.2:
x = X+ u(Xy, Xy, X3,1) (2.8)

tensor F can be expressed in terms of derivative of displacement components u as:

Ou, Ou Ou ouy ouy Juy
80X, + 1 0Xo 9X3 1:2.¢! 0X2 0OXs 100
— Juy Ouy Juy — Ougy Ouz Oup =—H4+1I
F oX1 0X2 + 1 0X3 oxX, 8Xe 0X3 + 010 +
Ouy Oug Ous +1 duj Ouz Bus 0 0 1
i 8X1 0X2 8X3 ] | X1 0X2 08X3 i ]
(2.9)

Where H is displacement derivative matrix and I is identity matrix. The deforma-

tion gradient matrix F contains information about the:

e Volume change,

e Rotation,

e Shape change due to straining,

which will be explained in detail later and hence can lead us to strain measures.

15



2.1.3 Green-Lagrange and Almansi strain tensors

If the material vector dX with length of dL is deformed to associated vector dx
with length of dl. the strain tensors are defined so that they give the change in

the squared length of the material vector dX. Green-Lagrange strain tensor E is

defined [36] as:
(dl)* — (dL)* = 2dX -E-dX (2.10)

The Almansi strain tensor E*, also called the Eulerian strain tensor, is defined [36]

as:
(d)? — (dL)? = 2dx - E* - dx (2.11)
Where:
(dl)?* = dx - dx (2.12)
(dL)* = dX - dX (2.13)

bv substituting of equations (2.4),(2.5) into two latter equations:
(d)2=dX-FT.F.dX=dX  (F'-F)-dX (2.14)

(dL)? =dx-(F )T .Fl.dx=dx [(F)" -F'] dx (2.15)

The quantities, (dl)? and (dL)?, can be calculated by use of tensor C, the Green
deformation tensor [34], and B~!, the Cauchy deformation tensor [34], which are

defined as:
(dl)? =dX-C-dX (2.16)

(dL)? =dx-B™'-dx (2.17)

By comparing equations (2.10),(2.11) and (2.16),(2.17) we obtain the following re-

lationship between the deformation tensors and strain tensors:
2QE=C-1 (2.18)

oF*=1- B! (2.19)
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Where T is the identity tensor. Comparing equations (2.14),(2.15) and equations
(2.16).(2.17) gives that:
C=FT.F (2.20)

B'=FH . .r! (2.21)

So strain tensors can be rewritten as follows:

E = %[FT F -1 (2.22)
E* = %[I —(FHT.F (2.23)

For comparison with the small strain tensor, by using equations (2.7) and (2.8), the
Green-Lagrange strain tensor E is expressed in terms of the displacement derivatives

as follows (in the initial configuration):

Gu L(2)? + (882)% + (32)?)
€22 3—}% s((5%)7 + (532) + (5%2)7)
O T N P o
u u u Ju du du Ju ou
€12 sl + 5% (5 (5%) + G (E) + GR(58)]
u U u u u du ou ou
a || MEE || @G - GRE + GER)
U u u U ou du ou ou
e | A2+ 2] [ EER)ER) +HGRIGR) + (a—x%)(‘zﬁi();é )
Or in index form:
1. Ou; an 1 Buk Buk
o= ! = — 2.25
By =3lax, * ax,) " 20%, ax, (2:25)
By use of equation (2.7) and the following equation:
X =x — u(zy, z2, 3, 1) (2.26)
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The Almansi strain tensor E* can also be expressed in terms of the displacement

gradients as follows (in the current configuration):

h i I (¢ - S €= LR = L B
s $((24)? + (22)? + (22)?)
me_ | B S - 5((32)° + (§2)? 4 (44)?)
| alam T || BIEER) - (G35 + (3)(38))
st || alE SR | (3G + GG + () (58]
Len” | [ slER el ] [ a3 + (52)(52) + (g—zgx%;g)(] L
2.27
Or in index form:
By = 124 y Ousy  10us Ouy (2.28)

YT 2'9x; ' Oz 20z O,
It is noticeable in equations (2.24), (2.27) the first bracket is a linear function of the
displacement derivatives and shows the small strain vector and the second bracket,
which contains squared displacement derivatives, appears only in large deformation

analysis and is negligible in small strain problems.

2.1.4 Stretch and Angle change

Stretch or stretch ratio is denoted as ;—}J where dL is length of element dX in un-

deformed configuration and di is length of element dz in deformed configuration.
We denote the stretch of the element whose initial direction is N by A(y) and the
stretch of the element whose current direction is n by A¢,). By dividing equation

(2.16) and (2.17) by (dL)? and (dl)? respectively, we obtain:

dX
A(N)2 =N-C-N where N = _df (229)
d
! -=n-B7'-n where n = E};— (2.30)

A(n)
It is obvious that the stretch of the element initially parallel to the axis of X; for

which N has components (1,0,0) is denoted by A is given by:
A(1)2 == Cu == 1 + 2E11 (231)
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While the stretch of the element currently parallel to the axis z; denoted by A1) 18
given by

1
——— =B =1-2E* 2.32
/\(1)2 11 11 ( )

Equations (2.31) and (2.32) show that diagonal components of tensor C and tensor
B! in the rectangular cartesian are positive and the diagonal elements of E must

be greater than —‘2—1 and those for E* must be less than %

If cos(ny.ny) denotes the cosine of the angle between elements dx; and dx, cor-
respond to two material elements dX; and dX, respectively in the undeformed

configuration, then:

dX1 : dX2
1 2

(X, - FT] - [F - dX,]
J/idX; C.dX../dXz . C dX;
dX; - (FT - F) - dX, _ N;-C-N,
|dX;|v Ny - C-N;|dX3|v/N2-C - No Ay - Aoy

Let 012 denote the angle between the deformed elements which were initially par-

(2.33)

allel to the X; and X, cartesian axes. Then N; has components (1,0,0), No has

components (0.1,0) and

2E,

\/(1 + 2E;1)(1 4 2E9) (2:34)

coslio =

This equation indicates in general the angle change (shear deformation) not only
depends on the shear components of the finite strain tensor but also depends on the

stretches of the elements involved, thus different to the small strain case.

2.1.5 Surface change and volume change

Referring to Figure 2.3 an initial surface dS, with sides of dX,, dX; being moved to

a deformed surface ds with sides of dx,, dx;, we have:
dA, = dS,N = dX, x dX,; =

19
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Figure 2.4: Change of volume during the deformation

1
F_l ) dxa X F_l : de = 7FT . (dxa X de) =

1 1
_FT —- T . .
—FTndS = ~F" - dA (2.35)

Where J is determinant of the deformation gradient F. Equation (2.35) is known
as Nanson's formula. Figure (2.4) shows an infinitesimal volume element in the
undeformed configuration with sides parallel to the cartesian axes given by dX;, dX,

and dX3. The elemental material volume dV,, is given as:
dV, = dX1dXod X3 (2.36)

In order to calculate the corresponding deformed volume dV' in the spatial configu-

ration, the corresponding deformed sides are:

ox

dx1 =F- dX1 = —a')Tldxl (237)
ox

dX2 =F- dX2 = 8—)(;dX2 (238)
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9
dxs =F - dX, = %dxf, (2.39)
3

The triple product of these vectors gives the deformed volume dV as:

o0x o0x ox

dl” = dx; - (dxy x dx3) = EAVE (8\’2 * 8X3)

dX1dX,d X5 (2.40)

The above triple product is the determinant of F so equation (2.40) gives the de-

formed volume in terms of the Jacobian J as:
dV"=JdV, ; J= det[F| (2.41)

With regards to above discussion the mass element can be expressed in terms of the

initial and current parameters as:
dm = p,dV, = pdV (2.42)

Where p, and p are initial and current density respectively. Substitution of equation

(2.41) into above equation, gives:
Po = pJ (2'43)

The equation (2.43) is referred to as the conservation of mass or continuity equation.

2.2 Stress

The stress definition can be affected by significant changes in initial configuration
caused by finite (large) deformation . There are some stress definitions which can
be transformed to each other. The main difference between them is that some of
them refer to the initial configuration and the others refer to the current deformed

configuration. In this section the following stress definitions will be presented:

e Cauchy stress.

e The first Piola-Kirchhoff stress.
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e dP

deformed configuration

undeformed configuration

Xy %

Figure 2.5: Undeformed/deformed configurations and acting forces

e The second Piola-Kirchhoff stress.

Because the internal energy (or deformation energy) corresponding to a deformed
body is independent of the type of stress measure that is used in the calculation,
each stress definition conjugates to the associated strain measure. This relation
between stress and strain is called work conjugacy [37]. The Cauchy stress tensor,
o. is defined as a function of the spatial coordinate x and is a symmetric tensor.
When we use material coordinate system for strain definition (i.e. Green-Lagrange
strain) we also need to express the associated stress as a function of X. The first
and the second Piola-Kirchhoff stress tensors both refer to the initial configuration.
The first Piola-Kirchhoff stress tensor T° gives the actual force dP which acts on

the deformed area d.S but it is measured per unit of the undeformed area dsS, at X.
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With reference to Figure 2.5 the force vector dP can be calculated as:
(N-T°)dS, = dP = (n- o)dS (2.44)

The second Piola-Kirchhoff stress tensor & is formulated somehow differently. In-
stead of the actual force dP on dS it gives a force dP related to the force dP in the

same way that a material vector dX at X is related to the corresponding spatial

vector dx at x. That is :
dP =F~!.dP the same as dX =F!.dx (2.45)
Where F = 2% and:
(N-6)dS,=dP=F'.dP=F'.-(n-0)dS=(n-o) - (F1)TdS  (2.46)

The Piola-Kirchhoff stress tensors are sometimes considered as pseudo-stress tensors

and we can define pseudo-traction vector t° and t such that:
t°dS, = dP = tdS (2.47)
tdS,=dP =F"!.dP=F!.t°dS, =F ' - tdS (2.48)

t° is the force acting on the deformed area per unit undeformed area, while t is
the dot product of F~! into the force acting on the deformed area per unit of the
undeformed area. Substituting Nanson’s formula, equation (2.35), into equation

(2.44) gives:
(N - T°)dS, = JN-F'dS,- o0 =[N - (JF'.&)]dS, (2.49)
N is arbitrary unit normal vector so:
™=JF"' 0o (2.50)

Relation between the second Piola-Kirchhoff stress tensor and the other stress ten-

sors can be established. Starting from equation (2.46) and using the Nanson’s for-

mula gives:

(N-5)dS, = [N-JF - o (F)]dS, (2.51)
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Xy %y

Figure 2.6: Contemporary position of a body with acting forces

This equation is valid for arbitrary unit vector N so:

T

g=JF' o (F (2.52)

or by use of equation (2.50):

=T (F 1 (2.53)

While o and o are symmetric tensors, T° is asymmetric tensor [37].

2.3 Governing equations of motion

2.3.1 Eulerian formulation

A given mass of the medium, occupying a volume V, bounded by surface S and
acted upon by surface traction t and body force b per unit mass is shown in Figure

2.6. By applying Newton’s second law to a differential mass dm with volume dV,

we have:
dS obdV = _i ovdV 2.54
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Or in rectangular coordinates:

/S t,dS + /V pbidV = D% /V pusdV (2.55)

Where operator D% denotes material or substantial derivative, v is the velocity vector

and n is outward unit normal to boundary surface S. The external traction t can

be related to the Cauchy stress tensor o as:
ti = 0jiT; (256)

By using equation (2.56) the first term of equation (2.55) can be transformed into

a volume integral by using the divergence theorem:

/S tidS = /S oyimydS = [ 993 gy (2.57)

Hence the momentum balance takes the form:

0o iz D V;
/V [—&U{ + pb; — g’t )]dV =0 (2.58)
J

Because the volume V is arbitrary, at each point of continuum we have :

80’ji D(,O’Ui)
) b — ——2 =0 2.59

Or:
D(pv;) _ 0oy
Dt - 8.’17j

Equation (2.60) is called Cauchy’s first law of motion. In the case of static equilib-

+ pb (2.60)

. . . . . . . D pv)
rium. as is very common in solid mechanics analysis, the inertia force JDTZ is zero

and equation(2.60) reduces to :

80’ ji

ij

v -o+f=0 (2.62)
Where f is body force per unit volume.
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2.3.2 Lagrangian formulation

The Lagrangian form of equations of motion derives when initial configuration of
body is used as reference configuration. The instantaneous given volume V ini-
tially occupied volume 1}, bounded by initial surface S, is considered. By applying
the principle of momentum balance for acting forces upon current volume but are

measured per initial surface and initial volume, we have:

2
[ NS, + [ pbaav, = [ 0 Xa, (2.63)
So Vo v,  dt?

Where N is outward unit normal on initial boundary surface S, (Figure 2.5) and
T° is the first Piola-Kirchhoff stress tensor. Transformation of the surface integral
to a volume integral by the divergence theorem and the validity of equation for any

arbitrary volume 1,. leads to the equation of motion as:

oT?, d*z;
2 ° = pp—— 2.64

In the static situation the acceleration is zero, then the equilibrium equations are:

0

I b =0 2.65
Or:
v . TO + fO = 0 (2.66)

2.4 Closure

In the past sections different stress and strain measures were presented. Some of
them are defined in terms of initial undeformed configuration and the others are de-
fined in terms of current deformed configuration. Eulerian and Lagrangian equation
of motion were also presented. For the GNL analysis (chapter 4) the Lagrangian
equation of motion will be used. The second Piola-Kirshhoff and its conjugate strain

measure, i.e. Green-Lagrange strain, will be used in the formulation.
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In chapter 6, a CFD Eulerian frame-work will be used for both solid and cou-
pled problem analyvsis. Small strain will be assumed for solid and analysis will be
performed for steady state situations. It should be pointed out, equations (2.62)
and (2.66) are the same for small strain analysis since no distinction can be made

between deformed and undeformed configurations.
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Chapter 3

Finite Volume Method

An important step in solving the equations of motion is the discretization technique
used to represent space, time and approximate the governing equations. Replacing
the continuous field by a finite number of computational points of a numerical grid is
the space discretization. Equation discretization involves replacement of individual
terms in the governing equations by algebraic expressions connecting nodal values
on a finite grid. This transformation of the governing equations into an algebraic
svstem of equations involving the values of the unknowns at the mesh points, is the

basis of all numerical methods.

The FVM takes full advantage of an arbitrary mesh, therefore a large number of
possibilities are available for the definition of the Control Volumes (CV) used to
discretize the domain of interest. Since the spatial variation of dependent variables
is unknown, an assumption of their spatial variation should be made. For a dis-
cretization method which is numerically convergent [38], the error caused by those
assumptions is dependent on the size of the considered volume. By applying a finer
grid the result should converge to the exact solution. The accuracy of the numerical
solutions, the stability and the rate of convergence of the solution procedure depend

on the particular properties of the computational grid. Some desirable properties of

the grid are:
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Figure 3.1: Adjacent control volume

e The angle between the line connecting the centre of two adjacent control vol-
umes and normal vector of common face, the angle # in Figure 3.1, should be
as small as possible. Because by approaching to the orthogonal case, diffu-
sive fluxes in the direction normal to the connecting line(PA) reduces and this

improves the convergence and stability of the numerical solution.

e The concentration of control volumes should increase in regions where the spa-

tial variation of the dependent variables are higher.

Direct discretization of the integral form of the conservation laws ensures that basic
quantities like momentum and energy will remain conserved at the discrete level.
For the FV)M there is a number of possibilities for the control volume definition
on a given structured or unstructured grid. Usually these are divided into the two
main categories, called cell centred and cell vertex FVM. In the next section the

cell centred CV will be presented then in the section 3.2 the cell vertex CV will be

discussed.
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3.1 Cell-centred finite volume method

The cell-centred F\'M is very popular in CFD applications. In this case the depen-
dent variables, which are averaged values over the control volume, are stored at the

centre of C'V'. This type of C'V can be employed on both structured and unstructured

meshes which are explained in the following sections.

3.1.1 CFD type cell centred control volume structured mesh

Figure 3.2-a shows a two dimensional cell centred control volume over a structured
mesh where the control volume C, ; is designated over mesh cell ABCD. This type of
control volume is common in CFD modelling. To avoid the checkerboard problem [3],
the same control volume is used for all scalar variables, such as pressure, density,
temperature etc., but each velocity component has its own control volume, see Figure
3.2-b. Spalding used this type of cell centred control volume for the simulation of

multiphysics problems [32].

3.1.2 CFD type cell centred control volume unstructured

mesh

Figure 3.3 shows a two dimensional cell centred control volume over an unstructured
mesh where for example, the control volume C; is described over the mesh cell
AOB. This type of control volume is used in PHYSICA [33] where all dependent
variables are collocated at the centre of control volume [39]. The checkerboard
problem is avoided by adopting the Rhie-Chow [40] interpolation technique. The

work presented in chapter 6 is based on using this type of control volume.
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Figure 3.2: Two dimensional cell centred control volume: (a) Control volume over structured

mesh; (b) Staggered control volumes .
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Figure 3.3: Two dimensional cell centred control volume over unstructured mesh

3.1.3 Cell centred control volume for structural analysis,

structured mesh

Demirdzic et al. [6] used this type of control volume for thermo-elastic-plastic stress
analysis. The solution domain is divided into a finite number of contiguous control
volumes and all dependent variables, i.e. displacement components and tempera-
ture, are stored at the centre of control volumes. For the specification of boundary
conditions, boundary nodes are considered at the centre of boundary cell-faces, see
Figure 3.4-a. The variation of dependent variables is assumed linear between the
centre of neighbouring cells. The central difference scheme, which is second order

accurate on uniform grid, is used to express the cell-face fluxes of dependent vari-

ables in terms of the neighbouring cell values.

Boundary conditions can be incorporated by including the known values of trac-
tion or displacements into the equilibrium equations of cells that have faces lying on
the boundary. Boundary conditions can be either of Dirichlet type (displacement
boundary condition) or Neumann type (traction boundary condition). In the case
of Dirichlet boundary conditions, Figures 3.4-b and 3.4-c, the displacement compo-

nents or temperature at node B in the discretized governing equations are replaced
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Figure 3.5: Region in which displacement is assumed to vary linearly.

directly with the up, vp or Tp and in case of Neumann boundary condition, Figures
3.4-b and 3.4-c. the induced traction or heat flux on the boundary cell-face is used
in equations which express the equilibrium equations of cell, P. In this case, due to
the need of the displacement components at B, it is obtained by linear extrapolation

from the interior of the solution domain.

3.1.4 Cell centred control volume for structural analysis,

unstructured mesh

The unstructured cell centred control volume is also used in the solid stress analysis.
Demirdzic et al. [7, 31, 41] and Ivankovic et al. [8, 42, 43, 44] used this control volume
in their work for modelling of structures with complex geometries. As indicated in
reference [41] a linear displacement distribution function, which is second order
accurate, is assumed across a cell and its surrounding neighbours, see Figure 3.5.
For solid mechanics problems, they calculated strains on the common face of two
adjacent cells by averaging derivatives of the overlapping displacement distributions

of the two cells. Mathematically it can be expressed as:

Py = %(wpo +¢p,) + %[(gmdzb)po - (r; —rp,) + (grady)p; - (rj —rp)]  (3.1)
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X,u

Figure 3.6: A two dimensional control volume and the notation used.

Where 1; stands for dependent variables or their gradient at the cell-face centre and
r; is the position vector of the cell-face centre, see Figure 3.6. The gradient vector at
a given control volume centre is approximated by ensuring a fit to a set of sampling

points consisting of centre of nearest neighbours of given control volume as:

Yp, = Yp, + gradip, - d; (j=1,..,n) (3.2)

Where d; = rp, — rp,. By using the least square method equation (3.2) can be

solved as:
gradyp, = D' (3.3)
Where:
D=3 d7d; and f=Y dT(¥p —¥p) (3.4)
j=1 Jj=1

Wheel [45, 46] also used unstructured cell centred control volume in solid mechan-
ics analysis. In this approach the variation of displacement was assumed linear

across each cell face, see Figure 3.7. The strain on typical face j in Figure 3.8-a, is

36



Figure 3.7: Region in which displacement is assumed to vary linearly.

approximated as:

(?ﬁ) _ Up, — up, COS ¢ _ UN2 — UM Sin,Bj
oz’ d; cos (a; — ;) S; cos (o — B;)

(3.5)

In equation (3.5) the displacement at vertices should be defined. For a given vertex,
a linear distribution of displacement throughout the region surrounding the given
vertex and centre of cells that meet at that vertex was assumed. Consequently the
vertex displacements in equation (3.5) can be eliminated and represented by a com-

bination of the central displacements of the surrounding cells.

For representing the boundary conditions, boundary nodes are considered at the cen-
tre of boundary cell-faces, see Figure 3.8-b. But instead of introducing the boundary
conditions directly into the equations associated with the cells which have faces on
the boundary he adopted an approach which employs special line cell on boundary
nodes, cell B in Figure 3.8-b. This approach introduces additional degrees of free-
dom into the analysis, but automatic calculation of displacement at the boundary
nodes, on edge which external traction are applied, through the solution procedure
can be considered to have positive effect. When displacement is applied to the

boundary, Figure 3.8-b, the displacement at B in the global coordinate axes, up
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(b)

Figure 3.8: (a) A typical internal control volume; (b) A typical control volume with face on the

boundary.
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and vp, can be given as:
up = —U; Sin g — u, COS &g (3.6)

U = U COS g — U, SIN (v (3.7)

When traction is applied to the boundary, Figure 3.8-b, we also need to construct
two additional equations for up and vg. The stress components at B in the global

coordinate axes can be related to the normal and tangential components of applied

traction as:
2 . .
On = Oz2B COS” B + Oyyp Sin® ap + 20,5 sin ap cos ap (3.8)

Ot = —02;B SIN (LB COS B + Oyyp SIN (X COS A + Ogyp(cos® ap — sinag)  (3.9)

By using the constitutive equations and approximations for the displacement deriva-
tives, the stress components in equations (3.8) and (3.9) are represented in terms
of central displacements of the internal cells and line boundary cell of B. However,
in case of displacement boundary condition, equations (3.6) and (3.7), and in case
of traction boundary condition, equations (3.8) and (3.9) form two equations cor-
responding to each typical line boundary cell of B which conforms to the general
pattern of equations of the internal cells. When mixed boundary conditions are

applied then a proper selection of equations (3.6)-(3.9) must be chosen.

This approach was applied for the two and three dimensional analysis [46] and also

applied for the small and large strain incompressible solid stress analysis [47, 13].

3.2 Control Volume-Unstructured Mesh(CV-UM)
vertex based finite volume method

In this approach a non-overlapping CV is overlaid on the mesh of the solution do-

main. The CV is formed about each of the vertices (or nodes) by connecting the
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Element centre

Face centre

Control volume

face

clement

(®)

Figure 3.9: (a) CV-UM vertex based control volume; (b) non-overlapping control volume

midpoints of the mesh cell faces and the centres of the mesh cells. Shape functions
are used to describe the variation of a variable within an element. The solution
domain can be discretized by any element type for which its shape function exist.
Figure 3.9 illustrates a two dimensional mesh where control volumes are constructed
on it. The complete control volume over which the conservation principle is applied
is the polygon abcdef (Figure 3.9-a). This type of CV has also been named as cell
centred [48], node-centred [49], and control volume based-finite element method [39].
This method of construction of the control volume is general and applicable to two

and three dimensional structured or unstructured mesh. This type of CV was used
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(b)

Figure 3.10: Weighting function W: (a) Bubnov-Galerkin FEM; (b) CV-UM vertex based FVM.

by Winslow [50] to solve magneto-static problems. The method was also applied
to the solution of hydrodynamic and heat transfer problems [51], aerodynamics [52]

and solidification [53].

As will be discussed later in chapter 4, the main fundamental difference between
the FVM and Bubnov-Galerkin FEM is the associated weighting function W. The
weighting functions for CV-UM vertex based FVM and Bubnov-Galerkin FEM are
illustrated in Figure 3.10. The results presented by Ofiate et al. [48] indicate the
FVM based on the CV-UM control volume, provides naturally diagonally domi-
nant matrices. Also, the complete equivalence of the CV-UM based FVM and
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the Bubnov-Galerkin FEM for one dimensional problems and also for two dimen-
sional problems discretized by Constant Strain Triangular(CST) elements in static
elastic analysis have been indicated. Fryer et al. 2, 54] have compared the Bubnov-
Galerkin FEM and C'V-UM based FVM for a number of standard two dimensional
linear elastic problems consisting of -{-noded Bilinear Quadrilateral(BLQ) elements.
Bailey and Cross [55] have extended this work to three dimensional using 8-noded

Trilinear Hexahedral(TLH) elements.

Since the research in this thesis provides developments of the finite volume method
based on the CV-UM control volume, the following sections present more details of

the spatial discretization in two and three dimensional analysis.

3.3 Space discretization based on the CV-UM fi-

nite volume method

As mentioned in section (3.2) the solution domain is discretized over non-overlapping
CV’s which are overlaid on the finite element mesh. Similar to Bubnov-Galerkin
method, shape functions are used to describe the variation of any dependent vari-
ables over an element. As in the finite element context, it is computationally con-
venient to use reference elements for the derivation of the discretized equations.
These reference elements represent the mesh elements in a local coordinate systems
regardless of how distorted any element may be in terms of global coordinates. The
mapping from local coordinates to global coordinates is performed via shape func-
tions using the standard FE techniques [56]. By applying isoparametric elements
the shape functions utilized for both coordinate transformation and variable approx-

imation.

In FEM the governing equations involve the volume integral where they are ap-
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Figure 3.11: Two dimensional integration points: (a) FVM; (b) FEM.

proximated by using Gauss quadrature [35] technique to evaluate the variables at
Gauss points of the elements. In the FVM the governing equations involve surface
integrals which are evaluated by midpoint technique at integration points. Figure
3.11 illustrates the Gauss points and integration points associated with the elemen-
tal contributions in two dimensional analysis for the FEM and FVM respectively. In
this work for the two dimensional analysis the CST and BLQ elements, for the three
dimensional analysis the TLH (brick) elements were used for space discretization
in both FEM and FV)M. These elements are introduced in more detail in the next

sections.

3.3.1 Two dimensional finite volume discretization

The CST and BLQ elements in local coordinates are illustrated for both of the
FEM and the FVM in Figures 3.12 and 3.13. Both are representatives of an arbi-
trarv deformed CST and BLQ element in global coordinates. For CST element, in
the FEM case the element involves one Gauss point while in the FVM case three
integration points are associated with each element. However,because of constant
strain assumption within each individual CST element, approximation of integrals
in the governing equations corresponding to an element can be performed at the

centre of element rather than the three different integration points. With regard to
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Figure 3.12: CST element: (a) Global coordinates; (b) FEM local coordinates; (c) FVM local

coordinates.
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this point in both FEM and FVM one integration point is enough at the element

centre for a CST clement.

It has been shown by Onate [48] that, in small deformation cases, for the linear
elastic problems involving CST elements the element stiffness matrix coincide ex-
actly for the FEM and FVM cases. Further more for problems involving material
nonlinearity which are discretized with CST elements, it is shown by Taylor [57] that
the internal force terms generated by the visco-plastic strains are identical for both
FEM and FV). More studies about this coincidence for the geometrically nonlinear

problems will be presented in chapter four of this thesis.

The BLQ element in local coordinates is illustrated for both FEM and FVM in
Figure 3.13. The associated element in global coordinates is illustrated in Figure
3.13-a. For the FEM analysis the BLQ element involves four Gauss points and sim-
ilarly for the FVM case it also involves four integration points. While the element
stiffness matrix in FEM case for the BLQ element is always symmetric, in FVM

case it is asymmetric for the nonorthogonal mesh.

3.3.2 Three dimensional finite volume discretization

The TLH elements were used for the three dimensional analysis in this research.
The global to local mapping of the elements again allows an arbitrary deformed
TLH element to be treated identically in computational terms for both FEM and
FVM cases. The construction of three dimensional sub-control volumes for the FVM
is a relatively straight forward extension of the two dimensional approach. In the
three dimensional approach the control volumes are formed by surfaces passing the
elemental centroid and the centre of face of the mesh elements. Figure 3.14 shows
this approach for the eight arbitrary elements contributing to a vertex based control

volume. The location of the Gauss points for the FEM and the integration points
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Figure 3.13: BLQ element: (a) Global coordinates; (b) FEM local coordinates; (c) FVM local

coordinates.
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Figure 3.14: Three dimensional vertex based control volume.

for the F\'\ are different. For the FEM analysis the TLH element involves eight
Gauss points and for the FVM analysis twelve integration points are within an
element. Figure 3.15 and Figure 3.16 shows Gauss point locations and integration
point locations respectively. The elemental stiffness matrix of the TLH element for
the FEM is symmetric while for the FVM is unsymmetric in the nonorthogonal mesh

elements.

3.4 Closure

In this chapter attempts have been made to explain the different formats of the finite
volume methodology in computational mechanics. It is of interest to investigate the
aspects of the different type of finite volume techniques for solid mechanics problems.
Thus, in chapter 4 and 5, the CV-UM cell vertex based control volume will be used

and in chapter 6, potential of a cell centred finite volume based CFD code for analysis

of coupled problems will be investigated.
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Chapter 4

Vertex Based Finite Volume
Discretization for Geometrically

Nonlinear Problems

Although FVM for CSM problems began ten years ago, there was no publication
on the geometrically nonlinear problem analysis by the FVM until recently when
Fallah et al. [14. 15], Maneeratana et al. [12] and Wenke et al. [13] presented the
FV'M application for analysis of GNL problems. In this chapter a full description
of the three dimensional vertex based finite volume procedure for the analysis of
GNL problems is presented. In the first section the GNL problem is explained and
categorised where the material behaviour is assumed linear elastic. In section two,
the cell vertex based FV procedure for GNL formulation is presented. During the
formulation the similarity and differences of FV method and Bubnov-Galerkin FE
method are shown. As a result, the FV method can be considered as a particu-
lar form of weighted residual method with a unit weighting function, where in the
FE Bubnov-Galerkin method the shape functions are the weighting function. The
stiffness matrix of the FV method is developed and then the solution procedure is

explained. A fortran code has been developed based on the finite volume cell ver-
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tex formulation. The formulation is tested on a number of geometrically nonlinear
problems. In comparison with FE, the results reveal that FV can reach the FE

results with a higher mesh density. The following novel contributions are made in

this chapter:

e Novel three dimensional vertex based finite volume formulation for GNL anal-

Vsis.

97]

e Comparison of the FV and the FE results in terms of accuracy and CPU time.

4.1 Types of GNL analysis

4.1.1 Large displacement, large rotation, small strain anal-
ysis
The following examples illustrate this type of behaviour. Consider a cantilever rigid

link with linear elastic torsion spring as part of end support as shown in Figure 4.1.

The equilibrium state is satisfied when :

™~

Free body diagram

Figure 4.1: Large displacement, large rotation, small strain behaviour

PLcos@ =M (4.1)
Where the moment, M, can be related to rotation, 0, as:
M= K0 (4.2)
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Where A is the torsional stiffness of the spring.
Substituting equation (4.2) into equation (4.1) gives:

K¢

P =
L cos@

(4.3)

This equation clearly shows the nonlinear relation between response 6 and applied
load P. Obvious when the rotation is small, cos § can be replaced by one so P = £¢;
this shows linear relation between load P and rotation 8. Figure 4.2 shows the linear
and nonlinear relation between load P and rotation 6. frame undergoes large rigid

body displacements and rotations.

18 . T

Linear alllalysis
16 GNL analysis -

0 (rad)

Figure 4.2: Linear and nonlinear relation between load and rotation

4.1.2 Large displacement, small rotation, small strain anal-
ysis
Analysis of a tensioned cable is an example of this category, see Figure 4.3. The
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Figure 4.3: GNL behaviour of a tensioned cable

500 Ll 1 1 I )
No=100N ——
450 + No=10,000 N - |
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50

0 10 20 30 40 50 60
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Figure 4.4: Load displacement characteristic of a cable

Cable in position u=0 is under the tension force N,. Small Strain behaviour is as-

sumed. which means the cross sectional area of the cable, A, remains nearly constant

92



and ELO' ~ 1. Relation between load P and displacement u can be presented as [37):

EA
ud + N, — (4.4)

P =
213 L,

Figure 4.4 shows the load-displacement (p — u) relation for this case where:

N, =10°N and 10°N , A =025mm?

N

E=20x108
mm?

, L, =2500mm

The rotation in this problem is small enough because, for example, for u=50 mm

(200 times the cable thickness):

50
tang = —— = 0. =1.15°
an 5200 002 —0=1.15

It can be seen in Figure 4.4, by increasing the initial tension force, N,, the cable

shows stiffening behaviour.

4.1.3 Large displacement, large rotation, large strain anal-
ysis

In this case material experiences large strains and this adds to the complexity of the
problem. Manyv industrial processes like forging, rolling, extrusion, stretch forming,
deep drawing and even food production get benefit of large strain phenomena.

Figure 4.5 shows this type of deformation.

4.2 Three dimensional formulation for GNL anal-
ysis

4.2.1 Reference Frame for large deformation analysis

In this chapter the Total Lagrangian description is employed. A material particle

which occupies position X in the undeformed state (Figure 4.6) is identified in the
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Figure 4.5: Large displacement, large rotation and large strain

cartesian co-ordinates as:

Suppose that this particle is displaced to position x during the deformation. Dis-

Initial configuration
Surface area S,
Volume V,

Deformed configuration

Surface area S
Volume V

Figure 4.6: Motion of body in Cartesian frame
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placement vector u is a function of X as:

u(X) = | v (4.6)

Where u. v, w are x. y, = components of displacement vector respectively. The current

co-ordinates will be:

x=X+u (4.7)
Where: -
z
X=|y (4.8)
z

4.2.2 Stress and strain definitions

The Green'’s strain. is used in this study which was presented in chapter 2. The

index form of this strain is:

1. Ou, Ou, 1 Oug Ouy
. - 2tk Tk 4.9
Bi=3lex, Tax, T 2%, 0%, (4.9
Or in matrix form as:
E = Eo + Enl (410)

where E, is linear part of strain tensor and E,; is nonlinear contribution of strain
tensor, which reflects large deformation effects and is negligible in small deformation
analysis. The nonlinear term of the strain tensor can be conveniently rewritten [16]

as:
1
En = A(0)0 (4.11)
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where:

ox |
0=\ 6y (4.12)
| 92 |
- -
6 0 0
T
0 6, O
0 0 67
A@)=| = z (4.13)
6, 05 O
T
6, 0 6%
| 0 67 6%
And typically:
[ ou
X
Ox = | 2 (4.14)
dw
| X
The complete strain tensor can be rewritten as [16]:
1
E=E,+ §A(0)0 (4.15)
Where in vector form can be presented as:
T
E= [ €Exx €y €zz TYxy Xz yz (4.16)

The stress associated with Green’s strain is the second Piola-Kirchhoff stress which

in vector form is given as:

! (4.17)

o= [ Oxx Oyy Ozz Oxy Oxz Oyz
The relation between & and Green'’s strain, E, is assumed linear (Hook’s law) and

1s given by:
o =DE (4.18)
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where D is the elasticity matrix containing the elastic material terms, which in three

dimensions is given by:

l-v v v 0 0 0
v l1l—v v 0 0 0
D— E v v 1—-v 0 0 0 (4.19)
(I+v)(1-2v) 0 0 0 L= g 0
0 0 0 0 &Z 0
| 0 0 0 0 0 1]

Where E and v are the Young’s modulus and Poisson’s ratio respectively.

4.2.3 Equilibrium equations

The static equilibrium equation of a solid body with current volume V, which ini-

tially occupied volume 1, has the form:

0o’
Ji 4 o _
39 +0 =0 (4.20)

Here o7; is the first Piola-Kirchhoff stress tensor and b is the body force per unit of

initial volume. By expressing equation (4.20) in terms of the second Piola-Kirchhoff

stress tensor & , which is work conjugate with the Green’s strain tensor, we have:

O(FirGjk)

b =0 421
ox T (421)
where:

o0x;
Fp = — 4.22
= (422
F is deformation gradient tensor.
4.2.4 Boundary conditions
The boundary conditions are assumed:
ty —ty; =0 on S (4.23)
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Ui — Up; = 0 on Sy (4.24)

Where S, and S¥ are parts of the boundary where prescribed traction t,; and pre-
scribed displacements u,; are applied respectively. t,; acts on the deformed element
but is measured per unit of undeformed area. In terms of the second Piola-Kirchhoff

stress tensor, employed in our formulation as stress measure, the boundary condition

(4.23) can be rewritten as:
) = Fyty = FixGjkng (4.25)
Fiké'jkn? — tfn‘ =0 on Sf, (426)

Where n? are components of the outward unit normal vector to the surface of the

body in the initial configuration.

4.2.5 Discretization of the equilibrium equations

Both FE and F\" methods integrate the equilibrium equations over their respective
control volumes. The FV technique can be classed as a weighted residual procedure
where the overall residual for the whole domain is required to be zero. With this
view point. vertex-based FV can be considered to be a particular case of finite
elements with a non-Galerkin weighting. Following discussions reveal this point.
The weighted residual form of the equilibrium equations(4.21) when accompanied

by boundary conditions(4.25) can be written [48, 55] as:
/ gy OFuds) ,kajk) + BdV, + /S W [Fudjang — 15,)dS, +
/ WT (ui— upi)dSo =0  m=1,2,..,n (4.27)

Where W,,, W,,, and W,,, are weighting functions taken for internal and boundary
control volumes. By assuming [48] Wy, = 0 in S¥, choosing Wy, = —Wy, and

integrating by parts the first term of the first integral of equation(4.27) becomes:

oW, (Fik0 BWT .
[ 2 [ B

/ WTbdV, — / W FadnldS, + / Wg;t;’ndS —0 (4.28)
o st
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The first volume integral can be transformed into a surface integral based on the

divergence theorem:

8”77“
“rTFi oF OdSO / Foo:..dV, —
‘/AVSO m k O-J k nJ ‘:) 84YJ zk O-J k d °

[ W Funsds, + | Wby, + | Whie.ds, =0 (4.29)
St Vo Sé

By considering S!|J S¥ = S, the first and the second surface integrals can be treated
as integrals over S, so:

onr
Vo (9‘\']‘

mpt

Fadyd) ot /S VR FudnsdSot [ WEbdV,+ /S WEte,dS, = 0 (4.30)

The indicial form of the above equation can be re-expressed in matrix form which

is useful in programming for both the FE and FV formulations:

- / F(ILW) &dV, + [ WTFT&dS, + / WThodV, + /S WTtdS, =0 (4.31)
Where: i ]
nx 0 0 ny nz 0
T = 0 ny 0 nx 0 Nz (432)
0 0 nz 0 nNx Ny

oz 0Oz Oz
89X oY 02
F=1| %+ 9 9y (4.33)
83X oY 02
9z 0z 0Oz
| X oY 0Z |
- .
3% 0 0
o
0 ¥ 0
0
0 0 ==
L= 02 (4.34)
9. 9 9
Y 0X
Fij 9
8z 0 0X
o 0
i 0 39Z oY .
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4.2.6 Discretization of the solution domain

The above formulations are based on the general weighted residual method and are
applicable to either FE or FV approximations. Depending on the form of weighting
function. W, adopted equation (4.31) leads to both the FE and FV formulations.
To define the control volume over a mesh domain, there is a number of possibili-
ties [4]. The control volume in this study is generated by connecting the centres of
the mesh elements to the centre of their faces. This creates sub-control volumes in
each mesh element. Combining all the sub-control volumes from all the mesh ele-
ments associated with a node, creates a polyhedral type cell that surrounds each of
the nodes representing the vertices of the mesh elements. Defining control volumes
in this manner is known as the cell vertex control volume or vertex centred control

volume [58].

Figure 3.9 illustrates the CV definition based on this method with regard to a
two dimensional mesh. In both of the finite element and finite volume techniques
the weighted form of the equilibrium equation (4.31) with relevant form of weighting

function W is integrated over relevant control volumes.

4.3 Bobnov-Galerkin finite element method

In the Galerkin approach [35, 59], the weighting function W is chosen as W,,, = N,
where N,, are the shape functions corresponding to node m. By introducing N,
to the general form of equilibrium equation (4.30), the surface integral over Sj
disappears as N, is zero at the boundary control volumes [48]. So for the finite

element method, the equilibrium equation in matrix form is expressed as:

/ F(LN)75dV, — R=0 (4.35)

Where:
R= [ NTb%dV,+ [ NTds, (4.36)
o So
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By interpolating the displacement field, u, and the displacement gradients, @, for
individual elements we have:

The matrix N contains elemental shape functions and matrix G , the gradient

matrix. includes derivatives of these shape functions:

Where the submatrices N,, and G,,, correspond to node m, are:

Linear part of Green’s strain vector can be written as:

Where:

N = :[V'1 :[V'2 1

G =

L

G, Gy -+ G,

Nn

-

N, 0 0
0 0 N,
. ]
oX 0 0
ON
0 &= 0
0 0 =
ON,
e 0 0
ON,
0 &&= 0
0 0 2=
ON.
S 0 0
ON.
0 &= 0
0 0 %

€0 = BoU

B, = LN =

Bol BO2 Bon
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(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)



}

aN;
o~ 00
aN;
0 5%+ 0
o 0 5
B, = 4.45
oN; 8Ny (4.45)
oY ON
oN; g 9N
8z X
0 2N 9N
! 8z 8y |
_ T
l.l: [ U’l /Ul wl PO un fvn wn

(4.46)
Corresponding to total degrees of freedom of the element, matrix F in equation
(4.35) has to be extended to diagonal matrix F as:

Fii

o o H

0

0

H o ©

(4.47)

The order of F is equal to the total degrees of freedom of the element. By defining
B as:

B” = F(LN)" =FB,”

(4.48)
equation (4.35) is rewritten as:
L BT6dV,— R=0 (4.49)
Matrix B can be rearranged as:
B =B, + A(0)G (4.50)
The matrix B can be presented in terms of nodal submatrices as:
B=|B, B, --- B, (4.51)
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Where the nodal submatrix B, is:

aN; Su 8N; dv ON; dw |
ox (1 +5%) X OX X 0X
ON; Ou QM(l + @) ON; ow
oY Y % % Y oY
ON; Su 9N; dv
B, = 57 9Z 8Z 827 z ( )
ON; Ou ON; Ou ON; v ON; Ov ON; dw ON; dw
oy oy T ay(1+ax) BY oX +_‘L(1+3—Y') axa—y+ 8y 0xX
IN 8w | BNy Bu AN; dv ON; v ON; dw | ON; w
oxez T ez (1+5%) oX 0z T o7 5X 8z 6X+“)_(L(1+ﬁ)
ON; du | ON; du ON; dv ON; ON; dw | ON; o
L Yy az+ 8Z 8y Y az+—1(1+_) FYA 6Y+_YL(1+_%)) J
F]

(4.52)
By considering the equations (4.12), (4.15) and (4.43), the Green’s strain vector is

expressed as:

e =B, + %A(O)G]ﬁ = [B — %A(G)G]ﬁ = Bi (4.53)

Where the nodal submatrix B; is:

0N, (1 4+ 10u) 10N; ou 10N; ow
5X 2% 29X 5 29X 0X
19N; oU DN, (] 4 10v) 1ON; du
25Y oY 5Y 29 2°5Y oY
1ON; du 1ON; dv 6_NL(1+18_w)
B. _ 292 02 2732 92 Y 267
=
1ON; du | 8N; 1ouy 10N; dv | 9N; 16v 10N; 8w | 10N; dw
sox ey Tar(l+asx) 25vsx T ax (L +357) 2ax oy T 29y ax
10N, Bu | ON,(] . lou) 10N, dv | 10N, 8w 10N dw L ON;(1 . 10w
sox sz T o7 1+ 35%) 59X 0z + 207 9 597 ox T ax (1 +35%)
16N, du |, 18N, du 1N, v |, ON; 10vy 18N, dw , AN, 10w
| 2ovoz T2azey  2over T ez (tasy) sezay T av(l+taaz) |
(4.54)

Tangent stiffness matrix K¢ of the element can also be calculated by employing the
principle of virtual work. These approaches are explained in Zienkiewicz [16] and

Crisfield [60]. However matrix K¢ may be expressed [61] as:
K¢ = K + K¢ (4.55)
Where:

K¢= [ BTDBdV, , K¢ GTPGdV, (4.56)
Vo Vo

Matrix K¢ is referred to as the linear stiffness matrix and K¢ is referred to as the
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initial stress™ or "geometric” contribution to the tangent stiffness matrix, where:

5-4\'1\']: 5-31\’1 5'ZXI

P = 5’4\'3’1 53'}*1 5’2)/1 (457)

5'_\'ZI a'yz:[ 5'ZZI

L

I being the identity matrix.

The above formulation is the traditional finite element approach for GLN problems.

We will now look at the vertex-based finite volume method.

4.4 Finite volume method
The finite volume procedure can be viewed as a special case of the weighted equi-
librium equation (4.31) in which:

W =1 in the control volume

W =0 elsewhere

By this choice the first volume integral of equation (4.31) disappears, yielding:

FT&dS, - R=0 (4.58)
S

Where:
R=- [ bV, - [ tas, (4.59)
o st

4.4.1 Calculation of tangent stiffness matrix for FVM

The virtual work V,, can be calculated by multiplying the virtual nodal displacement

§d1, and unbalance force vector ¥ which may be expressed as:

&= [ FT&dS,-R (4.60)
sy
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Vy =déal W (4.61)

The variation of the virtual work is given by

0V, = o0l oW (4.62)
: ow
oV, = 511{—1_;611 = dulK,6u (4.63)

By conservative assumption for the loading vector R:
01, = dul 4 ., FT5dS,) (4.64)

51, = oul( /  OFT5dS, + [ FTs5ds,) (4.65)

By use of (4.18) §& can be calculated as:

55 = DOE = D5(B, 1 + %A(O)Gﬁ) — D(B,5a + %(6A(0))G1‘1 + %A(O)G(Sﬁ)

(4.66)
As A is a function of @ so 66 may be expressed as:
60 = D(B, + A(8)G)diu = DB (4.67)
Remark 1:
(0A(8))Gu = A(#)Gdu
So the second integral in (4.65) is expressed as:
FTéadS,= [ FTDBéudS, (4.68)

S8 3¢
For the calculation of the first integral in (4.65) variation of F must be calculated.

By use of equation (4.33):

ddx Qéz 9z
8X oY 0Z

— ol 04 oL} )
T S (469

8dz 06z 94z
ax oY 9Z |
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By substituting of equation (4.7) in above matrix yields:

-

odu ddu ddu
80X )d EYA

PR (470

Sdw  Adw  Bdw
80X oY 0z |

-

Through matrix calculation, it can be shown that:
(6F)Té = TPGda (4.71)

Where:

~

and matrix P is given by (4.57). Based on these calculations variation Ve can be

expressed as:

51, = §al( / FTDBdS, + [ TPGdS,)su (4.73)

By comparing the above equation and the equation (4.63) stiffness matrix K¢’ may
be extracted as:

K® =K +K, (4.74)

Where:
K=/ FTDBdS, and K,= ) TPGdS, (4.75)
Sy o

4.4.2 Calculation of element’s internal force

As indicated in chapter three in small deformation case of linear elastic problems
discretized by CST elements, the internal force terms contributing to the elemental
stiffness matrix coincide for FEM and FVM [48]. It can be shown this coincidence
again exists in GNL analysis involving CST elements. Following discussion proves

this equality of the internal force vector at any arbitrary node 4 of the domain.

PV = - | FTadS, (4.76)
S

PFP = | BT&dYV, (4.77)
Ve
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() (b)

Figure 4.7: (a) Elements around node i. (b) Element contributions to the control volume at

node 1.

For F'V'M using tensor notation and equation (4.76), the kth component of the ith

node of the internal force vector is:

0z — o0xy,
i =-f 3% 22k 10,,dS, = Z / . 55905, (4.78)

Where noe is the number of neighbouring elements at node i (Figure 4.7-b). By con-
sidering relation between deformed coordinates x and initial coordinates X, equation

(4.7). the above equation will be:

noe 8uk
A Z / ,)e[5krnﬂar ax. "0 @5 =

noe 6
=3, / NS a 2 niop)dS, = (4.79)

noe 8
The strain and stress components are constant over each element, thus allowing to

be taken out of the integral.
For the FEM using equation (4.48) and equation (4.77), the kth component of the

1th node of the internal force vector is:

ON; Bark noe/ ON; 0xy,
FE r—d, 4.80
Pie = Jv; 8X;°7 X, o =2 Jysy 9X; " 9X, (480)
67

SEE,

K

@ &

R



(a) (b)

Figure 4.8: Single CST element: (a) elemental contributions and; (b) normal vector and lengths

of element sides.

Again by using equation (4.7) the above equation will be:

— 6Nz 8uk
P’ Z/ 3)e aX o0 ana”aXr]dv"” (481)

noe
Z/ . Ujr) /(me g—)jédvo

The contributions for the two methods will be identical if the integral in equations
(4.79).(4.81) are equal.

But for the eth element from element contributions at node ¢ , Figure 4.8, we can

write:

1

ONE ]
L4V, / N.dS, = (ny)i=l + (ng);=ls = — | n;dS, (4.82
/ (Vi)e Oz; vy (m)sgh + (ma)igh = /(Sz;)e ? (4.82)

This equivalence will be further illustrated by results of test case two.

4.4.3 Solution procedure of nonlinear equilibrium equations

The assembled equilibrium equation (4.58) is nonlinear and can be solved by the

Newton-Ralphson method [62] involving a series of solution to linear incremental
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equilibrium equations. Assuming an initial estimate of the total displacements @*

for which the right hand side of equation (4.58) is not zero where can be shown as:

¥ () = o FT&dS, - R (4.83)

An increment A@' which is necessary to achieve equilibrium, can be calculated by

Taylor's series expansion of ¥ about @ by ignoring third and succeeding terms,

as:

¥ (0" +AQY) = ¥ (@) + K¥AG (4.84)

Where Kj¥ 1s tangent stiffness matrix which has been calculated in section 4.4.1.

Resulting increment A@' in nodal displacements is obtained as:
A = —[K®] 1 (@) (4.85)
from which a new approximation for the total displacements can be obtained as:
ot =o' + A (4.86)

This iteration process continues until a given convergence criteria is satisfied. In the
present work the ratio of Euclidean norms of out of balance force vector and applied

load vector are considered as the convergence criteria:

< Tolerance (4.87)
IR

4.5 Results and Discussion
Both the FEM and FVM result in a system of equations of the form:
KU =P (4.88)

Where K is the system stiffness matrix, U is the displacement vector and P is
the force vector acting on the system. As discussed before, the solution of these

equations is achieved through an iterative procedure based on the Newton- Ralphson
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Figure 4.9: Tensile strip

method [62]. The tolerance value in equation(4.87) was considered as 0.001 for both
methods. The conjugate gradient solver was used for solving the linear equations
formed in the iteration procedure of the Newton-Ralphson method. Although in the
F\'M the stiffness matrix K is nonsymmetric but for the structured mesh, applied
in the following test cases, the nonsymmetry is not too severe that this solver cannot
be applied. To illustrate the effectiveness of the cell vertex finite volume method for

analvsis of GNL problems four test problems have been studied.

4.5.1 Test case-1

The first test problem was a tensile strip (Figure 4.9). The tensile strip was dis-
cretized by one bilinear quadrilateral element, plane stress assumption was made
and the following properties have been assumed:

L,=100 cm h=5 cm

A, = 5cm? E=2.16x10" N/cm? v=0

The volume integrals for the finite element analysis were approximated using a

four-point Gauss rule for quadrilateral elements and the surface integrals for the
finite volume method were approximated by summation of quantities of integrands
at the integration points as shown in Figure 4.9. For validation, the solutions of an
in-house FV code and FE code developed for GNL analysis were compared with an-

alytical results which are available [56, 60]. The analytical load-deformation relation
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Figure 4.10: Load-Deformation response for tensile strip

based on Green's strain definition [60] is given as:

AL
L,

1
Eeg = EA,(1+ —)(— + =(

. 2
Fo = L/ 'L, " 2 ))

s
L,

Figure 4.10 shows good agreement between results of three methods.

4.5.2 Test case-2

(4.89)

The second test problem was a cantilever beam under a concentrated load. The

geometry and material properties were the same as for the first test and the BLQ

elements (Figure 4.11-a) and the CST elements (Figure 4.11-b) have been used for

discretization. Vertical and horizontal displacements at the centre of the free end

were calculated by both techniques and have been compared with the analytical

results taken from Timoshenko [63].
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Figure 1.11: End mid-point loaded cantilever beam

Figures 4.12-a and 4.12-b show the FEM’s results and Figures 4.12-c and 4.12-d
show the FV\'s results in all load levels. These figures show the results of both
FE and F\ formulations are convergent to the analytical results and with the same
mesh density, FE results are slightly closer to the analytical results. In Figure 4.13,
corresponding to load P equal to 3—L’32—I, the results of the FE and the FV for the tip
displacement are compared together in different total number of BLQ elements.

These results demonstrate that for a low number of elements, the differences be-
tween FE and FV is considerable, but by increasing the number of elements the two
methods converge to the analytical results. By applying small deformation theory,

the different rate of convergence for the FE and the FV can be seen again, Figure

4.13-c shows this different rate.

Figure 4.14 shows the Von Mises stress distribution over the beam and the graphs
show the variation of this stress along the top surface of the beam for the both FE
and FV methods which predict the same results. In both methods 1280 elements

are applied.
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Figure 4.12: Vertical and Horizontal displacement of cantilever beam

As mentioned before, the solution of equilibrium equations in both methods is
achieved through an iterative procedure based on the Newton-Ralphson method.
The tolerance value in equation (4.87) was considered as 0.001 for both methods.
Figure 4.13-d shows the number of iterations needed to achieve the equilibrium state
in both FE and FV methods for different element numbers corresponding to load
P, equal to 2EL. As this figure shows, there is no significant difference in iteration
numbers, just one or two more iterations in FV method was needed. Figure 4.15

presents the comparison of FEM and the FVM’s results by using the BLQ and the
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Figure 4.13: Normalised vertical and horizontal displacement of cantilever beam (55 = 3)

CST elements. It shows the FVM and FEM’s result are the same for CST elements
. as analytical discussion in section 4.4.2 demonstrated. It can be seen that for BLQ

element. the result is more accurate than the CST element result.

Table (4.1) shows the total CPU times spent for the solution procedures using the
different methods and the different element types. The contents of table (4.1), corre-
spond to the applied load p, equal to %%’ The tests were carried out on a Dec Alpha
work station. Conjugate gradient solver was used in both FE and FV methods. As it
can be seen, the total CPU time of FV procedure for CST element is approximately

two times that of FE procedure and for BLQ element there is no much differences.
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Figure 4.14: Von-Mises stress

pL? \
T = Tolerance=0.001 T =0.603 (Theory result)
Element type CPU time(Sec) Normalised vertical displacement (—\I—i-—) Error(%)
FEM FVM FEM FVM FEM FVM
BLQ(1280) 40 49 0.603  0.600 0.0 0.5
CST(1280x2) 42 79 0.591 0.591 2 2

Table 4.1: CPU time comparison
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Figure 4.15: Normalised vertical displacement of cantilever beam (%[‘Ii =3)
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In the case of CST element, in FV the set up time of system matrices (e.g. global
stiffness matrix, unbalance force vector, equation (4.60)) is higher than that in FE
method. This is due to each individual element is visited three times where in FE
just one visit is enough for providing element information for calculation of element
contributions in system matrices. In linear elastic analysis may be it has a minor
effect but in the GNL analysis where system matrices are updated during iterations,

e.g. Newton-Ralphson procedure, it is a major issue in terms of CPU time.

4.5.3 Test case-3

A square plate with simple support and clamped support subjected to a concen-
trated load at the centre (Figure 4.16-b) has been analysed for its large deflection
response. 8-noded brick elements were used to model one quarter of the plate. In

both cases two elements were considered through the thickness of the plate.

Figure 4.16 shows the prediction of displacement at the loaded point by FE and
F\V methods for the both cases. For the clamped support, the finite difference re-
sults reported by Adotte [64] have been used as a reference and for simple support
one, ANSYS software’s [65] results have been used.

It is obvious that modelling of a plate by brick element, is inefficient and imprac-
tical [56], because the discretization would have to be very fine for a reasonably
accurate solution. however, Figures 4.16-a and 4.16-c show that FE and FV con-
verge to the reference solution but not very fast. It has to be mentioned in Figure
4.16-a ANSYS’ results are based on using the shell elements and are stable after

converging as it is expectful.
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4.5.4 Test case-4

Figure 4.17-a shows a uniformly loaded column. The column like previous test case
was discretized with 8-noded brick elements. The aim of this test was to compare
the FEM and the F\'M capabilities for the three dimensional analysis of axial load-
ing case. In Figures 1.17-b and 4.18 the capability of the FVM for prediction of

displacement. stress and strain is compared with the FE method. The Figures show

good accuracy in F\" method.

4.6 Closure

A cell vertex based finite volume formulation was developed for the analysis of
geometrically nonlinear problems based on Lagrangian approach. The results have
revealed that similar to the small deformation analysis, the accuracy of CV-FV
method is promising. This study, accompanied by previous works on implementation
of C\-FV procedure in the simulation of material nonlinearity problems by Taylor
et al.. [66] shows that CV-FV method can be considered as a candidate for industrial
process analysis (e.g. forging, metal forming, ...). Further work in this research
reveals more capability of the CV-FV method in particular and finite volume method

in general, for solid mechanics problems and multiphysics problems analysis.
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Figure 4.17: (a)-Uniform loaded column, (b)-Vertical displacement of corner B
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Chapter 5

Finite Volume Approach for Plate
Analysis

This chapter presents a FV formulation for thin/thick plate analysis. In the first
section the governing equations, based on the Reissner/Mindlin plate theory are
presented. In the second section a cell vertex based finite volume formulation for
plate tvpe structures is presented. Based on this formulation a code was developed.
Some test cases are analysed by both the FE and FV methods and the results of

the both methods are compared. Novel achievements of this chapter are:
e Novel cell-vertex based finite volume formulation for plate analysis.

e Comparison of the FV and the FE results in terms of accuracy and solution

speed.

5.1 Governing equations

Figure (5.1) shows the stress distribution in a plate element and Figure 5.2-a shows
shear forces and bending moments as resultant of these stresses. With reference
to Figure 5.2-b and assumptions in Reissner/Mindlin plate theory and the small

displacement bending theory the displacement components at a point of plate are:
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Figure 5.2: Moment, shear force and section rotation positive convention
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u:==——zﬁm(x,y) 1’==“25y0fay) U)==IU($,y) (5'1)

Where w 1s the transverse displacement and 8, and (8, are the rotations of the
normal of the mid-plane in the xz and yz planes, respectively. It is instructive to
note that the Kirchhoff plate theory excludes shear deformations in the plate, hence,
without shear effects equation (5.1) can be expressed as: 8, = %2 and f, = —63%.

The bending strains €;z, €yy. €5 vary linearly through the plate thickness and are

given by the curvatures of the plate as:

¢ ou [
T oz oz
— v = — 0B
du | v 0Bz | 9By
| Yoy | _ay+ax_ L3y+8x_

The governing equations of thick and thin plates can be obtained by writing the
equilibrium equations of applied forces and stress resultant forces acting on the

mid-plane of the plate:
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S F, =0

Z M,=0

The first equation expresses the equilibrium of forces in the z direction and the
last two equations express equilibrium of moments about x and y axes respectively.
By omitting the in-plain behaviour (membrane action) and with reference to the
illustrated sign convention in Figure 5.2-a, the equilibrium equation (5.3) can be

expressed in matrix form as:

- - - - - - —

o [ol
0 0 O M, %z By Q q
d 3 y
La—xO a—y__Mxy_ L0 1_ _0_

Where Q. and @, are shear forces per unit length and Mg, M, and My, are bending
moments per unit length at every point of the mid-plane of the plate. It is notable

in Figure 5.2-a, the star quantities are defined as follows:

M
M =M, + o ~dzx
oz
. OMg,
Mmy = Mwy + —5;;—(1111
Qs
* _ d
* aMy
My = M, + o dy (5.5)
My, = My, + By dy
0Qy

Q; =Qy+ —@—dy
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Figure 5.3: Control volume around a computational node

5.2 Finite volume formulation for plate analysis

Equation (5.4) illustrates equilibrium at the continuum level and for obtaining the
discretized equation which expresses the equilibrium of a plate control volume at the
discretized level. equation (5.3) can be applied. By applying the three equilibrium
equations, i.e. (5.3). for any control volume in Figure 5.3 the matrix form of the

equilibrium equations (5.3) can be expressed as:

0 0 0 M} nt nt Z. qA.
D00 ok || ML= Y Y Y Y =1 o0
' ' ; i ’ 1 i 1 e y
|7 0 ”Zj _sz_ | T~ T T T T i 0 |
(5.6)

Where:

n® and n; are cosine directions of outward normal of face 1.
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Xy, and y;. are the coordinates of midpoint of face i.

1o and yg are the coordinates of C\'s centre.

q is the uniformly distributed load applied on the CV with the mid-surface area of
A

l; 1s length of face i.

Equation (5.6) can also be expressed in its compact form as:

>_HMi, - Y HIQU =P, (5.7)
; ;
Where: - -
0O 0 o
Hi=| 0 ni ni
M;
Mz' = M;
| Mzy |
Hi= 1|y —ye v, —yS
Loy — Lo Ty — Zg

Q; = j
Yy

FQAC
0]

All moments and shear forces are measured per unit length and their variation on
the control volume faces, is assumed uniform. By applying the Reissner/Mindlin

plate theory and with reference to Figure 5.2-(b), moments and shear forces at each
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point in the C\" can be expressed [56] as :

M= -D%¢ (5.8)

Q=G (5.9)

where:

- h

A,
M=1| Aj (5.10)
M

TY

Q= Q } (5.11)

v = } (5.12)

Et3

1—2(-1—:-;-2—) G* = kGt (5.13)

I
<
—
o -

D*

€ = %6y (5.14)

8 | OBy
L By oz

By use of equation(3.1) the lateral shear deformations can be expressed as:

_aw -
%_ﬂx

(5.15)

)
Py

-

Where E is Young’s modulus, G is shear modulus, ¢ is thickness of the CV, k is the
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lateral shear correction factor [67]. The transverse displacement , w, and section

rotations. 3, and 3,, can be interpolated [23] as:
w = Z .\‘rj Wy — ,L'BI == By = Z NJ% 6@/ = Ow = Z NJO; (516)

where w;. 6] and 6 are the nodal values of the unknown variables w,f, and 6,
respectively. .V; is the interpolation function and r is the number of element nodes.
By using the mentioned interpolations, the curvature €* and transverse shear strains

~ can be calculated in terms of nodal unknown variables as:

€ = Bbﬁ (517)

v =B,u (5.18)

T
= [ w, 6L 6 .. O } (5.19)
B,=|B! B} B} B (5.20)
B, =| B! B2 B B! ] (5:21)
For typical node 1: ) ]
0o 0 -4%%
i 8N; 22
Bi=|0 2% 0 (5.22)
oN; _ ON;
I 0 % - oy |
aN; .
gi_| e O M (5.23)
s AN; _N. 0
| 9y :

By substituting equations(5.17) and equation(5.18) into equation (5.8) and finally

in equation (5.7), we have:
(- Y HD*Byl; — ) H'G'Biiju=P; (5.24)
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Or in compact form:

K‘a =P, (5.25)
K¢ = K{ + K¢ (5.26)
K; = - HD'By, , K¢ = - Y H*'G"B,; (5.27)

Where Kj is the bending stiffness matrix and K¢ is the shear stiffness matrix.

5.3 Boundary conditions and solution of the dis-

cretized equilibrium equations

Due to the consistence of the presented discretization method with the FEM, where
C\V’s are overlayed on the FE mesh, the boundary conditions can be applied as
usual as FE method. The dependent variables like displacement over a CV are ap-
proximated by using the element shape functions. By assembling the CV’s stiffness
matrix . K€. the global stiffness matrix of system, K, can be arranged as usual and

the final equilibrium equation is given by:
Ku=P (5.28)

where @ is nodal displacement and rotations and P is the generalized force vector
which contains force and moments. The stiffness matrix of a control volume, K¢,
is evaluated at respective integration points. The above equation can be solved by

bi-conjugate gradient method which we have used here.

5.4 Results and discussion

To validate the presented FV formulation four test cases were studied. In all cases

the FV results were compared with results of an in-house finite element code. The
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Figure 5.4: Tangential and normal directions at boundary of a plate

first test case was a tip loaded cantilever beam and the second was a simply sup-
ported plate under the uniform lateral load with moderate thickness. In the third
and fourth test cases a thin plate was analysed where for test case three a uniformly
distributed load, and in test case four a concentrated central load was considered
for the analysis. Two types of boundary conditions are usually considered in plate

analysis. (with reference to Figure 5.4), these are:
e For a simply supported boundary, the following conditions can be considered:

1) w=0,=0 or:
2) w=0

e For a clamped boundary the following conditions can be considered:

1) w=60,=0,=0 or:
2) w=6,=0

Where 8, and 6, are section rotations at the boundary about the tangent vector s
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and normal vector n respectively. A boundary condition of type (1) is called a hard

boundary condition and a boundary condition of type (2) is called a soft boundary

condition. In the following tests the hard boundary conditions have been assumed

otherwise it is explicitly mentioned.

5.4.1 Test case-1

A cantilever beam with concentrated load at the end was discretized by four-noded
quadrilateral(BLQ) elements. The height of the beam was considered as the thick-
ness of the plate elements. The ratio of height to length of the beam, A, was 0.01,
see Figure 5.5. The end vertical displacement was predicted using both FE and FV.
For FE the full numerical integration (in this case two gauss points in each direc-
tion) was used. The results were compared with the analytical results which were
taken from Timoshenko [68] with poisson’s ratio equal to 0.3. As Figure 5.5 shows,
the F'V results converge to the analytical solution much quicker than FE predic-
tions. This due to the nature of Reissner based formulation and by decreasing the
parameter A the element ”locks” for FE methods. The locking problem of FEM in
thin plate analvsis is well known and is caused by the imposition of the constraints
Yz = 7y: = 0 by the shear strain energy terms in the total potential energy when
the limiting thin plate situation is approached. The shear strain energy terms may
be interpreted as penalty functions, which force the shear strains to equal zero as
X is reduced. The imposition of these constraints leads to the deterioration of the

stiffness matrix and overstiff results are obtained [67].

By applying techniques like the reduced integration method [69], selective inte-
gration method [70], and mixed interpolation method [23, 56|, the shear locking
problem can be removed. The four-noded quadrilateral element, MITC4 which was
developed by Bathe et al. [23, 56] based on the mixed interpolation methods, has

been used in our FE code. By applying such enhanced quadrilateral element, FE
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Figure 5.5: Tip concentrate loaded cantilever beam is modelled by plate element

results improved highly and coincided with FV results. In this analysis, the FV did
not show such shear locking due to the nature of its integration technique, where
there is one integration point correspondence to each side of the element. This type
of the integration is the form that the reduced integration method seeks to achieve

in FE method.

5.4.2 Test case-2

For the second test case, a moderately thick(A = 0.01) square simply supported plate
was analysed by FE and FV where the central displacement and bending moment
have been compared with the analytical results [71]. In this case, as Figures 5.6-
a and 5.6-b demonstrated, the FE method with BLQ elements converges to the
analytical results slowly for both central bending moment and displacement, but by
applying MITC4 elements, the FE is marginally faster than F'V. Table (5.1) shows

the total CPU times spent for the solution procedures and accuracy of the results for
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Figure 5.6: Comparison of FE and FV results for a moderately thick, simply supported plate.
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Test case-2, analytical result for central displacement=4.443 E-2 m( Mindlin plate theory)

Methods FE(BLQ) FE(MITC4) FV(BLQ)
CPU Time(sec) 8 8 6
Central displacement(m) 4.215E-2 4.439E-2 4.424E-2
Error( % ) -5.14 -0.09 .0 42

Table 5.1: Comparison of CPU time and accuracy for FE and FV

the different methods. The regular mesh allows us to use conjugate gradient solver
for the F\" method. The results in table (5.1), are based on 16 equal divisions on
each side of the plate. The tests were carried out on a SUN SPARC20 work station.
No much difference can be seen between the total spent CPU times for the different
methods. But the accuracy of the FE method with MITC4 element is marginally
higher.

5.4.3 Test case-3

By reducing the thickness of previous test case to A = 0.001 and considering both
simply and clamped boundary conditions, FE with BL(Q elements fails in predicting
the accurate central displacement, but the FV method has no problem and converges
to the analytical result as FE with MITC4 is able to do. Figure 5.7-a and 5.7-b show
the results which were compared with the analytical results based on Kirshhoff plate

theory [68].

5.4.4 Test case-4

By changing the uniform load in test case 3 to a central concentrated load the same
incapability for FE with BLQ elements exists. As Figures 5.8-a and 5.8-b show FV
and FE with MITC4 can predict the accurate results with both simple and clamped

boundary conditions.
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Figure 5.7: Error in displacement prediction of a uniformly loaded thin plate , A = 0.001.
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Figure 5.8: Error in displacement prediction of a thin plate under the central concentrated load,

A =0.001.
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5.5 Closure

A vertex based finite volume approach was developed for the thick and thin plate
analysis. The Reissner/Mindlin plate theory was implemented in the formulation.
The method is easy in concept which is based on the expressing the equilibrium
state of an individual control volume with compatible deformations at common
nodes with neighbouring volumes. The results present, in moderately thin and very
thin plate analysis, FEM suffers from locking problem while FVM is free of locking

matters. It is another profitable feature of FVM and encourages researchers for

more investigation of FVM capabilities.
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Chapter 6

CFD Approach for the Analysis of
Solid Mechanics and Thermally
Coupled Stress-Flow Problems

The aim of this chapter is to provide a solid mechanics formulation using a CFD
framework to solve problems involving compressible and incompressible or nearly
incompressible materials. In this approach, in addition to displacement components,
the pressure field is also considered as an unknown variable. The development of

this tvpe of formulations is encouraged by the following:

e The usual displacement formulation becomes unstable when Poisson’s ratio is

larger than 0.4.

e The similarity between the fluid flow equations and solid mechanics equations
may enable modifications to an available CFD code for solving solid mechanics

problems.

¢ This formulation provides a foundation for analysing problems involving stress-

flow-thermal (multiphysics) effects using a single code.
Multiphysics problems can be found in the following applications:
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e Temperaturc-stress problems arising in unevenly heated piping systems.
e Thermal stress problems arising in electronics equipment (flow, heat, stress).

e Thermal and mechanical stress problems in the blades, disks and combustors

of power generation equipment (flow, heat, stress).

o Residual stress problems in casting and other forming processes ( flow, phase

change. temperature, stress).

The discussion in this chapter is limited to small elastic strains. The similarities
between the solid equations and fluid flow equations will be addressed and then
some necessary modifications will be discussed to achieve a desired technique for
solution of solid mechanics and multiphysics problems. The PHYSICA [33] code,
a cell centred finite volume(CC-FV) based CFD code, is used to undertake this
analvsis. The modifications to this CFD code will be demonstrated with test cases
for stress only problems and multiphysics problems. The novelty of the work in this

chapter is:
e Solving the stress equations in a CFD code.
e Technique involves small changes to current CFD environment.

e Comparison between this single solver with traditional 2-solver approach for

a number of problems.

e Extension of structured multiphysics solver [32] to unstructured meshes.

6.1 A CFD algorithm for solid problems

The solid stress need to be calculated in design when material shows incompressibile
or compressible behaviour. Although this can be dealt with using the available
techniques in solid mechanics field (i.e., finite element method), the solid and fluid

equations are similar and it can be shown that a CFD approach can also be applied
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for the analysis. The idea is, when the solid momentum equations including of
constitutive equations are formulated with displacements as the dependent variables,
their form is almost identical with those governing the velocities field in the fluid
flow equations. Therefore, displacements can be computed for solids and velocity

for fluids [72]. The next section highlights the similarities between solid and fluid

equations.

6.1.1 Fluid momentum equations

Based on Newton's second law the momentum equations in three dimensions are [73]:

O(pvz) . Op Oo Jo oo
d . — _ xx yx 2z
L e L L
0(pvy) _ _ Op 0Oogy  0Ooy, 0oy
5 + div(pyyv) = ~3y + o + By + 5=t Sty (6.1)
o(pv,) , _ Op | 0oy, | Ooy, 00,
ot +dzv(pvzv)——az+ or Ay * 5z + 5w

Where:
v is velocity vector.
v; is component of velocity vector v on ¢ direction.
p is density.
p is pressure.
0ij is viscous stress component (deviatoric stress component) which acts in the j
direction on a surface where its normal is in the ¢ direction.
Sy is the source term which includes contributions due to body forces in the ¢

direction.

6.1.2 Navier-stokes equations for a Newtonian fluid

The momentum equations contain further unknowns of the viscous stress compo-

nents o;;. In many fluid flows the viscous stresses can be expressed as functions of

101



the local deformation rate (or strain rate). In three dimensional flows the local rate

of deformation is composed of the linear deformation rate and the volumetric defor-
mation rate. The rate of linear deformation of a fluid element has nine components

in three dimensions, six of which are independent in isotropic fluids [74]:

T
ov
Cyy = Eyi
e — Ov,
22 8Z
1 ,0v, Ov
Cay = Eyz = 5(‘53/‘ + 0_.;/) (6.2)
€ = e — l(% + 8’02
TR T 94 B, Bx)
1 % ov,

eyz=ezy=§(az + 8y)

The volumetric deformation is given by:

Ovy,  Ovy, = Ov, o
5 T 3 + 3, = divv (6.3)

In a Newtonian fluid the viscous stresses are proportional to the rate of deforma-

tion. The three-dimensional form of Newton’s law of viscosity for compressible flows

involves two constants of proportionality:
Ogz = 2U€zy + AdiVV
Oyy = 2peyy + Adivv
Oz = 2U€,, + Adivv (6.4)
Ogy = Oyz = Hegy
Ozz = Ozx = M€z,

Oyz = Ozy = HEy.
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Where 4 is dynamic viscosity and A is the second constant. Not much is known about

. becausc its effect i all i acti — 2, : :
A. because its effect is small in practice. For gases \ = — 318 & good approximation

in practice [T4]. For an incompressible fluid, divv =0 so in the above constitutive
equations there will be just 1 as the constant. Substitution of the above constitutive

equations. (6.2), (6.3) and (6.4) into equation (6.1) yields the so called Navier-Stokes
equations:
d(puy) Op 0. Ov, ov

5 T div(pvgv) = “5 T B2 [2u 5 T Mdivv] + [u( Y L

Ov,
S

ﬁ (%_i_avz)
0z a 0z ox

A(puy) op 0. ov, Ov 0. Ov
+ di - = < Y :
P> iv(pvyv) = ay + . [( 3y + 5 )] + 5 —[2u—==2 5 + Adivv]+
Oov ov,
S + S+ S (6.5
o(pv,) , B Bp 0. ,0u avz dvy  Ov,
[2/1?;— + Adivv] + Sir,

Rearranging the viscous stress terms is possible as follows. In £ momentum equation:

81} 8 Ovy = Ovy 0, Ovy Ou,,

_(9_( Bvx)+_3_( avx) 8( Bvx)]+
5z "o T\ ey T e

0 Oug 0 , Ovy 0, Ov, 0
[%(“ax) 5 (’“‘a )+ax(“az)]+ax(

Adivv) =

%)
%(udivv) + %()\divv) = div(ugradv,) + 5—;(# + A)divv

The same procedures is possible for momentum equations in y and 2 directions. The

div(ugradv,) +

final form of momentum equations are:

d(pvg)
ot

+ div(pu,v) = —B%[p — (1 + N)divv] + div(pgradvs) + Sue
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d(pvy) . 0 .
8ty + div(pvyv) = —a—y[p — (b + Ndivv] + div(pgradv,) + Sy (6.6)

O(pr.) _ 0 . .
5 + div(prev) = ——[p — (p+ N)divv] + div(pugradv,) + Sy,

By neglecting the convection terms at low Reynolds number flow, the steady state

form of the above equations is:
0 . .
—a[p — (p+ AN)divv] + div(ugradvy) + Sy = 0

s,
—@[p — (p + A)divv] + div(pgradv,) + Spry = 0 (6.7)

0
—-5;[1) — (e + A)divv] + div(ugradv,) + Sy, = 0

6.1.3 Fluid continuity equation

Derivation of the mass conservation equation is based on the mass balance for the
fluid element.” Rate of increase of mass in fluid element” should be equal to ”Net
rate of flow of mass into fluid element”.

Mathematically. the above expression can be written as:

?8—5 + div(pv) =0 (6.8)

6.1.4 A pressure displacement formulation for solid stress
analysis
The conventional form of the momentum equations for solids in the steady state

situation from the principle of static equilibrium are:

00 24 N 00 yz N 00,z

or | oy 0z M

00y, 00y, | 004
x 4+ Sy =0 (6.9)
Ox + Oy T 0z My
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aa;l‘l + aayz aO'zz
ox ay + 0z +Sm: =0

Where typically Sy, is the source term which includes component of the body force

in the x direction. Based on the linear termo-elasticity theory, stress can be related

to the deformation by use of Hook’s law as:

E(1-v) Ouy v . Ou 5
Orr = ——(T-T,)+ =Y o(T— v Uz
(1+v)(1 - 21/){ 5 I+ oy o(T-T)l+ =15 =—a(l-T)l}
E(l1 -v) v Oug ou 0
Oyy = —o(T-T) |+ —a(T- vV 9% o
W= T2 Toslae T WG, -~ =T+ 5= -a(T-T)}
E(l - V) v aum v ou ou
- — — —v_ — 2
7= T W+ o)1 - A ap T Tyl —eT =T+ 5= —a(T-T)}
(6.10)
Ou, Ou
Ozy = Oy = G( By a_xy)
Ou, Ou,
szzazx:G( 92 + Bw)
ou ou,
Oyz = Oay = G(‘é;y + 5y )
Where:
v is Poisson’s ratio.
G is shear modulus.
a is thermal expansion coefficient.
T is temperature.
T. is reference temperature.
The normal stresses 0;.0yy and 0., can be rearranged as:
ou, 2G .
Oz = Oav + 2G 81; — —g-dzvu
0 2G .
Oyy = Oav T QGéLyﬁ — —g—dzfuu (6.11)
ou, 2G .
Oy = Oap + 2G aU; — —3——dzvu
Where o,, is the mean value of the normal stresses:
o = Tzt 0w F 0 __ P ldivu-30(T - T) (6.12)

3 3(1 — 2v)
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Physically o4, can be interpreted as a pressure quantity, but because of different

positive sign convention for stress quantity and pressure quantity, we have:
Ps = —0gy = —-?Xl—fQ—V)[divu —3a(T - T,)] (6.13)
Substitution of this pressure quantity into Hook’s law gives:
Oze = —Ps + 261882;;lc — 2—5—divu
Oyy = —Ds + 2G%L7y — —Q?Gdivu
O, = —Ds + 2Gaal;z — g?)galivu (6.14)
Ozy = Oya = G(%ny %)
Ops = Opg = G(é;;m + %l;z)
Oys = Ouy = G(% %Zz)

Finally by substituting the (6.14) into the equilibrium equations (6.9) we have:

0 G | . _
—g(ps — E—dwu) + div(Ggradu,) + Sy = 0
0 G . .
—@(ps — Edwu) + div(Ggraduy) + Spy =0 (6.15)
0 G, .
——-a—(ps - gdwu) + div(Ggradu,) + Sp, =0
2

The comparison of equations (6.15) and (6.7) is instructive because it provides a key
tool for the analysis of multiphysics problems where fluids and solids interact. The
comparison indicates that y corresponds to G and velocity vector v corresponds to
displacement vector u. By choosing the value of A = —-g;,u, in equation (6.7), the

two sets of equation have completely the same form.

In the case of a termo-elastic solid, solution of the continuity equation may be

avoided since the variation of density is negligible [31]. Therefore, it is reasonable
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to expect to achieve the solid deformation field by solving equations (6.7), when

accompanied with equation (6.13) instead of the continuity equation, which defines

the relation between displacement vector u and pressure quantity of p
s

Adopting the CFD software for this type of application should be done carefully

because in some CFD packages like PHYSICA, the term (1 + N)divv in equation

(6.7) is considered to be zero. As a result of this assumption the relationship be-
tween pressure in fluid equation, (6.7) and p, in solid equilibrium equation, (6.15)
1S:
_ G i
P =ps — Fdivu (6.16)

By substituting equation (6.13) into the above equation we have:

_ 1 : 2(1+v)
p = G[l — 2ydwu — WO&(T - TT)] (617)
Or:
, 1—2v
divu + o P~ 201+ v)(T-T,) =0 (6.18)

Now the above equations can be used with the momentum equations of (6.7) for

solid stress analysis in a CFD framework.

6.2 PHYSICA

PHYSICA [33] has the capability to solve problems that involve coupled physical
phenomena in three spatial dimensions and time. It may be used for computational
fluid dynamics and computational solid mechanics and interactions between the
two. Apart from stress calculations, which uses cell vertex finite volume method, it
uses the cell centre finite volume technique over a structured or unstructured mesh
domain to solve flow, heat transfer problems. PHYSICA has links with pre/post
processors like FEMGEN/FEMVIEW [75] and PATRAN [76]. The work presented

in this chapter used PHYSICA'’s environment for including the solid equations in
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a CFD framework. Therefore, it will be convenient to present the discretization

techniques and solution procedures of PHYSICA in the following sections.

6.2.1 Discretization used in PHYSICA

P~

Because equations (6.7) and (6.15) are special forms of the general CFD equation,
the following discussion details the differencing schemes and methods of interpola-

tion for the general CFD equations used in PHYSICA.

If we introduce a general variable, ¢, the conservative form of all fluid flow equations

including equations for scalar quantities such as temperature can usefully be written

in the following form [73]:

a—(gf—) + div(pve) = div(Isgrade) + Sy (6.19)

Suitable approximations can be made to each term in equation (6.19) which allows

it to be expressed as a linear matrix equation with the form of:
Ap=D> (6.20)

Where ¢ is a vector of the value of ¢ at a finite number of computational points,
such that the solution of equation (6.20) gives as close an approximation as possible

to the solution of (6.19).

The techniques used to discretize the various conservation equations are based
on the cell centred finite volume formulation. As mentioned in chapter 3, in this
method the domain over which the equation is to be solved is divided into a set of
non-overlapping polyhedral control volumes. The dependant variables which are the
averaged value over the C'V are stored at the centre of CV. The FV method involves
integrating the conservation equation (6.19) over each control volume and over time.
Assumptions are made for the variations of the quantities involved in the equation

between the centre of the control volumes. For each control volume this leads to a
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Figure 6.1: Adjacent control volumes

linear equation involving the unknown values of the scalar quantity at the centre of
the control volume and the centre of its neighbouring control volumes. Considering
all such linear equations together produces a matrix equation of the form (6.20).
The final discretized form of the conservation equation is [39):
appp =) AnpPnp + p (6.21)
nb
Where the summation is over all elements which share a face with element P. The

coefficients in equation (6.21) are calculated from the formulae:

any = DsA(| Py |) + maz(—Fy,0.0)

[

vV
ap = Zanb + ZZP + SpVp
nb

VEPS o
A7 Op

Where the Sc and Sp are the components of the linearised form of the source term

bp = ScVp +

as:

the superscript "o” indicates previous time step values, V is the volume of element P,

At is the time step size, Dy and F} are the strengths of the diffusion and convection

respectively, Py is the Peclet number and are given by:

Fy = Agps(v-n)s
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D; = Ap(Ty)s
dap
Py = Fy _ ps(v-n)y
Dy (Ly)s

Ay is area of face f.
d +p is the distance between the centroids of elements A and P, see Figure 6.1, and

the differencing scheme functions, A(| Py |), are listed in the table (6.1)

Scheme Formulae for A(|P))
Central Differencing 1-0.5|P|
Upwind 1

Hybrid max(0 , 1-0.5|P|)
Power Low max(0 , (1-0.1P])°)
Exponential [PVexp(/P)-1

Table 6.1: Definition of differencing schemes

6.2.2 Rhie-Chow interpolation method

The solution procedure for the transport of a general property ¢ developed in the
previous section will. of course, be enlisted to solve the momentum equations. Mat-
ters are. however, not completely straight forward since there are problems associ-
ated with the pressure source terms of the momentum equations that need special
treatment. If the velocities and the scalar variable of pressure are both defined at
the centre of an ordinary control volume a highly non-uniform pressure field can
act like a uniform field in the discretized momentum equations [73]. This can be
demonstrated with the simple two dimensional situation shown in Figure 6.2, where

a uniform grid is used for simplicity. If the pressure at face "e” and face "w” ob-
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Figure 6.2: A checkboard pressure field

tained by linear interpolation, the pressure gradient term 2£ in the v,-momentum
. p oz

equation is given by:

Op _ pe—puw _ (P%2) — (B55™)  pp—pw

0x ox ox 20z

(6.23)

Similarly, the pressure gradient %’yi for the v- momentum equation is evaluated as:

Op _ PN —Ds (6.24)
Oy 26y

Substituting the appropriate values from the ”checker-board” pressure field from
Figure 6.2 into formulae (6.23) and (6.24) we find that all the discretized gradients
are zero at all the nodal points even though the pressure field exhibits spatial oscil-
lations in both directions. This behaviour is obviously nonphysical.

The standard approach for overcoming the above problem is the use of a staggered

grid for the velocity components which was first suggested by Harlow and Welch [77]
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and forms the basis for the SIMPLE procedure (78] and for the SIVA procedure [79].
The idea 1s to evaluate scalar variables such as pressure, density, temperature etc
at the centre of each CV but to calculate velocity components on staggered grids
centred around the cell faces. Based on this idea the v, velocity is calculated at the
faces of the control volume which their normals are in the x coordinate direction.
Similarly the v, and v, velocities are calculated at the faces of the control volume
with normals in the y and : directions respectively. This type of calculation for the
the velocity components on different places is of huge benefit on structured meshes
but the method does not extend easily to unstructured meshes.

In the approach presented here all dependant variables are stored at the cell cen-
tre. i.e. collocated variable arrangement is used. In contrast to the staggering
approach which uses four sets of control volume in three dimensional analysis, this
arrangement requires only one set of control volumes. The face values of the velocity
components have to be calculated from the element based values. This requires an
alternative interpolation method to those described earlier in this section which does
not suffer from the checker board effect. The Rhie-Chow interpolation method [40]
offers one approach which satisfies these requirements.

The z-momentum equation:

9(pvs)
ot

_op
ox

+ div(pvyv) = + div(ugradv,) + Sme (6.25)

where () + p)divv in equation (6.7) is considered as zero. This equation can be
discretized by using the techniques described earlier in this chapter over the control

volume about a node P to produce an equation which can be written in the form:

apV(z)pP + (pr)P = (z anbv(x)nb)P + Sp (6-26)

Where 7.p is the discretized contribution from the pressure gradient term. Similarly

for the adjacent node A:

AAV(z)A + (Va:p)A = (Z anbv(a:)nb)A + 54 (627)
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From the conservation principle of the control volume formulation the vg velocity

at a point on the face between the nodes must also have a discretized momentum

equation of the form:

at@)f + (VaP)f = (D anpVayns) s + Sy (6.28)

The Rhie-Chow interpolation method uses the equations (6.26), (6.27) to approx-
imate a solution for equation (6.28). It is assumed that the right hand side of
equation (6.28) may be approximated by using a weighted linear interpolation of

the corresponding terms in equations (6.26) and (6.27).Thus

aftyf + (V) s = (D anbVieyms) s + S5 = G0a)7 + (VD) (6.29)

Where the overline in the above equation indicates a weighted linear interpolation

of the variable. Assuming that a; = @y then:

V)f = T@f + df (VP — Vaby) (6.30)

Where if 3 as the weighting factor is used, we have:

U@y = Bup + (1 — B)v@w)a

VaPs = B Vaspp+ (1 - B) Vepa
VP = Agnz(pa — pp)
af =ap+(1—Baa
ds = aj’
The weighting factor, 3, is set at 0.5 otherwise unrealistic solutions may be achieved

with the distance weighted interpolation which has been reported [39].

6.2.3 Momentum-Pressure coupling

One common approach to the evaluation of the velocity field and pressure field is

the iterative method. Given a pressure field p, discretized momentum equations can
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be solved to obtain the velocity fields. If the pressure field is correct the resulting

velocity field will satisfy continuity. As the pressure field is unknown. we need a
J

method for calculating the pressure.

6.2.4 SIMPLE algorithm

The acronym SIMPLE stands for Semi-Implicit Method for Pressure-Linked Equa-
tions [73]. The algorithm was originally put forward by Patankar and Spalding [78]

and is essentially a predictor-corrector procedure for the calculation of pressure field.
By discretizing the continuity equation:
pplp — ppVE

St T Alevim) =0 (631

Where the superscript "o” indicates the previous time step value, At is the time
step. The summation is over all faces of the control volume signified by the subscript
P. The Rhie-Chow interpolation gives the equation for a face velocity component

as:

1
Va)f = Ua)f T a(v:npf — VzPs) (6.32)

where the overline indicates linear interpolation of the relevant quantity between the

element centre values on either side of face f. In equation (6.32) the \7.py term is
approximated by Asn,(p4—pp) where the subscripts P and A represent the current
and adjacent elements respectively. At any solution stage, given estimated element
centre values for pressure, p* and velocity v}, the face value of the v, component of

velocity is given by:

* * ]' * *
Vig)f = v(x)f + E;(V:cpf - V:vpf) (633)

The aim is to improve the guessed pressure p* in order that the starred velocity
components get progressively closer to satisfying the continuity equation . If p is

the correct pressure then:

bty (6.34)
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Where p is the pressure correction. Similarly the starred velocities are related to

their correct values by:

!
Uy = vr +v = p* ! — ¥ !
v T T Uy ’Uy -+ 'Uy V, = v, + v, (635)

If equation (6.33) is subtracted from equation (6.32) then following equation is

obtained:

! 7 ]- 7 /
(i = _ _
(z)f v(:c)f + af (prf prf) (636)

The use of all terms in equation (6.36) would produce an equation in which the
pressure correction in an element is directly dependent on corrections in both neigh-
bouring elements and elements adjacent to these neighbours. This would lead to
the need to solve a linear matrix with a much larger number of non zero elements
per row than any of the matrices constructed in the solution of the other solved
variables. In order to simplify the resulting pressure correction equation, the first
two terms on RHS of equation (6.36) are dropped. At convergence the terms which
have been ignored would be zero so this assumption does not affect the final answer,

only the way in which the final answer is approached. Hence:

/ 1 ! 1 ! 7
_ — —— - _A T - )
Va)s af(VwPf) o, Arma(Pr Pa) (6.37)

Finally substituting equation (6.35) in the discretized continuity equation (6.31) and

using equation (6.37) for the correction term, gives:

n-n ' ' Vp — V3 *
S oAt OB, gy = PP I S Ay (vt ow)y(638)
¥ af f

The above equation can be written in the form:

appPp = Y GnbPpy + bP (6.39)

nb

Where the summation in equation (6.39) is over all elements sharing a face with

element P and :
(n-n)y
af

Anb = pf‘A?c
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ap = 2} Qnt (6.40)

_ PPV P — pRV3
b = At _%:Afpf(v*'n)f

A set of linear equations can be set up by using equation (6.39) which has weak
diagonal dominance. The diagonal being at least as large as the sum of absolute
values the off diagonal elements. Boundary conditions or a fixed reference pressure
point. will guarantee diagonal dominance on some rows.

By solving equation (6.39) the pressure correction is obtained and the pressure

field can be updated by use of equation (6.34). Pressure corrections based on this

procedure are frequently over-estimated so they need to be relaxed as:

p=p"+7p (6.41)

Where 4 is between 0.0 and 1.0.

Equation (6.37) gives an equation to calculate the face velocity corrections but what
is needed is the velocity corrections for the CV centre value rather than these face
values. If the discretized form of the momentum equation is considered:

apUz)p = D _ GnpUgns + b — VaDp (6.42)
nb

then at any stage given a guessed pressure field,p*, an estimated velocity field v*

can be calculated:

apUiyp = D GnbVzyms T b — VaPp (6.43)
nb

Subtracting equation (6.43) from equation (6.42) and using equations (6.34) and
(6.35) an equation is obtained expressing the velocity correction in the element as
a function of neighbouring velocity corrections and the integrated gradient of the

pressure correction in the element:

apvzx)p = Z anbvzx)nb — VazPp (6'44)
nb

At this stage an approximation is introduced by dropping the summation terms

to simplify equation (6.44). This leads to the following formula for the velocity
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correction:
v/ — 1 ! 1 '
(v)P ap Va Pp = _; ; Afnxpf (645)

Expanding the right hand side gives the following equation for the velocity correction

in terms of pressure corrections in the element and al] its neighbours

! 1 ! /
or = =0 LAy + (1 agi) (6.46)

6.2.5 Modification to the solution procedure of PHYSICA

for solid mechanics problems

Modifications to the previous solution procedure are required for solving solid me-
chanics problems. Equation (6.18) for solid problems should be used instead of the
continuity equation. For an incompressible fluid the continuity equation is expressed
as:

divv = 0 (6.47)

Which is equivalent to equation (6.39) at the discretized level and can be applied
instead.

The solid material can be considered virtually as an incompressible fluid. As pointed
out before, the velocity vector in a fluid equation corresponds to the displacement
vector in the solid equation. As a result, the first term of equation (6.18), divu, is
substituted bv equation (6.39). Using this substitution and using equation (6.34)
the discretized form of equation (6.18) will be:

' ’ 1 — 21/ '
ApPp — Y GnpPyy — bp + = (pp + po)Vp — 20(1 4 v)(Tp — T,)Vp =0 (6.48)
nb

or

apip, = > QP + DB (6.49)
nb

Where by using equation (6.40) and dropping the transient term:

— p, A2
Anb p frf af
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mod __ 1— 2v
ap - = nzb Anp + e Vp (6.50)

mod __ * 1 — 2v
bp* = — zfj Arps (0™ n)g = —=pL Ve + 20(1 + v)(Tp — T,)Vp

Taking advantage of the similarities between the fluid and solid momentum equa-
tions and using pressure correction, equation (6.49), in the SIMPLE algorithm
solid problems can be modelled in the CFD framework and solved by CFD solu-

tion procedures. These modifications can be applied in PHYSICA by user-routine

environment.

6.3 Thermally coupled stress-flow problem mod-

elling in PHYSICA

As mentioned already in chapter 1, in the analysis of these problems we have a
coupled problem which involves stress, flow and heat transfer phenomena. Stress
in solid region is governed by the thermal load. Demirdzic et al. [31] studied this
type of coupled problem. In his approach he used the cell centred finite volume
displacement based formulation for the solid region and standard CFD analysis for
fluid region. Fluid effects on interfaces are considered as a surface tension load on
the solid faces, which are in contact with the fluids. Governing equations of fluid
and solid are solved turn by turn until an equilibrium state is achieved. Spalding [32]
also developed a method which is the basis of the work presented here. Applying
PHYSICA to the multiphysics problems in standard manner is illustrated in Figure
6.3. As mentioned in this figure the solution procedures consist of two different steps.
In the first step, temperature and velocity distributions are calculated in the whole
model by using the CFD solution procedure and thereafter the stress distribution is
calculated by solving the classic stress equations. This 2-solver approach solves the

problem in a decoupled manner and has the following disadvantages:
e 2-solver approach will try to solve flow equations in solid region and to solve
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Current solution procedure A
for stationary multiphysics problems in
PHYSICA
L l )

Cell Centred Finite

Volume technique

AR

Initial guess for fluid variables

Solve momentum equations for velocity field
®

Solve continuity equation to obtain pressure corrector

Sweep

Update velocity and pressure

®
Calculate temperature
o o ©

Cell Vertex Finite
Volume technique

Solve solid stress equations for displacement

Figure 6.3: Current solution procedure (2-solver approach) for multiphysics problems in PHYS-

ICA.
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stress equations in flow region in the first and the second steps respectively.

e Extrapolati : : : :
trapolation errors can occur by using different discretization techniques in

two steps of the solution.

In the 2-solver approach the following assumptions have been used in this work:
e Solid deformation does not affect the geometry of the flow region.

e stress on solid interfaces is neglected.

By applying the above assumptions and using the method developed in the previous
section, the solution procedures can be simplified to using a single CFD solver for the
whole field. In this manner a complete set of CFD solvers are used for the calculation
of velocity field and displacement field, where they are calculated simultaneously,
see Figure 6.4. Treating the problem in this manner contains a consistent solution

strategy and also benefits in terms of solution speed and especially in memory usage.

6.4 Validation test cases

In this section a set of test cases present the capability of the above modified for-
mulation for solid mechanics and multiphysics analysis. The first test involves a one
dimensional bar subject to an axial load. The second is a confined bar with the
free ends, where at the one end displacement imposed to the bar and the resulting
displacement inside the bar is calculated and compared with the FE results and cell
vertex finite volume method results. The third test case shows the capability of
the method for a two dimensional problem involving heat transfer and displacement
calculations. In the fourth test case the capability of the formulation will be shown

for the analysis of a multiphysics case which involves a contribution of heat transfer

and fluid flow effects.

120



One solver solution procedure

for stationary multyphisics problems by

using PHYSICA

l

Cell Centred Finite
Volume technique

/N

Initial guess for variables of the whole field

Solve momentum equations for velocity and
displacement field

*
Solve continuity equation to obtain pressure corrector

Update velocity, pressure and displacement

Calculate temperature

Sweep

* For solid region pressure-displacement equation instead

Figure 6.4: One-solver solution procedure for multiphysics problems by using PHYSICA.
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6.4.1 Test case-1

For presenting the capability of the modified fluid flow formulation for pure solid

application an axial tensioned bar was analysed, Figure 6.5. For this one dimensional

X
> u
> 4
2
0, =4.8x10 N/cm
B E=24x10° 2
u=0 I =24x10  N/cm
—> v=0.0
= A=1 cm2
L 10 cm -
= > T-T =0

Figure 6.5: Axial loaded bar

case the general momentum equations (6.15) reduce to:

op 0%u B
—‘8;'{—5:;2‘—{—51\4:3—0

Using equation (6.18) gives:

ou
b= —Ggg

Where Poisson’s ratio, v, corresponding to this one dimensional analysis is zero.

At the loaded end we have:

Ou _ %o
oz E
Therefore:
0, 0o
p=-Gp=73
So the boundary condition on the loaded end can be considered as p = —% =

—2.4 X 104;5;2- and on the fixed end the boundary condition can also be considered

as u = 0.
PHYSICA was used for the analysis. One 4-noded quadrilateral element was used.

Fluid low module(i.e., Flow module) was switched on for the analysis. Necessary

arrangements in the flow module for this analysis are:
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e Activating the Flow module for momentum calculations just in the z direction.

e Calculation of pressure variable.

e Accommodating the equation (6.49) in the solution procedure by adding con-

venient source term in the pressure correction equation.
With these arrangements PHYSICA predicts 0.2cm elongation which is the same as
the theory result.
6.4.2 Test case-2

In this test a bar with square cross section and length of 10em is prevented from
deforming laterally. is subjected to an uniform displacement of 0.25¢m at the left

end in the : direction, see Figure 6.6. The right end of the bar is stress free. To

u, =0.25 cm
|———

| 1cm
|

[ J : ®

_O_ __________________________________________ L0 1cm

X
, i
- =]
y 10 cm

6 2
G=096x10 N/cm
v=0.25

T-T . =0

Figure 6.6: Solid bar under the left end forced displacement

attempt to accurately model the formation of the displacement profile a fine mesh
was used near the induced displacement boundary and gradually becomes coarser

towards the free end. This problem was analysed as a three dimensional case and
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3-noded Brick element was used for discretization. The sides of cross section in z
and y directions are divided to equal divisions where length in the 2 direction is
divided in nonequal divisions as mentioned above. The z component of displace-
ment along the line OO, was selected for comparison of modified CFD formulation
results and the classic FE results and the results of FV method solving the classic
stress equations. Flow module of PHYSICA was used and momentum calculations
were switched on in the three directions, z, y and z. Also pressure calculation has

taken place and equation (6.49) was considered in the solution procedure. Figure

6.7 shows the boundary conditions. Figure 6.8-2 shows PHYSICA result and Figure

u =u =0
y

u =0.25
Z

=0

y u =u =0 for all faces in the z direction
X

Figure 6.7: Boundary conditions for the solid bar

6.8-3 shows FE result corresponding to 20 divisions on each side. Figures 6.9 and
6.10 show the convergence in FE results and CFD approach results by refining the
mesh. In Figure 6.11 the result of CFD approach is compared with FE method.
In Figure 6.12 the result of three methods are compared together. In PHYSICA for
control volume with face on the boundary, the nodal value is calculated based on the
control volume centroid value apart from boundary values. So in Figure 6.8-2 the
graph does not start from correct quantity of boundary displacement value, 0.25¢cm.

Apart from this quantity, the result of three methods are very close.
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Figure 6.8: z Component of displacement of central line of bar

For presenting the capability of PHYSICA for analysis of incompressible solids the
Poisson’s ratio of the material was changed to 0.5. As Figure 6.8-4 shows, for main-
taining the volume of the bar at the constant initial quantity the solid deforms at
the right end in the z direction. As can be seen the incompressibility condition
changes the solid behaviour totally different to what has been seen in Figure 6.8-2

or Figure 6.8-3. Note that the usual displacement based formulation of FE or FV

method will not be able to solve this problem when v = 0.5.

It will be instructive presenting the z component of velocity profile of an incom-
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Figure 6.9: z Component of displacement of central line of bar
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Figure 6.10: z Component of displacement of central line of bar

pressible flow of a fluid in a duct with the same geometry. Figure 6.13 shows such
behaviour for an incompressible flow. The lateral boundary conditions is the same
as the solid bar boundary conditions and at the inlet fluid enters to the duct with
v, = 0.25¢m/sec and at the outlet zero pressure boundary condition is assumed and

the dynamic viscosity of the fluid is considered equal to the shear modulus of the
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Figure 6.11: z Component of displacement of central line of bar
Discretisation Method FE CV-FV PHYSICA
-Di 216
CPU Time 3-Dimen. 37 17
(Sec)
2-Dimen. 2 3 14

solid bar(i.e., 0.96 x 10%). As can be seen the velocity of the incompressible fluid
is equal to the displacement of incompressible solid. This is expected, because for
an incompressible solid, without thermal load, equation (6.49) has the same form

as fluid continuity equation. This coincidence completes the similarities of fluid and

solid equations.

Table (6.2) shows the total CPU times spent for the solution procedures using the
different methods. The tests were carried out on a SUN SPARC20 work station.

Ten divisions on each side were considered. For more comparisons the test was also

analysed as a two dimensional plain strain case which is discretized by BLQ ele-

Table 6.2: Total CPU time
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Figure 6.12: z Component of displacement of central line of bar

ments. With nearly the same accuracy, the total CPU time of the CFD procedure
for 8-noded brick elements is less than the CPU time spent in FE procedure and
CV-F\" procedure but reversely in the two dimensional analysis the CFD procedure

needs more CPU time than the two other methods.

6.4.3 Test case-3

In this test a rectangular plate with the specified boundary conditions, shown in
Figure 6.14-1, was analysed. Four noded quadrilateral elements were used for dis-
cretization with 80 uniform divisions in x direction and 40 nonuniform divisions in
y direction. The present one-solver approach and the traditional 2-solver approach
were used in the analysis. In one solver approach the Flow and Heat transfer mod-
ules of PHYSICA were switched on and in 2-solver approach the Flow, Heat transfer
and EVP(i.e., elastic visco plastic module) modules were used. Figure 6.14-3 shows

temperature contours and in Figure 6.14-2 and (6.14-4) the displacement along the

line BA are presented.
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Figure 6.13: z Component of velocity of incompressible fluid on central line of a square duct
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6.4.4 Test case-4

In this test a 2-dimensional solid block with a heat source which is being cooled
by the flowing ambient cold air was analysed, see Figure 6.15. The importance of
this test is, it demonstrates the modified CFD procedure solve the solid stress, heat
transfer and fluid flow equations simultaneously by using the CFD solvers. Four-
noded quadrilateral elements were used for discretization. The boundary conditions
applied in this test are illustrated in Figure 6.16. Attempts have been made to try to
define the free stress surfaces of the solid part by assuming zero pressure boundary
conditions. At this stage of the development, there is no other choice for better
modelling of the interfaces. The following results show these boundary conditions
produces reasonable results. Nodal resultant displacement of solid region is shown
in Figure 6.17-1 and variation of this quantity along the central line of the solid block
in the v-direction (i.e. line AB in Figure 6.15) is also presented in Figure 6.17-2.
Figure 6.17-3 and 6.17-4 show the heat distribution contours for the whole model
and for solid region respectively. The equivalent results from 1-solver approach are
presented in Figure 6.18 which are close to the results presented from the 2-solver
approach. Figure 6.19 shows total CPU time corresponding to each method. It
shows the present method needs less CPU time. The comparison of the memory
usage is shown in Figure 6.20. As shown, the present method is also efficient in

terms of memory needs.

6.5 Closure

A Novel method based on the CFD solution procedure has been presented for solid
mechanics problems and those involve different physics which affect each others.
The method uses the CFD solution procedure to calculate the unknown displace-
ments in solid problems. For solid problems where the Poisson’s ratio is close to
0.5 the usual displacement approach fails in predicting the accurate results but the

present method can handle the situation properly. The reason for this capability is,
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we take out the mean value of the normal stresses from the stress tensor as an un-
known variable. The novel feature of the present method can be seen in the coupled
problems involving fluid and solid materials. Instead of using two different solvers
for predicting of unknowns(i.e., velocity, pressure, temperature, displacement) the
method uses C'FD solution procedures for predicting the velocity components in fluid
region and displacement components in solid region. The results of test cases show
that the method is efficient in terms of both CPU time and memory usage. The
Flow module of PHYSICA was developed for the fluid type problems, inevitably the
boundary conditions considered in this module are limited to the fluid problems. To

apply this module to the solid mechanics problems, developing convenient type of

boundary conditions for solid problems is necessary.

131



Figure 6.14: Test case-3; 1)Geometry and boundary conditions; 2)Temperature profile; 3)Dis-

placement along line BA (one-solver approach); 4)Displacement along line BA (2-solver approach)
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Figure 6.15: Heated solid block with cooling fluid
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Figure 6.16: Boundary conditions for the fluid and solid regions
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Figure 6.17: Heated solid block with cooling flow, 2-solver approach. (1)solid resultant displace-
ment field, (2)solid resultant displacement along central line AB, (3)temperature field, (4)temper-

ature in solid region



L]
w.hw"
L°69y
L' TLy
LGl
8°S¢L
B LL,
8°6Ly
6718y

857y
a2 ﬁm-
X piLEy

H TEvy
67§
A 8°FS
L7039
S799,
£°ZLy
1o mh-

£-dPF9° _
z-3z1" _

_-—OeHuA U XRODIHZ e

yowoadde IeATOs BUQ

Q'E0-T°S AOWIA

Figure 6.18: Heated solid block with cooling flow, one solver approach. (1)solid resultant dis-

placement field, (2)solid resultant displacement along central line AB, (3)temperature field, (4)tem-

136

perature in solid region

Q<< Qﬂiﬁf

///n NL\W\\

ST\



CPU Time(min)

12

16

14

10

0
1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

Total number of elements

Figure 6.19: Total CPU time spent in different approaches
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Figure 6.20: Total memory usage in different approaches
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Chapter 7
Conclusions

Firstly the conclusions from each chapter of this thesis will be discussed, where the
research has provided new data to the field of computational mechanics. Secondly

the options for extending this research as further work will be discussed.

7.1 Concluding remarks

7.1.1 Geometrically nonlinear analysis

A novel cell vertex based finite volume formulation was developed for the elastic
geometrically nonlinear problems and was compared with the Bubnov-Galerkin fi-
nite element formulation(FE). The numerical results, presented in chapter 4, have
shown the capability of the cell-vertex based finite volume(CV-FV) approach for the
geometrically nonlinear(GNL) analysis. Results show that the FE approach results
in a symmetric stiffness matrix while the CV-FV procedure provides a stiffness ma-
trix that is potentially asymmetric. The discretization based on the constant strain
triangular(CST) element results in a symmetric stiffness matrix, but the bilinear
quadrilateral(BLQ) element results in asymmetric stiffness matrix. For the CST
element both FE and CV-FV result in the same stiffness matrix and this equiva-

lence has been proven theoretically and numerically in chapter 4. This observation
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has been already reported for the linear elements for problems involving material

nonlinearity in small deformation analysis[57]

While the BLQ elements provide more accurate results in GNL analysis the CST ele-
ments are not able to do. For BLQ elements with general form, the CV-FV requires
solvers like Bi-Conjugate Gradient(BiCG) for the assembled nonsymmetric equa-
tions, where the assembled symmetric equations by the FEM can take advantage
of standard solvers like the Conjugate Gradient(CG) method. For the GNL anal-
vsis, Jacobi pre-conditioning is applied for the both solvers and the computational
expense of the BiCG solver is higher than the CG solver. It should be noted that

a number of pre-conditionings could be applied that may reduce the computational

cost, such as incomplete Cholesky.

7.1.2 Plate analysis

The CV-FV method was also developed for plate bending analysis based on the
Reissner/Mindlin plate theory. Although the main goal of this research was the
development of a finite volume formulation for the stress analysis, in parallel, a
finite element code was also developed which provided a comparisons for the finite
volume assessments. The results of chapter 5 show that the cell vertex based finite
volume method has interesting features in representing the behaviour of thick and
thin plates. The FE approach with BLQ elements suffers from locking problem for
moderate thick and thin plates. The CV-FV has the capability to avoid locking for

thin plate analysis.

7.1.3 CFD framework for the solid mechanics analysis

Analysis of problems involving the simultaneous effects of fluid flow, temperature
and solid stress (multiphysics), requires the use of two distinct software packages or,

two different solvers in one software package. Another goal of this research project

140



was the development of a technique in the PHYSICA user environment which per-
forms both tasks at the same time by using a flow solver to predict solid displacement
without making major changes inside the PHYSICA package. The work relies on
the existence of similarities of the equations, governing velocity field in fluids to
those governing displacements in solids. The flow module in the PHYSICA code is
based on the cell centred finite volume discretization technique, so this work in ad-
dition to providing multiphysics analysis also provides a potential cell centred finite
volume(CC-FV') based technique for solid mechanics problems. Another interesting
aspect of this work is that, it has the potential capability for the incompressible
material analysis. This is due to taking out the hydro-static pressure term from the
stress tensor. The results of this work is very promising and future work can reveal
more advantages of this approach. Test cases presented in chapter 6 show that, this

approach can save not only memory usage but also CPU time.

7.2 Future research

This section details further work that can be undertaken to extend the capabilities

of the research already presented.

7.2.1 Material nonlinearity

The work presented for GNL analysis is currently limited to linear elastic mate-
rial. Linking this work to previous research for small strain visco-plastic material
analysis[57]. will combine material and large strain nonlinearities, which results in a
CV-FV package for analysis of industrial processes like forging. When deformation
gets larger and larger the deformed body should be remeshed for predicting accurate

results. So remeshing could be another part of the future developments.
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7.2.2 Shell structure analysis

The CV-FV based plate formulation can be developed for the shell structure analysis.
Although the current work has the capability for thick and thin plate analysis, it

would be useful to consider the in-plain(membrane) action and hence the capability

can be enhanced for shell analysis.

7.2.3 Cell centred finite volume framework for the solid me-

chanics problems

We can conclude that the cell vertex based finite volume method take longer to
converge and may require more memory compared to the finite element method.
The results in chapter 6 show that the cell centred finite volume has the advantages
of a segregated approach and considering less degrees of freedom which can save
both memory usage and CPU time. Experience with PHYSICA shows that, it is
possible to use the flow module for stress analysis based on the CC-FV technique.

The work can be advanced in the following way:

e For the small strain compressible solid problems the solid momentum equations
can be introduced to the PHYSICA in the flow module as a pure diffusion case.

Also further developments are:

— Adding new sort of boundary conditions for proper handling of the solid
boundary.

— Proper time integration techniques for transient analysis, where for solid,

we need to discretize the second time derivatives of the displacement
vector.
— Introducing extra terms of solid momentum equations to the PHYSICA

by using the user environment.

e For small strain incompressible solid problems, the pressure displacement for-

mulation (also known as the mixed formulation) of momentum equations can
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be used.

It is notable, the current capability of flow module for compressible and incompress-

ible solid problems analysis is limited to problems with boundary conditions which

are similar to the fluid boundary conditions.

7.2.4 Multiphysics analysis

At the current stage. the one solver approach is limited to the steady state situa-
tion, further work can be done for including the contributions of transient terms of
solid momentum equations in solution procedures. The solid material is assumed as
elastic material. further work can be performed to consider the non-linear material
behaviours. Including the solid type boundary conditions in Flow module of PHY'S-

ICA can improve the capability of one solver approach for more accurate analysis

of multiphysics problems.
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