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Abstract 

There is a growing interest in applying finite volume methods to model solid me­

chanics problems and multi-physics phenomena. During the last ten years an in­

creasing amount of activity has taken place in this area. Unlike the finite element 

formulation, which generally involves volume integrals, the finite volume formula­

tion transfers volume integrals to surface integrals using the divergence theorem. 

This transformation for convection and diffusion terms in the governing equations, 

ensures conservation at the local element level. This is seen as a major attraction 

for finite volume methods. 

The research presented in this thesis details the development of a cell vertex based fi­

nite volume formulation for complex analysis like geometrically nonlinear modelling 

and plate analysis. For both geometrically nonlinear and plate analysis a series of 

simulation results are presented and are compared with conventional finite element 

results. 

Further research has been carried out to solve stress problems in multi-physics phe­

nomena using a Computational Fluid Dynamics(CFD) frame-work. This approach 

has the advantage in that it uses the similarities between fluid and solid momentum 

equations to introduce some modifications in a CFD code that allows a complete 

CFD solution procedure to be used for the simultaneous calculation of the velocity, 

temperature and displacement variables. The results of this integrated approach 

are compared with results obtained by using techniques which solve the problem by 
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using two solvers (one for solid regions, one for fluid regions). 

In sumlnary, the novelty of the research detailed in this thesis is: 

• Finite volulne formulation for elastic large strain analysis. Comparison of this 

approach with traditional finite element techniques: 

Cell-vertex finite volume method is as accurate as finite element approach 

but slower in solution time . 

• Finite volume formulation for structural plate analysis. Comparison with tra­

ditional finite element method: 

- Novel finite volume approach is as accurate as finite element approach. 

Does not display locking problems (observed with finite element methods) 

and is comparable in solution times . 

• Formulation of an integrated CFD solver for coupled flow, heat transfer and 

stress calculations. Comparison with a 2-solver approach: 

- Integrated approach is much faster and substantially less memory inten­

sive than 2-solver approach. 

Comparisons between the new formulation and traditional approaches are made in 

terms of accuracy and solution speed. 
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Chapter 1 

Introduction 

The Finite Difference Method(FDM) was widely used in continuum physics be­

fore the advent of computers. Using a finite difference approach, the problems 

are discretized in conjunction with a Taylor series approximation. The diagonal 

dominant system of algebraic equations thus formed is solved by suitable numer­

ical solvers. This early technique had limited success for solving Computational 

Solid :\Iechanics( CSM) problems compared with other methods such as the Finite 

Element :\Iethod(FEM). The most important reason, was the difficulty of applying 

these techniques to irregular geometries in a simple manner [1, 2]. The finite element 

method has firmly established itself as the pioneering approach for the CSM prob­

lems. The Finite Element(FE) discretization approach is well suited to unstructured 

meshes for modelling of problems involving irregular geometries. The FDM received 

a renewed interest when associated with a control volume. This was a ground break­

ing step in discretization methods, as the method originally had the appearance of a 

FDM but employed some of the typical conventions of a FEM. This was the initial 

step in the creation of a new concept of discretization under the heading of Finite 

Volume Methods(FVM). The Finite Volume(FV) technique enforces conservation of 

the governing physics over the designed control volume as described by Patankar [3] 

and Hirsch [4]. Today, the FVM is the most common discretization technique used 

within the Computational Fluid Dynamics( CFD) community. The FVM applica-
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tion for CSI\I problelns is in its early stage of developments[2, 5, 6, 7, 8] and for 

Inany solid Inechanics applications it is still under the development as indicated by 

the research presentc\d in this thesis. 

The research undertaken in this project consists of three applications of the FVM 

for the CS~I problelns. The following sections describe these applications with par­

ticular regard to the above Inentioned numerical techniques. 

1.1 Geometrically nonlinear{GNL) problems 

\Yith the introduction of stronger, light weight and more flexible synthetic materi­

als. geometrically nonlinear analysis of civil, structural and mechanical engineering 

applications and industrial components has become essential. In small deformation 

based analysis (geometrically linear analysis), the equilibrium equations are for­

mulated ,~.rith respect to the undeformed known configuration where the deformed 

shape and undeformed shape are assumed the same in setting up the governing 

equilibrium equations. In some practical situations such assumptions fail and the 

difference between undeformed shape and deformed shape is significant and must 

be taken into account. In this situation the load deflection characteristics are af­

fected by geometry changes caused by the loading. When deformation is dependent 

on the unknown deformed geometry, it means the structural response is nonlinear 

whether or not the material behaviour is linear. In other words, if an applied load, 

P, causes a displacement response, u, the displacement response corresponding to 

load aP, where a is a constant, is no longer au. This type of nonlinearity is called 

geometrical nonlinearity. 

The G NL analysis may be formulated in either a Total Lagrangian or an Eulerian co­

ordinate system, the former is in terms of the initial configuration and the latter is in 

terms of the final deformed configuration. Computationally, an Eulerian formulation 
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is strictly an Updated Lagrangian approach [9], where the reference configuration 

beroInes the CUrr(\llt equilibrium state prior to some incremental change. The Total 

Lagrangian approach offers advantages since the initial configuration remains as a 

constant reference configuration which simplifies formulation and computation. 

\Yhile the G NL analysis by the finite element method, as Inentioned above, started 

in the 1960's [10~ 11] ~ the literature on applications of the finite volume technique 

to these problems is v('ry limited. Currently Maneeratana et al. [12] and Wenke 

et al. [13] have adopted Cell-Centred Fl.nite Volume(CC-FV) approach to analyse 

these problems. The method discussed here differs from previous reported works as 

it uses the Cell Yertex based Finite Volume(CV-FV) method as discussed by Fallah 

et al. [1 .. 1. 15]. 

1.2 Small deformation of plate 

The subject of bending of plates and indeed its extension to shells was one of the 

first to which the finite element method was applied. At that time various difficulties 

that were to be encountered were not fully appreciated and for this reason the topic 

remains one in which research is active to the present day. Plates and shells are 

a particular form of a three dimensional solid, the treatment of which presents no 

theoretical difficulties, at least in the case of elasticity. However, the thickness of 

such structures is very small when compared with the other dimensions and complete 

three dimensional numerical treatment is expensive. To ease the solution of such 

problems: even long before numerical approaches became possible, several classical 

assumptions regarding the behaviour of such structures were introduced as follows: 

• The normal stress through the thickness (Le. perpendicular to the mid-surface) 

of the plate is zero . 

• ~laterial particles that are originally on a straight line perpendicular to the 
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Illid-surfacE' of the plate remain on a straight line during deformation. 

In thin plate throry, which is based on assumptions formulated by Kirshhoff in 

1850 [16], shear defonnations are neglected and the straight line remains perpen­

dicular to the Inid-surfac(' during deforIllation. In the Reissner /Mindlin plate the­

ory [17. 18] shear defonnations are included and, therefore the line originally normal 

to thE' mid-surface in general does not remain perpendicular to the mid-surface dur­

ing the deformations. 

Figure 1.1 illustratE's deformation of a cross section of a plate with or without shear 

effects. In both theories the direct stresses in the normal direction of mid-plane are 

small and hence direct strains in that direction can be neglected. In the thin plate 

theory it is possible to represent the state of deformation by the lateral displacement 

w of the mid-plane of the plate. To ensure that the plate remains continuous and 

does not kink at nodes on element interfaces, it will always be necessary to use both 

the values wand its slopes to impose continuity. The first finite element procedure 

developed to model thin plates in bending was based on the Kirshhoff plate the­

ory [19]. The difficulties in these approaches are that the elements must satisfy the 

convergence requirements and be relatively effective in their applications. A great 

deal of research was spent on the development of such elements [20, 21, 22]; however, 

it was recognized that more effective elements can frequently be formulated using 

the :\Iindlin/Reissner plate theory [23, 24, 25, 26]. 

The early work of applying finite volume to plate analysis was published by Demirdzic 

et al. [27]. In that work the authors applied 8-noded brick elements for discretiza­

tion. Work by Wheel [28] is based on the Mindlin/Reissner plate theory, he showed 

the non locking behaviour of the finite volume formulation for thin plate analysis. 

The work presented in this thesis differs from that previously undertaken as again 

it uses the vertex based finite volume method. It also compares this approach with 

the traditional finite element method. 
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(a) Deformations excluding shear effect (Kirshhoff plate theory) 
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(b) Deformations including shear effect (Mindlin plate theory) 

Figure 1.1: Shear effects assumptions. 
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1.3 Coupled problems 

Frequrntly two or rllore physical systems interact with each other where the indepen­

dent solution of anyone systerll cannot be made without the simultaneous solution 

of the other. Such systrllls are known as coupled systems. A definition of coupled 

SySt(\lllS may be generalized to include a wide range of problems and their numerical 

discretization as [29]: 

'~Coupled systerlls and formulations are those applicable to multiple do­

mains and dependent variables which usually, but not always, describe 

different physical phenomena and in which: 

(a) :\"either domain can be solved while separated from the 

others; 

(b) :\" either set of dependent variables can be explicitly elimi­

nated at the differential equation level." 

In some problems coupling occurs on domain interfaces via the boundary condi­

tions imposed there. Generally each domain describes different physical situations. 

Fluid-structure interaction is an example of this type [30]. In other types of prob­

lems coupling occurs through the differential governing equations describing different 

physical phenomena. :YIetal extrusion can be an example of this type of coupling 

where the plastic flow is strongly coupled with the temperature field while the same 

time the latter is influenced by the heat generated in the plastic flow. 

The general approach to solving coupled systems, especially those involving both 

fluids and solids is to use two solvers, one for fluids (based on CFD(FV) methods), 

the other for solids (based on FE methods). This involves integrating results from 

two codes which is very time consuming and prone to errors. 
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DeInirdzic et al. [31] have developed a cell centred finite volume based formulation 

for solving coupled problems. In their approach they assembled and solved equa­

tions of different part of the model turn by turn by passing information accross 

interfaces as boundary conditions. Spalding [32] has developed an approach where 

the solid region in the Inodel can be analysed simultaneously with the fluid part 

of the model in a single CFD fraInework. This idea is based on the existence of 

sinlilarities between the 0J ayiC'l'-Stokes equations for flow and the solid momentum 

equations. \Vhile the idea is novel and simple, its implementation depends on the 

features of the CFD code being used. 

The research described in this thesis (chapter 6) has essentially extended this single 

CFD framework for solying fluid flow, heat transfer and stress using an unstructured 

mesh solver within the PHYSICA [33] modelling framework. This is different from 

work previously reported in this area. 

1.4 Scope of the thesis 

The main aim of this research is to provide novel developments of cell vertex based 

finite volume modelling technique in solid mechanics analysis. The novelty of this 

work is: 

• Application of finite volume technique to GNL analysis. 

• Application of finite volume technique to small deformation of plate analysis. 

• Simultaneous analysis of coupled problems in a CFD framework. 

A novel finite volume continuum mechanics based approach is developed for the GNL 

formulation where Total Lagrangian reference frame is adopted. In this method, 

there is no restriction on magnitude of the deformation quantities. The stress and 

strain relation is assumed linear and the formulation is applicable for two and three 
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diInensional lllodelling. Constant strain triangular elements and bilinear quadrilat­

eral elernents are used for the two dinlensional analysis and trilinear hexahedral or 

brick elernents is used for three dimensional rIlodelling. Plane strain and plain stress 

assurnptions are both considered in the formulations. 

To provide an in-house resource as a need for comparing the results with the fi­

nite elernent predictions a finite element code was also been developed with the 

sarne capabilities of finite volurne code in solving GNL problems. Some bench-mark 

test cases are presented which demonstrate the behaviour and the accuracy of two 

and three dimensional elements for the G NL applications using both FV and FE 

procedures. 

Finite volume based formulation for plate structures is another goal of this work. 

The plate deformation is assumed small enough, which allows us to apply the small 

deformation theory of plates. Mindlin/Reissner plate theory is applied in the for­

mulation because: as in the finite element formulation [23], it provides simplicity 

in element formulation using the cell vertex based finite volume method. Bilinear 

quadrilateral elements are used in the discretization. As with the GNL analysis, a 

finite element code has also developed in parallel with the finite volume code. Since 

the finite element code with quadrilateral elements "locks" in thin plate analysis, a 

mixed interpolation technique [23] is used in the finite element code for enriching the 

finite element code capabilities in thin plate analysis situations. The results of some 

test cases demonstrate the finite volume capabilities in plate analysis. Using a finite 

volume procedure, the nonlocking behaviour in thin plate analysis is demonstrated. 

The finite element method displays locking for these examples and requires mixed 

interpolation technique to overcome this. 

The third goal of this research is the analysis of coupled problems using a CFD 

frame work without making major changes to the structure of the CFD code. The 
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coupled problenl of interest in this thesis is illustrated in Figure 1.2. This type of 

probleIll involye'S stress-flow-thermal effects simultaneously in a multiphysics man­

ner. This type of ('x<unple is typical of a chip on a printed circuit board where heat 

is generated in the solid part of the Illodel (chip) because of its performance and 

the teIllperature distribution becomes stationary by cooling from the surrounding 

air flow. The traditional way for solving this type of problem is based on calculating 

the teIllperature and air flow distribution over the whole field using a CFD code 

and thereafter using an appropriate stress solver for calculating stress in the solid 

part of the model. This method treats the problem in a decoupled manner. In 

this research we are interested in solving the whole domain simultaneously by using 

a single CFD solver to predict the velocity field in the fluid region, temperature 

throughout the whole domain and displacement field in the solid region at the same 

time. As mentioned before, the idea is based on the similarities between the fluid 

and solid momentum equations. This idea has been implemented in this thesis. The 

PHYSICA multiphysics package has been used and some necessary modifications 

for imposing the solid equations has been made. The simulation results show this 

technique is yery cost effective in terms of memory usage and CPU time, compared 

to the method where different solvers are used for the fluid and the solid parts. 

~ 

>-

~ 

Cooling flow 
>-

~ 

~ 
~ 

~ 
>-

~ :/1 l~ ~ ............. 

~ 
Soha block wIth heat source 

Figure 1.2: Heated solid block with cooling flow 
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1.5 Layout of the thesis 

Chapter 2: Chapter two provides the foundation for the developments pre-

sented in chapter four. fiy(' and six. In this chapter the governing equations for 

the large defonnation are described. Different definitions related to the large strain 

concept are explained. vVhen defornlation breaks through the small strain barrier 

(57t:) the body is defornled and displaced considerably, so careful attention should be 

taken in the stress definition. This chapter also includes different stress definitions 

in both the Eulerian and Lagrangian frame works. 

Chapter 3: Chapter three discusses different discretization techniques for 

the finite volume approach and includes properties of elements applied in the thesis. 

Chapter 4: Chapter four provides a comprehensive discussions of geomet­

rically nonlinear problems. The generic formulation for analysis of this type of 

nonlinearity is presented and will show the fundamental difference between Bubnov­

Galerkin finite element method and finite volume method. Based on the provided 

formulations some standard elastic test cases in static situations are analysed by 

both FE:\I and F\I:\:I. 

Chapter 5: Chapter 5 provides the FV formulation for the plate analy-

sis. Reissner /Mindlin plate theory is the basis of these developments. Some test 

cases are studied which reveal the free locking behaviour of finite volume method in 

thin plate analysis. 

Chapter 6: This chapter includes a new scope of finite volume application 

for solid mechanics problems. This chapter presents discussions for enhancing the 

capability of a CFD code for analysis of stress-flow-thermal coupled problems. Some 

test cases involving pure solid problems and multiphysics problems are analysed. 
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Chapter 7: 

future' research. 

Finally chapter 7 provides the conclusions and suggestions for 
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Chapter 2 

Mechanics of Solids 

A reyiew of some of the basic concepts of continuum mechanics which are required 

in the formulation and numerical analysis presented in subsequent chapters is nec­

essary. The fundamental issues related to the kinematics, stress and equilibrium 

equations for solid materials are briefly addressed. This chapter consists of three 

main sections. In the first section the motion of a continuum body and the ex­

pressions for different strain and deformation measures are presented. The second 

section details different stress measures in terms of the initial and current configu­

rations of the body. Finally the third section deals with the equilibrium equations 

using the principle of momentum. 

2.1 Kinematics 

Describing the motion of a deformable body requires knowledge of "where it is" and 

"where it was" (Figure 2.1). The description used depends on initial configuration 

at time t = 0 or current configuration at time t. There are two main classes for 

describing the motion of a continuum . 

• Lagrangian or Material description 

In this method all behaviour is described in terms of the initial particle co­

ordinates X at time t = O. Then "where the particle is" is given in terms of 
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/ 
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/ / 
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Configuration at time t=O 

Configuration at time t 

Figure 2.1: Motion of a deformable body 

~~ \vhere it was" as: 

x = g(X, t) (2.1) 

Where X and x are the position vectors of a particle in the initial and the 

current configurations respectively . 

• Eulerian description 

In this method all behaviour is presented in terms of the current position of a 

particle at time t, hence "where the particle was" is given in terms of "where 

it is" as: 

X = G(x, t) (2.2) 

The Lagrangian description seems to be the more suitable one in elastic solids [34] 

where there is usually a natural undeformed state to which the body would return 

13 



when it is unloaded. But the equations of motion, or equilibrium equations, must be 

satisfied in the defonned or contemporary configuration and stress is therefore de­

fined in the deformed configuration. The Lagrangian approach is not generally used 

in fluid mechanics as it leads to more cumbersome equations [35]. This is avoided 

by using the Eulerian approach for fluids. For solids, the Lagrangian approach is 

usually adopted especially in small strain analysis. 

2.1.1 Finite Deformation and Finite Strain 

In finite deformation analysis based upon the different description methods of de­

formation. various measures for the deformation and strain are possible. Since the 

deformaton gradient tensor, F, is the key variable for the description of the defor­

mation and strain measures, before going ahead, this tensor is presented first. 

2.1.2 Deformation gradient tensor 

The deformation gradient tensor is defined as the derivative of the mapping gas: 

ax 
F = ax (2.3) 

It enables an elemental vector of dx, see Figure 2.1, to be obtained in terms of initial 

"ector of dX as: 

dx=F·dX 

Or inversely: 

dX = F-1
. dx 

The cartesian components of F would be: 

aXi 
Fij = ax. 

J 

Where in the three dimensional case can be presented in a matrix form by: 

8Xl 8Xl 8Xl 
8X l 8X2 8X3 

F= 8X2 8X2 8X2 
8X l 8X 2 8X3 

8X3 8X3 8X3 
8X1 8X2 8X 3 

14 
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X Initial position 

x Final position 

p p 

Figure 2.2: Initial and current position of particle P 

\Yith regards to relation of x and X from Figure 2.2: 

(2.8) 

tensor F can be expressed in terms of derivative of displacement components u as: 

0u}+1 aU} au} aU} aU} aU} 1 0 0 
aXl aX2 aX3 ax} aX2 aX3 

F= ~ aU2 + 1 aU2 aU2 aU2 aU2 + 0 1 0 =H+I 
ax} aX 2 a X 3 ax} aX 2 aX3 

aU3 aU3 aU3 + 1 aU3 aU3 aU3 0 0 1 
ax} aX 2 aX 3 ax} aX 2 aX3 

(2.9) 

\Yhere H is displacement derivative matrix and I is identity matrix. The deforma-

tion gradient matrix F contains information about the: 

• Volume change, 

• Rotation: 

• Shape change due to straining, 

which will be explained in detail later and hence can lead us to strain measures. 
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2.1.3 Green-Lagrange and Almansi strain tensors 

If t h(' Inaterial Y('ctor dX with length of dL is deformed to associated vector dx 

with length of dl ~ the strain tensors are defined so that they give the change in 

the squared length of the lllaterial vector dX. Green-Lagrange strain tensor E is 

defined [36] as: 

(dl)2 - (dL)2 = 2dX· E· dX (2.10) 

The Almansi strain tensor E*, also called the Eulerian strain tensor, is defined [36] 

as: 

\Yhere: 

(dl)2 - (dL)2 = 2dx· E* . dx 

(dl)2 = dx· dx 

(dL)2 = dX· dX 

by substituting of equations (2.4),(2.5) into two latter equations: 

(2.11) 

(2.12) 

(2.13) 

(dl)2 = dX· FT . F . dX = dX· (FT. F) . dX (2.14) 

The quantities: (dl)2 and (dL)2, can be calculated by use of tensor C, the Green 

deformation tensor [34], and B-1, the Cauchy deformation tensor [34], which are 

defined as: 

(dl)2 = dX . C . dX 

(dL)2 = dx· B-1
. dx 

(2.16) 

(2.17) 

By comparing equations (2.10),(2.11) and (2.16),(2.17) we obtain the following re­

lationship between the deformation tensors and strain tensors: 

2E = C - I (2.18) 

2E* = I - B-1 (2.19) 
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\Vh('re I is the identity tensor. Comparing equations (2.14),(2.15) and equations 

(2.16).(2.17) giy(\s that: 

C = FT. F (2.20) 

(2.21) 

So strain tensors can be rewritten as follows: 

E = ~ [FT . F - I] 
2 

E* = ~ [I - (F-1) T . F-1] 
2 

(2.22) 

(2.23) 

For comparison with the small strain tensor, by using equations (2.7) and (2.8), the 

Green-Lagrange strain tensor E is expressed in terms of the displacement derivatives 

as follows (in the initial configuration): 

En 
8u] !(( 8u] )2 + (8U2)2 + (8u3 )2) 
8XI 2 8XI 8XI 8XI 

E22 
8U2 !((~)2 + (~)2 + (-2~)2) 
8 X 2 2 8X2 8X2 8X2 

E33 
8U3 !((~)2 + (~)2 + (~)2) 

E= 8X3 + 2 8X3 8X3 8X3 

E12 ![ 8UI + 8U2] ![(~)(~) + (~)(~) + (~)(~)] 
2 8X2 8XI 2 8XI 8X2 8XI 8X2 8XI 8 X 2 

E13 ![ 8UI + 8U3] 
2 8X3 8XI 

![(~)(~) + (~)(~) + (~)(.ili&)] 2 8X] 8X3 8XI 8X3 8XI 8 X 3 

E23 ![ 8U2 + 8U3] 
2 8X3 8X2 

![(~)(~) + (~)(~) + (~)(~)] 2 8X2 8X3 8X2 8X3 8 X 2 8X3 

(2.24) 

Or in index form: 
1 aUi aUj 1 aUk aUk 

Eij = 2[aXj + axi ] + 2 aXi aXj 
(2.25) 

By use of equation (2.7) and the following equation: 

(2.26) 
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The Ahllansi strain tensor E* can also be expressed in terms of the displacement 

gradients as follows (in the current configuration): 

* OUI l((~? + (~)2 + (W.)2) (11 
OXI 2 OXI OXI OXI 

('22 * ouz ~((~)2 + (~)2 + (W.)2) iJrz 2 OX2 OX2 OX2 

(33 * OU3 1((~)2 + (~? + (W.)2) 
E*= OX3 2 OX3 OX3 OX3 

f12 * .!.[ du 1 + aU z ] l[(~)(~) + (~)(~) + (W.)(W.)] :2 OX2 a.l'l 2 OXI OX2 OXI OX2 OXI OX2 

(13 * l[OUI + OU3] l[(~)(~) + (~)(~) + (W.)(W.)] 2 OX3 OXI 2 OXI OX3 OXI OX3 OXI OX3 

(23 * 1[ou2 + OU3] l[(~)(~) + (~)(~) + (W.)(W.)] 2 OX3 OX2 2 OX2 OX3 OX2 OX3 OX2 OX3 

(2.27) 

Or in index fornl: 

E~, = ~ [OUi + OUj] _ ~ OUk OUk (2.28) 
~J 2 OXj OXi 20Xi OXj 

It is noticeable in equations (2.24), (2.27) the first bracket is a linear function of the 

displacement derivatives and shows the small strain vector and the second bracket, 

which contains squared displacement derivatives, appears only in large deformation 

analysis and is negligible in small strain problems. 

2.1.4 Stretch and Angle change 

Stretch or stretch ratio is denoted as :1 where dL is length of element dX in un­

deformed configuration and dl is length of element dx in deformed configuration. 

\Ve denote the stretch of the element whose initial direction is N by A(N) and the 

stretch of the element whose current direction is n by A(n). By dividing equation 

(2.16) and (2.17) by (dL)2 and (dl)2 respectively, we obtain: 

A(N) 
2 = N . C . N where N = ~~ (2.29) 

1 1 
---=-2 = n . B- . n 
A(n) 

where (2.30) 

It is obvious that the stretch of the element initially parallel to the axis of Xl for 

which N has components (1,0,0) is denoted by A(l) is given by: 

(2.31) 
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\Yhile the stretch of the element currently parallel to the axis Xl denoted by A(1) is 

giyt:'ll by 

(2.32) 

Equations (2.31) and (2.32) show that diagonal components of tensor C and tensor 

B-
1 

in the rectangular cartesian are positive' and the diagonal elements of E must 

be greater than ~l and those for E* must be less than ~. 

If cos(nl. n2) denotes the cosine of the angle between elements dXl and dX2 cor­

respond to hvo material elements dXl and dX2 respectively in the undeformed 

configuration, then: 

JdXl · C· dX l JdX2 · C· dX2 
(2.33) 

dXl . (FT. F) . dX2 Nl . C . N2 

IdXllJNl . C . N l ldX21JN2 . C . N2 A(Nd . A(N2) 

Let (}12 denote the angle between the deformed elements which were initially par-

allel to the Xl and X 2 cartesian axes. Then Nl has components (1,0,0), N2 has 

components (0.1,0) and 

2E12 
COS(}12 = --;:.======== 

V(l + 2En)(1 + 2E22 ) 

(2.34) 

This equation indicates in general the angle change (shear deformation) not only 

depends on the shear components of the finite strain tensor but also depends on the 

stretches of the elements involved, thus different to the small strain case. 

2.1.5 Surface change and volume change 

Referring to Figure 2.3 an initial surface dSo with sides of dXa , dXb being moved to 

a deformed surface ds with sides of dxa , dXb, we have: 
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Figure 2.3: Change of area during the defonnation 
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Figure 2.4: Change of volume during the deformation 

(2.35) 

\\~here J is determinant of the deformation gradient F. Equation (2.35) is known 

as :\anson·s formula. Figure (2.4) shows an infinitesimal volume element in the 

undeformed configuration with sides parallel to the cartesian axes given by dXl , dX2 

and dX3 . The elemental material volume dVo is given as: 

(2.36) 

In order to calculate the corresponding deformed volume dV in the spatial configu­

ration, the corresponding deformed sides are: 

ax 
dXl = F . dX l = aX

l 
dX1 (2.37) 

ax 
dX2 = F . dX2 = aX

2 
dX2 (2.38) 
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ax 
dX3 = F . dX3 = - dX3 aX3 

The triple product of these vectors gives the deformed volume dV as: 

i T - d ax ax ax 
(I = Xl· (dX2 X dX3) = -r . (-r X -)dX l dX2dX3 a_x I a"\2 aX3 

(2.39) 

(2.40) 

The above triple product is the determinant of F so equation (2.40) gives the de-

formed voluIne in ternlS of the Jacobian J as: 

J = det[F] (2.41 ) 

\Yith regards to above discussion the mass element can be expressed in terms of the 

initial and current parameters as: 

dm = PodVo = pdV (2.42) 

\Yhere Po and p are initial and current density respectively. Substitution of equation 

(:2 .-11) into above equation~ gives: 

Po = pJ (2.43) 

The equation (2.-13) is referred to as the conservation of mass or continuity equation. 

2.2 Stress 

The stress definition can be affected by significant changes in initial configuration 

caused by finite (large) deformation . There are some stress definitions which can 

be transformed to each other. The main difference between them is that some of 

them refer to the initial configuration and the others refer to the current deformed 

configuration. In this section the following stress definitions will be presented: 

• Cauchy stress . 

• The first Piola-Kirchhoff stress. 
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undeformed configuration 
deformed configuration 

Figure 2.5: Un deformed/deformed configurations and acting forces 

• The second Piola-Kirchhoff stress. 

Because the internal energy (or deformation energy) corresponding to a deformed 

body is independent of the type of stress measure that is used in the calculation, 

each stress definition conjugates to the associated strain measure. This relation 

between stress and strain is called work conjugacy [37]. The Cauchy stress tensor, 

0': is defined as a function of the spatial coordinate x and is a symmetric tensor. 

When we use material coordinate system for strain definition (i.e. Green-Lagrange 

strain) we also need to express the associated stress as a function of X. The first 

and the second Piola-Kirchhoff stress tensors both refer to the initial configuration. 

The first Piola-Kirchhoff stress tensor TO gives the actual force dP which acts on 

the deformed area dS but it is measured per unit of the undeformed area dSo at X. 
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\ Yith reference' to Figure 2.5 the force vector dP can be calculated as: 

(N . TO)dSo = dP = (n· O')dS (2.44) 

The second Piola-Kirchhoff stress tensor (j is formulated somehow differently. In­

stead of the actual force dP on dS it gives a force dP related to the force dP in the 

saIne way that a Inaterial vector dX at X is related to the corresponding spatial 

vector dx at x. That is : 

dF = F-1 . dP the same as dX = F-1
• dx (2.45) 

\Yhere F = ~ and: 

(N· (j)dSo = dP = F-1 
. dP = F-1 

. (n· O')dS = (n· 0') . (F-l)T dS (2.46) 

The Piola-Kirchhoff stress tensors are sometimes considered as pseudo-stress tensors 

and we can define pseudo-traction vector to and t such that: 

tOdSo = dP = tdS 

tdSo = dP = F-1 . dP = F-1 . tOdSo = F-1 
. tdS 

(2.47) 

(2.48) 

to is the force acting on the deformed area per unit undeformed area, while i is 

the dot product of F-1 into the force acting on the deformed area per unit of the 

undeformed area. Substituting Nanson's formula, equation (2.35), into equation 

(2.44) gives: 

N is arbitrary unit normal vector so: 

(2.50) 

Relation between the second Piola-Kirchhoff stress tensor and the other stress ten­

sors can be established. Starting from equation (2.46) and using the Nanson's for-

mula gives: 

(2.51) 
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tdS 

pbdV dS 

v 
S 

Figure 2.6: Contemporary position of a body with acting forces 

This equation is valid for arbitrary unit vector N so: 

(2.52) 

or by use of equation (2.50): 

(2.53) 

\Yhile 0' and u are symmetric tensors, TO is asymmetric tensor [37]. 

2.3 Governing equations of motion 

2.3.1 Eulerian formulation 

A given mass of the medium, occupying a volume V, bounded by surface Sand 

acted upon by surface traction t and body force b per unit mass is shown in Figure 

2.6. By applying Newton's second law to a differential mass dm with volume dV, 

we have: 

Is tdS + Iv pbdV = ~t Iv pvdV (2.54) 
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Or in rectangular coordinates: 

(2.55) 

vVhere operator gt denotes lllaterial or substantial derivative, v is the velocity vector 

and n is outward unit normal to boundary surface S. The external traction t can 

be related to the Cauchy stress tensor 0' as: 

(2.56) 

By using equation (2.56) the first term of equation (2.55) can be transformed into 

a volume integral b~r using the divergence theorem: 

Hence the momentum balance takes the form: 

Because the volume V is arbitrary, at each point of continuum we have: 

Or: 

aCJji b. _ D(PVi) - 0 
ax. + P 2 Dt-

J 

D(PVi) _ aCJji b. 
Dt - ax. + P 2 

J 

(2.57) 

(2.58) 

(2.59) 

(2.60) 

Equation (2.60) is called Cauchy's first law of motion. In the case of static equilib­

rium: as is very common in solid mechanics analysis, the inertia force Dt) is zero 

and equation(2.60) reduces to : 

(2.61) 

Or: 

(2.62) 

Where f is body force per unit volume. 
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2.3.2 Lagrangian formulation 

The Lagrangian form of equations of motion derives when initial configuration of 

body is used as reference configuration. The instantaneous given volume V ini­

tially occupied yolulne 1·~ bounded by initial surface So is considered. By applying 

the principle of mOlnentuln balance for acting forces upon current volume but are 

measured per initial surface and initial volume, we have: 

(2.63) 

\\~here N is outward unit normal on initial boundary surface So (Figure 2.5) and 

TO is the first Piola-Kirchhoff stress tensor. Transformation of the surface integral 

to a volume integral by the divergence theorem and the validity of equation for any 

arbitrary volume 1~. leads to the equation of motion as: 

(2.64) 

In the static situation the acceleration is zero, then the equilibrium equations are: 

(2.65) 

Or: 

(2.66) 

2.4 Closure 

In the past sections different stress and strain measures were presented. Some of 

them are defined in terms of initial undeformed configuration and the others are de­

fined in terms of current deformed configuration. Eulerian and Lagrangian equation 

of motion were also presented. For the GNL analysis (chapter 4) the Lagrangian 

equation of motion will be used. The second Piola-Kirshhoff and its conjugate strain 

measure, I.e. Green-Lagrange strain, will be used in the formulation. 
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In chapter 6~ a CFD Eulerian frame-work will be used for both solid and cou­

pled probleIn analysis. Small strain will be assumed for solid and analysis will be 

perfonned for steady state' situations. It should be pointed out, equations (2.62) 

and (:2.66) are the saIne for sITlall strain analysis since no distinction can be made 

between defonned and undefonned configurations. 
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Chapter 3 

Finite Volume Method 

An important step in solving the equations of motion is the discretization technique 

used to represent space, time and approximate the governing equations. Replacing 

the continuous field by a finite number of computational points of a numerical grid is 

the space discretization. Equation discretization involves replacement of individual 

terms in the governing equations by algebraic expressions connecting nodal values 

on a finite grid. This transformation of the governing equations into an algebraic 

system of equations involving the values of the unknowns at the mesh points, is the 

basis of all numerical methods. 

The F\::\I takes full advantage of an arbitrary mesh, therefore a large number of 

possibilities are available for the definition of the Control Volumes (CV) used to 

discretize the domain of interest. Since the spatial variation of dependent variables 

is unknown, an assumption of their spatial variation should be made. For a dis­

cretization method which is numerically convergent [38], the error caused by those 

assumptions is dependent on the size of the considered volume. By applying a finer 

grid the result should converge to the exact solution. The accuracy of the numerical 

solutions, the stability and the rate of convergence of the solution procedure depend 

on the particular properties of the computational grid. Some desirable properties of 

the grid are: 
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Figure 3.1: Adjacent control volume 

• The angle between the line connecting the centre of two adjacent control vol­

umes and normal vector of common face, the angle () in Figure 3.1, should be 

as small as possible. Because by approaching to the orthogonal case, diffu­

si YE' fi uxes in the direction normal to the connecting line (P A) reduces and this 

improves the convergence and stability of the numerical solution . 

• The concentration of control volumes should increase in regions where the spa­

tial variation of the dependent variables are higher. 

Direct discretization of the integral form of the conservation laws ensures that basic 

quantities like momentum and energy will remain conserved at the discrete level. 

For the F\,'::"I there is a number of possibilities for the control volume definition 

on a given structured or unstructured grid. Usually these are divided into the two 

main categories, called cell centred and cell vertex FVM. In the next section the 

cell centred CV will be presented then in the section 3.2 the cell vertex CV will be 

discussed. 
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3.1 Cell-centred finite volume method 

The cell-centred FVM is very popular in CFD applications. In this case the depen­

dent variables, which are averaged values over the control volume, are stored at the 

centre of CV. This type' of C\! can be employed on both structured and unstructured 

llleshes which are explained in the following sections. 

3.1.1 CFD type cell centred control volume structured mesh 

Figure 3.2-a shows a two dimensional cell centred control volume over a structured 

mesh where the control volume Ci,j is designated over mesh cell ABCD. This type of 

control volume is common in CFD modelling. To avoid the checkerboard problem [3], 

the same control volume is used for all scalar variables, such as pressure, density, 

temperature etc., but each velocity component has its own control volume, see Figure 

3.2-b. Spalding used this type of cell centred control volume for the simulation of 

multiphysics problems [32]. 

3.1.2 CFD type cell centred control volume unstructured 

mesh 

Figure 3.3 shows a two dimensional cell centred control volume over an unstructured 

mesh where for example, the control volume Cl is described over the mesh cell 

AOB. This type of control volume is used in PHYSICA [33] where all dependent 

variables are collocated at the centre of control volume [39]. The checkerboard 

problem is avoided by adopting the Rhie-Chow [40] interpolation technique. The 

work presented in chapter 6 is based on using this type of control volume. 
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Figure 3.2: Two dimensional cell centred control volume: (a) Control volume over structured 

mesh; (b) Staggered control volumes . 
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B • 

Figure 3.3: Two dimensional cell centred control volume over unstructured mesh 

3.1.3 Cell centred control volume for structural analysis, 

structured mesh 

Demirdzic et al. [6] used this type of control volume for thermo-elastic-plastic stress 

analysis. The solution domain is divided into a finite number of contiguous control 

yolumes and all dependent variables, i.e. displacement components and tempera­

ture~ are stored at the centre of control volumes. For the specification of boundary 

conditions, boundary nodes are considered at the centre of boundary cell-faces, see 

Figure 3.4-a. The variation of dependent variables is assumed linear between the 

centre of neighbouring cells. The central difference scheme, which is second order 

accurate on uniform grid, is used to express the cell-face fluxes of dependent vari­

ables in terms of the neighbouring cell values. 

Boundary conditions can be incorporated by including the known values of trac­

tion or displacements into the equilibrium equations of cells that have faces lying on 

the boundary. Boundary conditions can be either of Dirichlet type (displacement 

boundary condition) or Neumann type (traction boundary condition). In the case 

of Dirichlet boundary conditions, Figures 3.4-b and 3.4-c, the displacement compo­

nents or temperature at node B in the discretized governing equations are replaced 
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Figure 3.4: (a) Control volume with face on the boundary; (b) Displacement or traction boundary 

condition; (c) Temperature or heat flux boundary condition 
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Cell 1 Common face Cell 2 

Figure 3.5: Region in which displacement is assumed to vary linearly. 

directly with the UB, VB or TB and in case of Neumann boundary condition, Figures 

3.-:1-b and 3.-:1-c. the induced traction or heat flux on the boundary cell-face is used 

in equations which express the equilibrium equations of cell, P. In this case, due to 

the need of the displacement components at B, it is obtained by linear extrapolation 

from the interior of the solution domain. 

3.1.4 Cell centred control volume for structural analysis, 

unstructured mesh 

The unstructured cell centred control volume is also used in the solid stress analysis. 

Demirdzic et al. [7,31: 41] and Ivankovic et al. [8,42,43,44] used this control volume 

in their work for modelling of structures with complex geometries. As indicated in 

reference [41] a linear displacement distribution function, which is second order 

accurate: is assumed across a cell and its surrounding neighbours, see Figure 3.5. 

For solid mechanics problems, they calculated strains on the common face of two 

adjacent cells by averaging derivatives of the overlapping displacement distributions 

of the two cells. Mathematically it can be expressed as: 
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Figure 3.6: A two dimensional control volume and the notation used. 

\Yhere ll)j stands for dependent variables or their gradient at the cell-face centre and 

rj is the position vector of the cell-face centre, see Figure 3.6. The gradient vector at 

a given control volume centre is approximated by ensuring a fit to a set of sampling 

points consisting of centre of nearest neighbours of given control volume as: 

\Yhere dj 

solved as: 

Where: 

(j=l, ... ,n) (3.2) 

rpj - rpo' By using the least square method equation (3.2) can be 

(3.3) 

n n 

D= LdJdj and f = L dJ (7/JPj - 7/JpJ (3.4) 
j=l j=l 

Wheel [45, 46] also used unstructured cell centred control volume in solid mechan­

ics analysis. In this approach the variation of displacement was assumed linear 

across each cell face, see Figure 3.7. The strain on typical face j in Figure 3.8-a, is 
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Figure 3.7: Region in which displacement is assumed to vary linearly. 

approximated as: 

(aU)j=UPj-UPO cosaj 
ax dj cos (aj - {3j) 

UN2 - UN! sin {3j 
Sj cos (aj - {3j) 

(3.5) 

In equation (3.5) the displacement at vertices should be defined. For a given vertex, 

a linear distribution of displacement throughout the region surrounding the given 

yertex and centre of cells that meet at that vertex was assumed. Consequently the 

yertex displacements in equation (3.5) can be eliminated and represented by a com­

bination of the central displacements of the surrounding cells. 

For representing the boundary conditions, boundary nodes are considered at the cen­

tre of boundary cell-faces, see Figure 3.8-b. But instead of introducing the boundary 

conditions directly into the equations associated with the cells which have faces on 

the boundary he adopted an approach which employs special line cell on boundary 

nodes, cell B in Figure 3.8-b. This approach introduces additional degrees of free­

dom into the analysis, but automatic calculation of displacement at the boundary 

nodes, on edge which external traction are applied, through the solution procedure 

can be considered to have positive effect. When displacement is applied to the 

boundary, Figure 3.8-b, the displacement at B in the global coordinate axes, UB 
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Figure 3.8: (a) A typical internal control volume; (b) A typical control volume with face on the 

boundary. 
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andL'B, can be given as: 

UB = -Ut SIn aB - Un COS aB (3.6) 

VB = Ut cos a B - Un sin a B (3.7) 

\Vhen traction is applied to the boundary, Figure 3.8-b, we also need to construct 

two additional equations for UB and VB. The stress components at B in the global 

coordinate axes can be related to the normal and tangential components of applied 

traction as: 

(3.8) 

(3.9) 

By using the constitutive equations and approximations for the displacement deriva­

tiYes; the stress components in equations (3.8) and (3.9) are represented in terms 

of central displacements of the internal cells and line boundary cell of B. However, 

in case of displacement boundary condition, equations (3.6) and (3.7), and in case 

of traction boundary condition, equations (3.8) and (3.9) form two equations cor­

responding to each typical line boundary cell of B which conforms to the general 

pattern of equations of the internal cells. When mixed boundary conditions are 

applied then a proper selection of equations (3.6)-(3.9) must be chosen. 

This approach was applied for the two and three dimensional analysis [46] and also 

applied for the small and large strain incompressible solid stress analysis [47, 13]. 

3.2 Control Volume-Unstructured Mesh(CV-UM) 

vertex based finite volume method 

In this approach a non-overlapping CV is overlaid on the mesh of the solution do­

maIn. The CV is formed about each of the vertices (or nodes) by connecting the 
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Figure 3.9: (a) CV-C:\l vertex based control volume; (b) non-overlapping control volume 

midpoints of the mesh cell faces and the centres of the mesh cells. Shape functions 

are used to describe the variation of a variable within an element. The solution 

domain can be discretized by any element type for which its shape function exist. 

Figure 3.9 illustrates a two dimensional mesh where control volumes are constructed 

on it. The complete control volume over which the conservation principle is applied 

is the polygon abcdef (Figure 3.9-a). This type of CV has also been named as cell 

centred [48], node-centred [49], and control volume based-finite element method [39]. 

This method of construction of the control volume is general and applicable to two 

and three dimensional structured or unstructured mesh. This type of CV was used 
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Figure 3.10: \Veighting function W: (a) Bubnov-Galerkin FEM; (b) CV-UM vertex based FVM. 

by \Yinslow [50] to solve magneto-static problems. The method was also applied 

to the solution of hydrodynamic and heat transfer problems [51], aerodynamics [52] 

and solidification [53]. 

As will be discussed later in chapter 4, the main fundamental difference between 

the FVM and Bubnov-Galerkin FEM is the associated weighting function W. The 

weighting functions for CV-UM vertex based FVM and Bubnov-Galerkin FEM are 

illustrated in Figure 3.10. The results presented by Onate et at. [48] indicate the 

FV:\l based on the CV-C:'\1 control volume, provides naturally diagonally domi­

nant matrices. Also, the complete equivalence of the CV-UM based FVM and 
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the Bubnov-Galerkin FE~I for one dirnensional problems and also for two dimen­

sional problems discretized by Constant Strain Triangular( CST) elements in static 

elastic anal~'sis hav(' been indicated. Fryer et al. [2, 54] have compared the Bubnov­

Galerkin FE?\I and CV-CI\l based FVM for a nUlnber of standard two dimensional 

linear elastic problelns consisting of -l-noded Bilinear Quadrilateral(BLQ) elements. 

Bailt"\~' and Cross [55] have' extended this work to three dimensional using 8-noded 

Trilinear Hexahedral (TLH) elements. 

Since the research in this thesis provides developments of the finite volume method 

based on the c\r-C~I control volume, the following sections present more details of 

the spatial discretization in two and three dimensional analysis. 

3.3 Space discretization based on the CV-UM fi­

nite volume method 

As mentioned in section (3.2) the solution domain is discretized over non-overlapping 

C\ ··s which are overlaid on the finite element mesh. Similar to Bubnov-Galerkin 

method: shape functions are used to describe the variation of any dependent vari­

ables over an element. As in the finite element context, it is computationally con­

venient to use reference elements for the derivation of the discretized equations. 

These reference elements represent the mesh elements in a local coordinate systems 

regardless of how distorted any element may be in terms of global coordinates. The 

mapping from local coordinates to global coordinates is performed via shape func­

tions using the standard FE techniques [56]. By applying isoparametric elements 

the shape functions utilized for both coordinate transformation and variable approx­

imation. 

In FE~I the governing equations involve the volume integral where they are ap-
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Figure 3.11: Two dimensional integration points: (a) FVM; (b) FEM. 

proximated by using Gauss quadrature [35] technique to evaluate the variables at 

Gauss points of the elements. In the FVM the governing equations involve surface 

integrals which are evaluated by midpoint technique at integration points. Figure 

3.11 illustrates the Gauss points and integration points associated with the elemen­

tal contributions in two dimensional analysis for the FEM and FVM respectively. In 

this \vork for the two dimensional analysis the CST and BLQ elements, for the three 

dimensional analysis the TLH (brick) elements were used for space discretization 

in both FE:\I and F\T:\L These elements are introduced in more detail in the next 

sections. 

3.3.1 Two dimensional finite volume discretization 

The CST and BLQ elements in local coordinates are illustrated for both of the 

FE:\I and the FV:\I in Figures 3.12 and 3.13. Both are representatives of an arbi­

trary deformed CST and BLQ element in global coordinates. For CST element, in 

the FE:\;I case the element involves one Gauss point while in the FVM case three 

integration points are associated with each element. However,because of constant 

strain assumption within each individual CST element, approximation of integrals 

in the governing equations corresponding to an element can be performed at the 

centre of element rather than the three different integration points. With regard to 
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Figure 3.12: CST element: (a) Global coordinates; (b) FEM local coordinates; (c) FVM local 

coordinates. 
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this point in both FEM and FVM one integration point is enough at the element 

centre for a CST denlent. 

It has been shown by Onate [48] that, in small deformation cases, for the linear 

elastic problenls involying CST eleInents the element stiffness matrix coincide ex­

actly for the FE~I and FVM cases. Further more for problems involving material 

nonlinearity which are discretized with CST elements, it is shown by Taylor [57] that 

the internal force terms generated by the visco-plastic strains are identical for both 

FE~I and F\·~I. ~Iore studies about this coincidence for the geometrically nonlinear 

problems will be presented in chapter four of this thesis. 

The BLQ element in local coordinates is illustrated for both FEM and FVM in 

Figure 3.13. The associated element in global coordinates is illustrated in Figure 

3.13-a. For the FE~I analysis the BLQ element involves four Gauss points and sim­

ilarly for the F\r~I case it also involves four integration points. While the element 

stiffness matrix in FE~1 case for the BLQ element is always symmetric, in FVM 

case it is asymmetric for the nonorthogonal mesh. 

3.3.2 Three dimensional finite volume discretization 

The TLH elements were used for the three dimensional analysis in this research. 

The global to local mapping of the elements again allows an arbitrary deformed 

TLH element to be treated identically in computational terms for both FEM and 

FV~1 cases. The construction of three dimensional sub-control volumes for the FVM 

is a relatively straight forward extension of the two dimensional approach. In the 

three dimensional approach the control volumes are formed by surfaces passing the 

elemental centroid and the centre of face of the mesh elements. Figure 3.14 shows 

this approach for the eight arbitrary elements contributing to a vertex based control 

volume. The location of the Gauss points for the FEM and the integration points 
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Figure 3.14: Three dimensional vertex based control volume. 

for the F\ -:\1 are different. For the FEM analysis the TLH element involves eight 

Gauss points and for the FVM analysis twelve integration points are within an 

element. Figure 3.15 and Figure 3.16 shows Gauss point locations and integration 

point locations respectively. The elemental stiffness matrix of the TLH element for 

the FE:\I is symmetric while for the FVM is unsymmetric in the nonorthogonal mesh 

elements. 

3.4 Closure 

In this chapter attempts have been made to explain the different formats of the finite 

volume methodology in computational mechanics. It is of interest to investigate the 

aspects of the different type of finite volume techniques for solid mechanics problems. 

Thus, in chapter 4 and 5, the CV-UM cell vertex based control volume will be used 

and in chapter 6, potential of a cell centred finite volume based CFD code for analysis 

of coupled problems will be investigated. 
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Chapter 4 

Vertex Based Finite Volume 

Discretization for Geometrically 

Nonlinear Problems 

Although F\r~I for CS~I problems began ten years ago, there was no publication 

on the geometrically nonlinear problem analysis by the FVM until recently when 

Fallah et al. [14: 15], Maneeratana et al. [12] and Wenke et al. [13] presented the 

FY:\I application for analysis of G NL problems. In this chapter a full description 

of the three dimensional vertex based finite volume procedure for the analysis of 

G~L problems is presented. In the first section the GNL problem is explained and 

categorised where the material behaviour is assumed linear elastic. In section two, 

the cell vertex based FV procedure for GNL formulation is presented. During the 

formulation the similarity and differences of FV method and Bubnov-Galerkin FE 

method are shown. As a result, the FV method can be considered as a particu­

lar form of weighted residual method with a unit weighting function, where in the 

FE Bubnov-Galerkin method the shape functions are the weighting function. The 

stiffness matrix of the FV method is developed and then the solution procedure is 

explained. A fortran code has been developed based on the finite volume cell ver-
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tf'X fOrInulation. The forrnulation is tested on a number of geometrically nonlinear 

problelns. In cOlnparison with FE, the results reveal that FV can reach the FE 

results with a higher mesh density. The following novel contributions are made in 

this chapter: 

• ~ovel three diInensional vertex based finite volume formulation for GNL anal-

YSIS . 

• COlnparison of the FV and the FE results in terms of accuracy and CPU time. 

4.1 Types of G NL analysis 

4.1.1 Large displacement, large rotation, small strain anal-
. 

YSIS 

The following examples illustrate this type of behaviour. Consider a cantilever rigid 

link ",ith linear elastic torsion spring as part of end support as shown in Figure 4.1. 

The equilibrium state is satisfied when: 

IE 
L 

- -_\_---------------, 
I 
I 

Free body diagram 

Figure 4.1: Large displacement, large rotation, small strain behaviour 

PLcos(} = M 

Where the moment~ M, can be related to rotation, (), as: 

M = K(} 

50 

( 4.1) 

(4.2) 



\ Yhere J{ is the torsional stiffness of the spring. 

Substituting equation (4.2) into equation (4.1) gives: 

p= KO 
LcosO 

(4.3) 

This equation clearly shows the nonlinear relation between response 0 and applied 

load P. Obvious when the rotation is small, cos 0 can be replaced by one so P = ~e; 

this shows linear relation between load P and rotation O. Figure 4.2 shows the linear 

and nonlinear relation between load P and rotation O. frame undergoes large rigid 

body displacements and rotations. 

PL 
K 

18 

16 

14 

12 

10 

8 

6 

4 

2 

0 
0 0.5 

~~~~~--~-------' 
--_ ... ---

" " 

1 

,,. .. ,, 

e (rad) 

I 
I 

I 

" " 

Linear analysis -­
GNL analy is 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I 

, , , , 
I , , , , , 

I 
I 
I 
I 
I , 
I 
I 
I 
I 
I 
I , 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 

I 

1.5 

Figure 4.2: Linear and nonlinear relation between load and rotation 

2 

4.1.2 Large displacement, small rotation, small strain anal-

• 
YSIS 

Analysis of a tensioned cable is an example of this category, see Figure 4.3. The 
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Figure 4.3: G NL behaviour of a tensioned cable 
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Figure 4.4: Load displacement characteristic of a cable 

u 

60 

Cable in position u=Q is under the tension force No. Small Strain behaviour is as­

sumed: which means the cross sectional area of the cable, A, remains nearly constant 
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and to ~ 1. Relation between load P and displacement u can be presented as [37]: 

EA 3 u 
P= 2L3 U +N0L 

o 0 

Figure 4.-1 shows the load-displacelnent (p - u) relation for this case where: 

and 

E = 2.0 x 108_
N_ 

mm2 

A = 0.25mm2 

Lo = 2500mm 

( 4.4) 

The rotation in this problem is small enough because, for example, for u=50 mm 

(200 times the cable thickness): 

50 
tan {I = 2500 = 0.02 ~ {I = 1.150 

It can be seen in Figure 4.4~ by increasing the initial tension force, No, the cable 

shows stiffening behaviour. 

4.1.3 Large displacement, large rotation, large strain anal-
. 

YSIS 

In this case material experiences large strains and this adds to the complexity of the 

problem. :\Iany industrial processes like forging, rolling, extrusion, stretch forming, 

deep dra"ring and even food production get benefit of large strain phenomena. 

Figure 4.5 shows this type of deformation. 

4.2 Three dimensional formulation for GNL anal-

• 
YSIS 

4.2.1 Reference Frame for large deformation analysis 

In this chapter the Total Lagrangian description is employed. A material particle 

which occupies position X in the undeformed state (Figure 4.6) is identified in the 
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Figure 4.5: Large displacement, large rotation and large strain 

cartesian co-ordinates as: 

x 
X= Y 

Z 

(4.5) 

Suppose that this particle is displaced to position x during the deformation. Dis-

z,z 

Initial configuration 
Surface area So 
Volume Vo 

Y,y 

Figure 4.6: Motion of body in Cartesian frame 
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placelnent y(\ctor u is a function of X as: 

u 

u(X) = v (4.6) 

w 

\Vhere u, 1', w are .r~ Yl z components of displacement vector respectively. The current 

co-ordinates will be: 

X=X+u (4.7) 

\Vhere: 

x 

X= Y (4.8) 

z 

4.2.2 Stress and strain definitions 

The Green~s strain: is used in this study which was presented in chapter 2. The 

index form of this strain is: 

(4.9) 

Or in matrix form as: 

(4.10) 

where Eo is linear part of strain tensor and Enl is nonlinear contribution of strain 

tensor: which reflects large deformation effects and is negligible in small deformation 

analysis. The nonlinear term of the strain tensor can be conveniently rewritten [16] 

as: 
1 

Enl = - A( 8)8 
2 
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where: 

(}x 

(}= (}y (4.12) 

(}z 

(}T 
X 0 0 

0 (}T 
Y 0 

A«(}) = 0 0 (}T 
Z 

(}T (}T 0 Y X 

(4.13) 

(}T 
Z 0 (}T 

X 

0 (}T 
Z 

(}T 
Y 

And typically: 
au 
ax 

(}x = av 
ax (4.14) 

ow 
ax 

The complete strain tensor can be rewritten as [16J: 

(4.15) 

"-here in vector form can be presented as: 

E = [fXX fyy fZZ 'YXY 'YXZ 'YYz r (4.16) 

The stress associated with Green's strain is the second Piola-Kirchhoff stress which 

in vector form is given as: 

iT = [ o-xx -O"yy -O"zz -O"xz ( 4.17) 

The relation between u and Green's strain, E, is assumed linear (Hook's law) and 

is given by: 

u=DE (4.18) 
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where D is the elasticity lllatrix containing the elastic lllaterial terms, which in three 

diInensions is giY(,1l by: 

I-v v v 0 0 0 

v I-v v 0 0 0 

D= E v v I-v 0 0 0 
( 4.19) 

(1 + v)(1 - 2v) 0 0 0 1-211 0 0 2 

0 0 0 0 1-211 0 2 

0 0 0 0 0 1-211 
2 

\Yhere E and v are the Young's modulus and Poisson's ratio respectively. 

4.2.3 Equilibrium equations 

The static equilibrium equation of a solid body with current volume V, which ini­

tially occupied volume 1 ~ has the form: 

aa~-
-2.. + b? = 0 ax- z 

J 

( 4.20) 

Here aji is the first Piola-Kirchhoff stress tensor and bi is the body force per unit of 

initial volume. By expressing equation (4.20) in terms of the second Piola-Kirchhoff 

stress tensor u : which is work conjugate with the Green's strain tensor, we have: 

( 4.21) 

where: 

( 4.22) 

F is deformation gradient tensor. 

4.2.4 Boundary conditions 

The boundary conditions are assumed: 

on st o ( 4.23) 
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on SU 
o ( 4.24) 

,rhere S~ and S~ are parts of the boundary where prescribed traction t~i and pre­

scribed displacelnents 'Upi are applied respectively. t~i acts on the deformed element 

but is Ineasured per unit of undeformed area. In terms of the second Piola-Kirchhoff 

stress tensor, elnployed in our formulation as stress measure, the boundary condition 

(--1.23) can be rt"written as: 

on st o 

( 4.25) 

( 4.26) 

'\-here nj are components of the outward unit normal vector to the surface of the 

body in the initial configuration. 

4.2.5 Discretization of the equilibrium equations 

Both FE and F\- methods integrate the equilibrium equations over their respective 

control volumes. The FV technique can be classed as a weighted residual procedure 

where the overall residual for the whole domain is required to be zero. With this 

"iew point. vertex-based FV can be considered to be a particular case of finite 

elements with a non-Galerkin weighting. Following discussions reveal this point. 

The weighted residual form of the equilibrium equations ( 4.21) when accompanied 

by boundary conditions ( 4.25) can be written [48, 55] as: 

( W~[a(~'ijk) + bfldVo + ! W;~,[F;ko-jknj - t~ldSQ + 
Jyro j sg 

{ WJm(Ui - upi)dSo = 0 m = 1,2, ... , n 
Js~ 

( 4.27) 

Where W m, Wtm and Wum are weighting functions taken for internal and boundary 

control volumes. By assuming [48] Wum = 0 in S~, choosing Wtm = - W m and 

integrating by parts the first term of the first integral of equation ( 4.27) becomes: 

h a[W~(FikG-jk)]dV - h aw~ p. -. dV + 
ax . 0 ax. ~k(J'Jk 0 

yro J Vo J 

{ W;;bfdVo - { W;;FikG-jknjdSo + { W;;t~idSo = 0 (4.28) 
k k k 
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The first YOIUnle integral can be transformed into a surface integral based on the 

divergence theorem: 

( 4.29) 

By considering S~ U S~ = So the first and the second surface integrals can be treated 

as integrals oyer S~ ~ so: 

The indicial form of the above equation can be re-expressed in matrix form which 

is useful in programming for both the FE and FV formulations: 

-i F(LW)T ud1 ~ + i WTFTudSo + i WTbodVo + i WT t~dSo = 0 
Yo s~ Vo s~ 

(4.31) 

\Yhere: 

nx 0 0 ny nz 0 

T= 0 ny 0 nx 0 nz ( 4.32) 

0 0 nz 0 nx ny 

ax ax ax 
ax ay az 

F= ElL 2JL EJL 
ax ay az ( 4.33) 

az az az 
ax ay az 

a 0 0 ax 

0 a 0 ay 

0 0 a 
az L= ( 4.34) 

a a 0 ay ax 
a 0 a 
az ax 

0 a a 
az ay 
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4.2.6 Discretization of the solution domain 

The abOYf' formulations are based on the general weighted residual method and are 

applicable to either FE or FV approxirnations. Depending on the form of weighting 

function. W~ adopted equation (4.31) leads to both the FE and FV formulations. 

To define the control volullle over a mesh domain, there is a number of possibili­

ties [4]. The control volume in this study is generated by connecting the centres of 

the rnesh elements to the centre of their faces. This creates sub-control volumes in 

each mesh element. COlllbining all the sub-control volumes from all the mesh ele­

ments associated with a node~ creates a polyhedral type cell that surrounds each of 

the nodes representing the vertices of the mesh elements. Defining control volumes 

in this manner is known as the cell vertex control volume or vertex centred control 

volume [58]. 

Figure 3.9 illustrates the CV definition based on this method with regard to a 

two dimensional mesh. In both of the finite element and finite volume techniques 

the weighted form of the equilibrium equation (4.31) with relevant form of weighting 

function W is integrated over relevant control volumes. 

4.3 Bobnov-Galerkin finite element method 

In the Galerkin approach [35, 59], the weighting function W is chosen as Wm = Nm 

where N
m 

are the shape functions corresponding to node m. By introducing Nm 

to the general form of equilibrium equation (4.30), the surface integral over S~ 

disappears as N
m 

is zero at the boundary control volumes [48]. So for the finite 

element method: the equilibrium equation in matrix form is expressed as: 

Where: 

{ F(LN)T &dVo - R = 0 
iVa 
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By interpolating the displacement field~ U, and the displacement gradients, (J, for 

indiyidual elelnents we have: 

U = Nil 

(J = Gil 

( 4.37) 

( 4.38) 

The Inatrix N contains elemental shape functions and matrix G , the gradient 

matrix. includes derivatiy('s of these shape functions: 

N = [NI N2 N n 1 

G = [GI G 2 ... G n 1 
\Yhere the submatrices N m and G m , correspond to node m, are: 

o 

8Nm 
8X 

o 
o 

8Nm 
8Y 

o 

o 
8Nm 
8Z 

o 

o 

o 

o 
8Nm 
8X 

o 
o 

o 
o 

8Nm 
8X 

o 
8Nm 0 
8Y 

o 
o 

8Nm 
8Z 

o 

8Nm 
8Y 

o 
o 

8Nm 
8Z 

Linear part of Green:s strain vector can be written as: 

Where: 

Bo = LN = [Bol B02 ... Bon 1 
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( 4.39) 

( 4.40) 

(4.41 ) 

( 4.42) 

( 4.43) 

( 4.44) 



aNi 0 0 ()X 

0 aNi 0 ay 

0 0 aNi 
Boi = az 

aNi aNi 0 ()) " (}X 

( 4.45) 

aNi 0 aNi 
az ax 

0 aNi aNi 
az ay 

ii = [ Ul Vi WI ... Un Vn Wn r ( 4.46) 

Corresponding to total degrees of freedom of the element, matrix F in equation 

(-1.35) has to be extended to diagonal matrix F as: 

F 0 0 

o ( 4.47) 

o 0 F 

The order of F is equal to the total degrees of freedom of the element. By defining 

Bas: 

( 4.48) 

equation (4.35) is rewritten as: 

( 4.49) 

:Ylatrix B can be rearranged as: 

B = Bo + A(8)G ( 4.50) 

The matrix B can be presented in terms of nodal submatrices as: 

B = [Bl B2 .. , Bn 1 ( 4.51) 
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\Yherf' the nodal submatrix Bi is: 

i.J Ni (1 au ) 
ax + ax 

aNi au 
m- ay 
aNI au 

Bi= az az 
aNi au + aNi (1 + aU) ax in - ay ax 

aNi au + aNi (1 + au) ax az az ax 
aNI a·u + aNi au 
(')1 - az az ay 

aNi av 
ax ax 

Q!!i (1 + aV) ay ay 
aNi av 
az az 

aNi av + aNi (1 + aV) ay aX ax ay 
aNi av + aNi av 
ax az az ax 

aNi av + aNi (1 + aV) ay az az ay 

aNiaw 
ax ax 
aNi aw 
ay ay 

aNi (1 + aW) 
az az 

aNi aw + aNi aw 
ax ay ay ax 

aNi aw + aNi (1 + aW) 
az ax ax az 
aNi aw + aNi (1 + aW) az ay ay az 

(4.52) 

By considering the equations (4.12), (~.15) and (4.43), the Green's strain vector is 

expressed as: 

1 1 _ 
€ = [Bo + -A(8)G]fi = [B - -A(8)G]fi = Bfi 

2 2 

\Vhere the nodal submatrix Bi is: 

~~ (1 + ~g~) 
! aNi au 
2 ay ay 
! aNi au 
2 az az 

! aNi au + aNi (1 + ! au ) 
2 ax ay ay 2 ax 
! aNi au + aNi (1 + ! au ) 
2 ax az oZ 2 ax 

! aNi au + ! aNi au 
2 ay az 2 az oY 

! aNi av 
2 ax ax 

aNi (1 + ! ov ) ay 2 ay 
! aNi av 
2 az az 

1. aNi av + aNi (1 + ! aV) 
2 ay ax ax 2 ay 

! aNi av + ! aNi av 
2 ax az 2 az ax 

! aNi av + aNi (1 + ! av ) 
2 ay az az 2 ay 

! aNi aw 
2 ax ax 
! aNi aw 
2 ay ay 

ONi (1 + ! aW) 
az 2 az 

( 4.53) 

! aNi aw + 1. aNi aw 
2 ax OY 2 ay ax 

1. aNi ow + aNi (1 + ! aW) 
2 az ax ax 2 az 
! aNi aw + aNi (1 + ! aW) 
2 az ay ay 2 OZ 

( 4.54) 

Tangent stiffness matrix K; of the element can also be calculated by employing the 

principle of virtual work. These approaches are explained in Zienkiewicz [16] and 

Crisfield [60]. However matrix K; may be expressed [61] as: 

( 4.55) 

Where: 

( 4.56) 

Matrix Ke is referred to as the linear stiffness matrix and K~ is referred to as the 
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.. initial stress" or .. geolnetric" contribution to the tangent stiffness matrix, where: 

axxI 0-)" x I o-zxI 
p= ax")" I a)"y I azyI ( 4.57) 

axzI ayzI azzI 

I being the identity Inatrix. 

The aboye fonnulation is the traditional finite element approach for GLN problems. 

\Ye will now look at the yertex-based finite volume method. 

4.4 Finite volume method 

The finite volume procedure can be viewed as a special case of the weighted equi­

librium equation (4.31) in which: 

W = I in the control volume 

W = 0 elsewhere 

By this choice the first volume integral of equation (4.31) disappears, yielding: 

Where: 

r FTudSo - R = 0 Jsu o 

4.4.1 Calculation of tangent stiffness matrix for FVM 

( 4.58) 

( 4.59) 

The virtual work Vw can be calculated by multiplying the virtual nodal displacement 

bfiv and unbalance force vector 'It which may be expressed as: 

'It = r FTudSo - R Jsu o 
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l' - ~U-T~T .. 
W - U v ~ 

The yariation of the yirtual work is given by 

61 ;" = 6ii~ ~: 6ii = 6ii~Kt6ii 
By conservatiy(' assuIllption for the loading vector R: 

By use of (-1.18) 81T can be calculated as: 

( 4.61) 

( 4.62) 

(4.63) 

(4.64) 

( 4.65) 

81T = D8E = D8(Bou + ~A(9)Gu) = D(Bo8u + ~(8A(9))Gu + ~A(9)G8u) 
222 

( 4.66) 

As A is a function of u so 81T may be expressed as: 

~1T = D(Bo + A(9)G)~fi = DB~fi ( 4.67) 

Remark 1: 

(8A(O))Gu = A(O)G8u 

So the second integral in (4.65) is expressed as: 

r FT81TdSo = r FTDB8udSo Jsg Jsg 
( 4.68) 

For the calculation of the first integral in (4.65) variation of F must be calculated. 

By use of equation (4.33): 

8F = 

86x 86x 86x 
8X 8Y 8Z 

86y 86y 86y 
8X 8Y 8Z 

86z 86z 86z 
8X 8Y 8Z 
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B~' substituting of equation (-1.7) in above matrix yields: 

86u 86u 86u 
8X 8Y 8Z 

bF = o8v 86v 86v (4.70) ax 8Y 8Z 
86w 86w 86w 
8X 8Y 8Z 

Through lllatrix calculation, it can be shown that: 

(bF)Tu = TPGbii ( 4.71) 

\Yhere: 

T = [ nx I ny I nzI 1 (4.72) 

and matrix P is giYen by (4.57). Based on these calculations variation Vw can be 

expressed as: 

(4.73) 

By comparing the above equation and the equation (4.63) stiffness matrix K~v may 

be extracted as: 

\Yhere: 

K = r FTDBdSo lsu o 

4.4.2 Calculation of element's internal force 

(4.74) 

(4.75) 

As indicated in chapter three in small deformation case of linear elastic problems 

discretized by CST elements, the internal force terms contributing to the elemental 

stiffness matrix coincide for FEM and FVM [48]. It can be shown this coincidence 

again exists in G:\"L analysis involving CST elements. Following discussion proves 

this equality of the internal force vector at any arbitrary node i of the domain. 

(4.76) 

(4.77) 
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(a) (b) 

Figure -1.7: (a) Elements around node i. (b) Element contributions to the control volume at 

node i. 

For FY~I using tensor notation and equation (4.76), the kth component of the ith 

node of the internal force vector is: 

! a noe a FV Xk Xk 
Pik = - i ax njCYjrdSo = - L [ i e ax njCYjrdSo 

50 r e=l (50) r 
( 4.78) 

Where noe is the number of neighbouring elements at node i (Figure 4.7-b ). By con-

sidering relation between deformed coordinates x and initial coordinates X, equation 

(4.1) : the above equation will be: 
noe au 

P~V = - L [ . [b"krnjCYjr + a; njCYjr ]dSo = 
e=l (5~)e r 

noe aUk 
- L [. [njCYjk + ax njCYjr]dSo = 

e=l (5~)e r. 
(4.79) 

noe au r 
- L (CYjk + a; CYjr) )(. njdSo 

e=l r (5~)e 

The strain and stress components are constant over each element, thus allowing to 

be taken out of the integral. 

For the FEM using equation (4.48) and equation (4.77), the kth component of the 

ith node of the internal force vector is: 

FE 1 aNi aXk _ ~ r aNi . aXk 
Pik = Vi ax. CYjr ax dvo - L.- }((Vi)e ax . CYJr ax dvo 

o J r e=l 0 J r 
(4.80) 
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1 

(a) (b) 

Figure ~.8: Single CST element: (a) elemental contributions and; (b) normal vector and lengths 

of element sides. 

Again by using equation (4.7) the above equation will be: 

( 4.81) 

The contributions for the two methods will be identical if the integral in equations 

(4.79)~(4.81) are equal. 

But for the eth element from element contributions at node i , Figure 4.8, we can 

write: 

( 4.82) 

This equivalence will be further illustrated by results of test case two. 

4.4.3 Solution procedure of nonlinear equilibrium equations 

The assembled equilibrium equation (4.58) is nonlinear and can be solved by the 

I\ewton-Ralphson method [62] involving a series of solution to linear incremental 
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equilibriuln equations. Assuming an initial estimate of the total displacements fii 
for which the right hand side of equation (4.58) is not zero where can be shown as: 

( 4.83) 

A.n increnlent ~fii which is necessary to achieve equilibrium, can be calculated by 

Taylor's series expansion of 'l1 about iii by ignoring third and succeeding terms, 

as: 

( 4.84) 

\Yhere Kf is tangent stiffness matrix which has been calculated in section 4.4.1. 

Resulting increment ~ iii in nodal displacements is obtained as: 

( 4.85) 

from which a new approximation for the total displacements can be obtained as: 

( 4.86) 

This iteration process continues until a given convergence criteria is satisfied. In the 

present work the ratio of Euclidean norms of out of balance force vector and applied 

load vector are considered as the convergence criteria: 

II 'l1 (fii)11 < Tolerance 
IIRII 

4.5 Results and Discussion 

Both the FE~f and FV~ result in a system of equations of the form: 

KU=P 

(4.87) 

( 4.88) 

\\There K is the system stiffness matrix, U is the displacement vector and P is 

the force vector acting on the system. As discussed before, the solution of these 

equations is achieved through an iterative procedure based on the Newton- Ralphson 
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Integration point 
u=v=o 

-------x-------~-------x-------
~ 

Figure 4.9: Tensile strip 

u 

~I 

P 
2 

P 
2 

method [62]. The tolerance value in equation(4.87) was considered as 0.001 for both 

methods. The conjugate gradient solver was used for solving the linear equations 

formed in the iteration procedure of the Newton-Ralphson method. Although in the 

F\·~I the stiffness matrix K is nonsymmetric but for the structured mesh, applied 

in the following test cases, the nonsymmetry is not too severe that this solver cannot 

be applied. To illustrate the effectiveness of the cell vertex finite volume method for 

analysis of G:\"L problems four test problems have been studied. 

4.5.1 Test case-1 

The first test problem was a tensile strip (Figure 4.9). The tensile strip was dis­

cretized by one bilinear quadrilateral element, plane stress assumption was made 

and the following properties have been assumed: 

Lo=100 cm h=5 cm 

Ao = 5cm2 E=2.16x107 N/cm2 
1J = 0 

The volume integrals for the finite element analysis were approximated using a 

four-point Gauss rule for quadrilateral elements and the surface integrals for the 

finite volume method were approximated by summation of quantities of integrands 

at the integration points as shown in Figure 4.9. For validation, the solutions of an 

in-house FV code and FE code developed for GNL analysis were compared with an­

alytical results which are available [56, 60]. The analytical load-deformation relation 
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Figure 4.10: Load-Deformation response for tensile strip 

based on Green's strain definition [60] is given as: 

Figure 4.10 shows good agreement between results of three methods. 

4.5.2 Test case-2 

(4.89) 

The second test problem was a cantilever beam under a concentrated load. The 

geometry and material properties were the same as for the first test and the BLQ 

elements (Figure 4.11-a) and the CST elements (Figure 4.11-b) have been used for 

discretization. Vertical and horizontal displacements at the centre of the free end 

were calculated by both techniques and have been compared with the analytical 

results taken from Timoshenko [63]. 
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Figure -l.11: End mid-point loaded cantilever beam 

Figures -l.12-a and -l.12-b show the FEM's results and Figures 4.12-c and 4.12-d 

show the F\-~I's results in all load levels. These figures show the results of both 

FE and F\- formulations are convergent to the analytical results and with the same 

mesh density: FE results are slightly closer to the analytical results. In Figure 4.13, 

corresponding to load P equal to 3}5/, the results of the FE and the FV for the tip 

displacement are compared together in different total number of BLQ elements. 

These results demonstrate that for a low number of elements, the differences be­

tween FE and FV is considerable, but by increasing the number of elements the two 

methods converge to the analytical results. By applying small deformation theory, 

the different rate of convergence for the FE and the FV can be seen again, Figure 

4.13-c shows this different rate. 

Figure 4.14 shows the Von Mises stress distribution over the beam and the graphs 

show the variation of this stress along the top surface of the beam for the both FE 

and FV methods which predict the same results. In both methods 1280 elements 

are applied. 
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Figure 4.12: Vertical and Horizontal displacement of cantilever beam 

As mentioned before, the solution of equilibrium equations in both methods is 

achieved through an iterative procedure based on the Newton-Ralphson method. 

The tolerance value in equation (4.87) was considered as 0.001 for both methods. 

Figure 4.13-d shows the number of iterations needed to achieve the equilibrium state 

in both FE and FV methods for different element numbers corresponding to load 

P , equal to 3f/. As this figure shows, there is no significant difference in iteration 

numbers, just one or two more iterations in FV method was needed. Figure 4.15 

presents the comparison of FEM and the FVM's results by using the BLQ and the 
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Figure 4.13: Normalised vertical and horizontal displacement of cantilever beam (~~2 = 3) 

CST elements. It shows the FVM and FEM's result are the same for CST elements 

; as analytical discussion in section 4.4.2 demonstrated. It can be seen that for BLQ 

element; the result is more accurate than the CST element result. 

Table (4.1) shows the total CPU times spent for the solution procedures using the 

different methods and the different element types. The contents of table (4.1), corre­

spond to the applied load p, equal to 3fl. The tests were carried out on a Dec Alpha 

work station. Conjugate gradient solver was used in both FE and FV methods. As it 

can be seen, the total CPU time of FV procedure for CST element is approximately 

two times that of FE procedure and for BLQ element there is no much differences. 
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PL2 
Tolerance=O.OOI ~ =0.603 (Theory result) --=3 

EI 

Element type CPU time(Sec) Normalised vertical displacement ( ~ ) Error(%) 
FEM FVM FEM FVM FEM FVM 

BLQ(1280) 40 49 0.603 0.600 0.0 0.5 

CST(1280x2) 42 79 0.591 0.591 2 2 

Table 4.1: CPU time comparison 
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In tht'" ease of CST element, in FV the set up time of system matrices (e.g. global 

stiffness matrix, unbalance force vector , equation (4.60)) is higher than that in FE 

Inethod. This is due to each individual element is visited three times where in FE 

just one ,risit is enough for providing eleInent information for calculation of element 

contributions in systeIn Inatriers. In linear elastic analysis may be it has a minor 

effect but in the G~L analysis where system matrices are updated during iterations, 

e.g. :\ewton-Ralphson procedure, it is a major issue in terms of CPU time. 

4.5.3 Test case-3 

A square plate \vith simple support and damped support subjected to a concen­

trated load at the centre (Figure 4.16-b) has been analysed for its large deflection 

response. 8-noded brick elements were used to model one quarter of the plate. In 

both eases two elements were considered through the thickness of the plate. 

Figure 4.16 shows the prediction of displacement at the loaded point by FE and 

FV methods for the both eases. For the damped support, the finite difference re­

sults reported by Adotte [64] have been used as a reference and for simple support 

one, A:\SYS software:s [65] results have been used. 

It is obvious that modelling of a plate by brick element, is inefficient and imprac­

tical [56], because the discretization would have to be very fine for a reasonably 

accurate solution; however, Figures 4.16-a and 4.16-c show that FE and FV con­

verge to the reference solution but not very fast. It has to be mentioned in Figure 

4.16-a ANSYS: results are based on using the shell elements and are stable after 

converging as it is expectful. 
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4.5.4 Test case-4 

Figure 4.17-a shows a uniformly loaded colulnn. The column like previous test case 

was discrc,tized with 8-noded brick elements. The aim of this test was to compare 

the FE:\I and the FY:\I capabilities for the three dimensional analysis of axial load­

Ing case. In Figures -!.17-b and 4.18 the capability of the FVM for prediction of 

displacement. stress and strain is compared with the FE method. The Figures show 

good accuracy in FY Iuethod. 

4.6 Closure 

A cell yertex based finite volume formulation was developed for the analysis of 

geometrically nonlinear problems based on Lagrangian approach. The results have 

revealed that similar to the small deformation analysis, the accuracy of CV-FV 

method is promising. This study, accompanied by previous works on implementation 

of CY-FV procedure in the simulation of material nonlinearity problems by Taylor 

et al .. [66] shows that CV-FV method can be considered as a candidate for industrial 

process analysis (e.g. forging, metal forming, ... ). Further work in this research 

reveals more capability of the CV -FV method in particular and finite volume method 

in general, for solid mechanics problems and multiphysics problems analysis. 
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Chapter 5 

Finite Volume Approach for Plate 

Analysis 

This chapter presents a FV formulation for thin/thick plate analysis. In the first 

section the governing equations, based on the Reissner /Mindlin plate theory are 

presented. In the second section a cell vertex based finite volume formulation for 

plate type structures is presented. Based on this formulation a code was developed. 

Some test cases are analysed by both the FE and FV methods and the results of 

the both methods are compared. Novel achievements of this chapter are: 

• :\"ovel cell-vertex based finite volume formulation for plate analysis . 

• Comparison of the FV and the FE results in terms of accuracy and solution 

speed. 

5.1 Governing equations 

Figure (.5.1) shows the stress distribution in a plate element and Figure 5.2-a shows 

shear forces and bending moments as resultant of these stresses. With reference 

to Figure 5.2-b and assumptions in Reissner/Mindlin plate theory and the small 

displacement bending theory the displacement components at a point of plate are: 
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u = -z{3x(X, y) v = -z{3y(X, y) w = w(x,y) (5.1) 

\ Yherew is the transverse displacement and {3x and {3y are the rotations of the 

nonnal of the lllid-plane in the xz and yz planes, respectively. It is instructive to 

note that the Kirchhoff plate theory excludes shear deformations in the plate, hence, 

without shear effects equation (5.1) can be expressed as: {3x = ~~ and {3y = ~;. 

The bending strains fxx, fyY1 fxy vary linearly through the plate thickness and are 

given by the curvatures of the plate as: 

fxx 
au O/3x 
ax ax 

fyy ov = -z o{3y (5.2) 
oy oy 

IXY aU + ov 
oy ax 

o/3x + o{3y 
oy ax 

The governing equations of thick and thin plates can be obtained by writing the 

equilibrium equations of applied forces and stress resultant forces acting on the 

mid-plane of the plate: 
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LMx=O 

LAly =O 

(5.3) 

The first equation expresses the equilibrium of forces in the z direction and the 

last two equations express equilibrium of moments about x and y axes respectively. 

By omitting the in-plain behaviour (membrane action) and with reference to the 

illustrated sign convention in Figure 5.2-a, the equilibrium equation (5.3) can be 

expressed in matrix form as: 

0 0 0 

0 a a 
ay ax 

a 0 a 
ax ay 

Mx 

My 

Mxy 

1 0 

o 1 
[ ~: ] 

q 

o 
o 

(5.4) 

\Vhere Qx and Qy are shear forces per unit length and Mx,My and Mxy are bending 

moments per unit length at every point of the mid-plane of the plate. It is notable 

in Figure 5.2-a, the star quantities are defined as follows: 

aMx 
M; = Mx+ ax dx 

* aMxy 
M = Mxy+ a dx xy x 

Q; = Qx + a~x dx 

aM 
M* = M + Ydy 

y Y ay 

* _ aMYXd 
Myx - Myx + ay y 

Q* = Q + aQydy 
y y ay 
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Figure 5.3: Control volume around a computational node 

5.2 Finite volume formulation for plate analysis 

Equation (5.4) illustrates equilibrium at the continuum level and for obtaining the 

discretized equation which expresses the equilibrium of a plate control volume at the 

discretized leveL equation (.J.3) can be applied. By applying the three equilibrium 

equations, i.e. (5.3), for any control volume in Figure 5.3 the matrix form of the 

equilibrium equations (5.3) can be expressed as: 

0 0 0 Mi ni n1, 

[ ~~ ] Ii = 

qAc x x y 

L 0 n't ni Mi li - L y:n - y~ y:n - y~ 0 
y x y 

i 1, 

n1, 0 ni M~y xi - XC Xi - XC 0 
x y m 0 m 0 

(5.6) 

Where: 

ni and ni are cosine directions of outward normal of face i. x y 
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.r~n and y:n are the coordinates of midpoint of face i . 

. r~ and y~ are the coordinates of CV1s centre. 

q is the unifonnly distributed load applied on the CV with the mid-surface area of 

Ac· 

li is length of face i. 

Equation (5.6) can also be expressed in its compact form as: 

L HiMili - L H;Qili = Pi 
i i 

(5.7) 

\Yhere: 

000 

Hi= 0 ni y n1, 
x 

n1, 
x 0 ni y 

Mi 
x 

Mi= Mi y 

M;y 

ni ni 
x y 

H; = y:n - y~ y:n - y~ 

o 

All moments and shear forces are measured per unit length and their variation on 

the control volume faces; is assumed uniform. By applying the Reissner/Mindlin 

plate theory and with reference to Figure 5.2-(b), moments and shear forces at each 
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point in the C\' can be expressed [56] as : 

·where: 

3 
D* = Et 

12(1 - v 2 ) 

Q=G*, 

Q = [ ~: ] 
, = [ ~:: ] 
1 v 

v 1 

0 0 

0 

0 

1-11 
2 

o(3a; 
ax 

o(3y 
oy 

O(3a; + o(3y 
oy ax 

G* = kGt 

By use of equation(.S.l) the lateral shear deformations can be expressed as: 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

\Vhere E is Young:s modulus: G is shear modulus, t is thickness of the CV, k is the 
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lat<:\ral shear correction factor [67]. The transverse displacement, w, and section 

rotations. ,3.r and ,3y , can be interpolated [23] as: 

r 

W = L ~VjU'j 
j=1 

r 

- ,3.1.' = Oy = L NjOt 
j=1 

r 

f3y = Ox = L NjO~ (5.16) 
j=1 

,,,here U'j. ot and O£ are the nodal values of the unknown variables w,Ox and Oy 

respectiyely. ~Vj is the interpolation function and r is the number of element nodes. 

By using the mentioned interpolations, the curvature €* and transverse shear strains 

T can be calculated in tenns of nodal unknown variables as: 

* B­€ = bU 

,rhere for four-noded quadrilateral elements we have: 

u = [ WI 01 
x 01 y ... ~r 

Bb = [ B~ B2 
b 

B3 
b Bt 1 

Bs = [ B! B2 
s 

B3 
s B! 1 

For typical node i: 

0 0 oN· -~ ox 

Bt= 0 ONi 0 oy 

0 ONi oN· -~ 
ox oy 

[Q& 0 :i] Bt= ox 
S ONi -Ni oy 

(5.17) 

(5.18) 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 

By substituting equations(.s.17) and equation(5.18) into equation (5.8) and finally 

in equation (.5.7): we have: 

(5.24) 
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Or in cOlupact form: 

K C = - '"'" H*G*B [. s ~ s z 

(5.25) 

(5.26) 

(5.27) 

\Yhere Kg is the bending stiffness matrix and K~ is the shear stiffness matrix. 

5.3 Boundary conditions and solution of the dis­

cretized equilibrium equations 

Due to the consistence of the presented discretization method with the FEM, where 

CY~s are overlayed on the FE mesh, the boundary conditions can be applied as 

usual as FE method. The dependent variables like displacement over a CV are ap­

proximated by using the element shape functions. By assembling the CV's stiffness 

matrix. K C
• the global stiffness matrix of system, K, can be arranged as usual and 

the final equilibrium equation is given by: 

Kfi, = p (5.28) 

where fi, is nodal displacement and rotations and P is the generalized force vector 

which contains force and moments. The stiffness matrix of a control volume, KC, 

is evaluated at respective integration points. The above equation can be solved by 

bi-conjugate gradient method which we have used here. 

5.4 Results and discussion 

To validate the presented FV formulation four test cases were studied. In all cases 

the FV results were compared with results of an in-house finite element code. The 
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Figure .). -!: Tangential and normal directions at boundary of a plate 

first test case was a tip loaded cantilever beam and the second was a simply sup­

ported plate under the uniform lateral load with moderate thickness. In the third 

and fourth test cases a thin plate was analysed where for test case three a uniformly 

distributed load, and in test case four a concentrated central load was considered 

for the analysis. Two types of boundary conditions are usually considered in plate 

analysis. (with reference to Figure 5.4), these are: 

• For a simply supported boundary, the following conditions can be considered: 

1) w = On=O or: 

2) w=O 

• For a clamped boundary the following conditions can be considered: 

1) w = Os = On=O or: 

2) w = On=O 

Where Os and On are section rotations 'at the boundary about the tangent vector s 
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and nonnal vt."'ctor n respectively. A boundary condition of type (1) is called a hard 

boundary condition and a boundary condition of type (2) is called a soft boundary 

condition. In the following tests the hard boundary conditions have been assumed , 
otherwise it is explicitly mentioned. 

5.4.1 Test case-l 

A cantilever beanl with concentrated load at the end was discretized by four-noded 

quadrilateral(BLQ) elements. The height of the beam was considered as the thick­

ness of the plate elements. The ratio of height to length of the beam, A, was 0.01, 

see Figure 5.5. The end vertical displacement was predicted using both FE and FV. 

For FE the full numerical integration (in this case two gauss points in each direc­

tion) was used. The results were compared with the analytical results which were 

taken from Timoshenko [68] with poisson's ratio equal to 0.3. As Figure 5.5 shows, 

the F\i results converge to the analytical solution much quicker than FE predic­

tions. This due to the nature of Reissner based formulation and by decreasing the 

parameter A the element" locks" for FE methods. The locking problem of FEM in 

thin plate analysis is well known and is caused by the imposition of the constraints 

lIZ = ~ryz = 0 by the shear strain energy terms in the total potential energy when 

the limiting thin plate situation is approached. The shear strain energy terms may 

be interpreted as penalty functions, which force the shear strains to equal zero as 

A is reduced. The imposition of these constraints leads to the deterioration of the 

stiffness matrix and overstiff results are obtained [67]. 

By applying techniques like the reduced integration method [69], selective inte­

gration method [70], and mixed interpolation method [23, 56], the shear locking 

problem can be removed. The four-noded quadrilateral element, MITC4 which was 

developed by Bathe et al. [23, 56] based on the mixed interpolation methods, has 

been used in our FE code. By applying such enhanced quadrilateral element, FE 
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Figure 5.5: Tip concentrate loaded cantilever beam is modelled by plate element 

results improved highly and coincided with FV results. In this analysis, the FV did 

not show such shear locking due to the nature of its integration technique, where 

there is one integration point correspondence to each side of the element. This type 

of the integration is the form that the reduced integration method seeks to achieve 

in FE method. 

5.4.2 Test case-2 

For the second test case, a moderately thick(A = 0.01) square simply supported plate 

was analysed by FE and FV where the central displacement and bending moment 

have been compared with the analytical results [71]. In this case, as Figures 5.6-

a and .S.6-b demonstrated, the FE method with BLQ elements converges to the 

analytical results slowly for both central bending moment and displacement, but by 

applying ~1ITC4 elements, the FE is marginally faster than FV. Table (5.1) shows 

the total CPU times spent for the solution procedures and accuracy of the results for 

93 



(a) 

0 

--- -5 ~ 
'--...., 
~ -10 
E 
~ -15 

(b) 00 
c -20 

:.0 
c 
~ -:25 

~ 
!:I -30 c 
~ 
u 
~ -35 ..... 
~ 

0..-40 
c 

'"' 0 
t:: 

[.lJ 

0 

---- -5 ~ 
~ c -10 
~ 

E 
~ -15 u 
:-;:I 

(c) 
0.. -20 :r. 

-.::; 
~ -25 b 
c 
~ 

-30 u 
~ .... 
~ -35 
0.. 
c .- -40 
'"' § 

[.lJ 

:2 

a 

a=2 m • t=O.20 m 

tla=O.l • q=l00 MPa 

E=21OE03 MPa. v=0.3 

/ l' ···························· · .... ·· .. · .. 
FE(BLQ) -

I-b(MITC4) 

,/ 

.. .. 
.... . ' .' ..-

! 

4 

fV(BLQ) ...... .... . 

6 8 10 12 14 16 18 

Number of division on each side 

/Ir·········· 
1/ 
i 
/ 
i 
j 
I 

,j 

2 

i 

4 6 

, ............ =:~ ........... ::.~ .............................. .. 

8 

FE(BLQ) -
FE(MITC4) - --

fV(BLQ) ...... ... .. 

10 12 14 16 18 

Number of division on each side 
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Test case-2. analytical result for central displacement=4.443 E-2 m( Mindlin plate theory) 

Methods FE(BLQ) FE(MITC4) FV(BLQ) 

CPU Time(sec) 8 8 6 
Central displacement(m) 4.215E-2 4.439E-2 4.424E-2 

-5.14 -0.09 -0.42 
Error( 9c ) 

Table 5.1: Comparison of CPU time and accuracy for FE and FV 

the different methods. The regular mesh allows us to use conjugate gradient solver 

for the F\~ method. The results in table (5.1), are based on 16 equal divisions on 

each side of the plate. The tests were carried out on a SUN SPARC20 work station. 

\"0 much difference can be seen between the total spent CPU times for the different 

methods. But the accuracy of the FE method with MITC4 element is marginally 

higher. 

5.4.3 Test case-3 

By reducing the thickness of previous test case to A = 0.001 and considering both 

simply and clamped boundary conditions, FE with BLQ elements fails in predicting 

the accurate central displacement, but the FV method has no problem and converges 

to the analytical result as FE with MITC4 is able to do. Figure 5.7-a and 5.7-b show 

the results which were compared with the analytical results based on Kirshhoff plate 

theory [68]. 

5.4.4 Test case-4 

By changing the uniform load in test case 3 to a central concentrated load the same 

incapability for FE with BLQ elements exists. As Figures 5.8-a and 5.8-b show FV 

and FE with :ynTC4 can predict the accurate results with both simple and clamped 

boundary conditions. 
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5.5 Closure 

A yertex based finite volume approach was developed for the thick and thin plate 

analysis. The Reissner /Mindlin plate theory was implemented in the formulation. 

The method is easy in concept which is based on the expressing the equilibrium 

state of an individual control volume with compatible deformations at common 

nodes with neighbouring volumes. The results present, in moderately thin and very 

thin plate analysis, FEM suffers from locking problem while FVM is free of locking 

matters. It is another profitable feature of FVM and encourages researchers for 

more investigation of FVM capabilities. 
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Chapter 6 

CFD Approach for the Analysis of 

Solid Mechanics and Thermally 

Coupled Stress-Flow Problems 

The aim of this chapter is to provide a solid mechanics formulation using a CFD 

framework to solve problems involving compressible and incompressible or nearly 

incompressible materials. In this approach, in addition to displacement components, 

the pressure field is also considered as an unknown variable. The development of 

this type of formulations is encouraged by the following: 

• The usual displacement formulation becomes unstable when Poisson's ratio is 

larger than 0.4. 

• The similarity between the fluid flow equations and solid mechanics equations 

may enable modifications to an available CFD code for solving solid mechanics 

problems. 

• This formulation provides a foundation for analysing problems involving stress­

flow-thermal (multiphysics) effects using a single code. 

:Ylultiphysics problems can be found in the following applications: 
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• Temperatul'c'-stress problems arising in unevenly heated piping systems. 

• Thennal stress problems arising in electronics equipment (flow, heat, stress). 

• Thermal and Irlechanical stress problems in the blades, disks and combustors 

of power generation equiplnent (flow, heat, stress) . 

• Residual stress problems in casting and other forming processes ( flow, phase 

change~ telnperature, stress). 

The discussion in this chapter is limited to small elastic strains. The similarities 

between the solid equations and fluid flow equations will be addressed and then 

some necessary modifications will be discussed to achieve a desired technique for 

solution of solid mechanics and multi physics problems. The PHYSICA [33] code, 

a cell centred finite volume(CC-FV) based CFD code, is used to undertake this 

analysis. The modifications to this CFD code will be demonstrated with test cases 

for stress only problems and multiphysics problems. The novelty of the work in this 

chapter is: 

• Solving the stress equations in a CFD code. 

• Technique involves small changes to current CFD environment. 

• Comparison between this single solver with traditional 2-solver approach for 

a number of problems. 

• Extension of structured multiphysics solver [32] to unstructured meshes. 

6.1 A CFD algorithm for solid problems 

The solid stress need to be calculated in design when material shows incompressibile 

or compressible behaviour. Although this can be dealt with using the available 

techniques in solid mechanics field (i.e., finite element method), the solid and fluid 

equations are similar and it can be shown that a CFD approach can also be applied 
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for the analysis. The idea is, when the solid momentum equations including of 

constitutiy(' equations are formulated with displacements as the dependent variables, 

their fonn is ahnost identical with those governing the velocities field in the fluid 

flow equations. Therefore, displacements can be computed for solids and velocity 

for fluids [72]. The ll('xt section highlights the similarities between solid and fluid 

equations. 

6.1.1 Fluid momentum equations 

Based on ~ ewton's second law the momentum equations in three dimensions are [73]: 

a(pvx) d' ( ) __ ap aaxx aayx aazx s 
at + zv pvxv - ax + ax + ay + az + Mx 

a(pvy) d' ( ) __ ap aaxy aayy aazy s 
at + 'tV pVy V - ay + ax + ay + az + My 

a(pvz) +d' ( ) = _ ap + aaxz + aayz + aazz +S 
at zv pVzV az ax ay az Mz 

\Yhere: 

v is velocity vector. 

Vi is component of velocity vector v on i direction. 

p is density. 

P IS pressure. 

(6.1) 

aij is viscous stress component (deviatoric stress component) which acts in the j 

direction on a surface where its normal is in the i direction. 

SMi is the source term which includes contributions due to body forces in the i 

direction. 

6.1.2 Navier-stokes equations for a Newtonian fluid 

The momentum equations contain further unknowns of the viscous stress compo­

nents aij' In many fluid flows the viscous stresses can be expressed as functions of 
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the local defonllation rate' (or strain rate). In three dimensional flows the local rate 

of defonllation is COIllposed of the linear deformation rate and the volumetric defor­

Illation rah .... The rate' of linear deformation of a fluid element has nine components 

in thre't:'" diIllensions~ six of which are independent in isotropic fluids [74]: 

avx exx =-
ax 

avy 
eyy = -

ay 

avz ezz =-
az 

1 (aVX avy ) 
exy = eyx = 2 ay + ax 

1 avx aVZ) 
exz = ezx = 2 (az + ax 

1 avy aVZ) 
eyz = ezy = 2 (az + ay 

The volumetric deformation is given by: 

avx avy avz d' -+-+-= 'tvv 
ax ay az 

(6.2) 

(6.3) 

In a :\ ewtonian fluid the viscous stresses are proportional to the rate of deforma­

tion. The three-dimensional form of Newton's law of viscosity for compressible flows 

inyoh-es two constants of proportionality: 

(lxx = 2J..texx + )"divv 

(lyy = 2J..teyy + )"divv 

(6.4) 
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\Yh(lr~ I' is dynalnic viscosity and A is the second constant. Not much is known about 

A. because its effect is slnall in practice. For gases A = - ~tL is a good approximation 

in practice [7-1]. For an incompressible fluid, divv =0 so in the above constitutive 

equations there will be just It as the constant. Substitution of the above constitutive 

equations. (6.2)1 (6.3) and (6.--1) into equation (6.1) yields the so called Navier-Stokes 

equations: 

8(pL'.l') ap a [aVX .] a [(avy aVX)] --+ diL'(pvxv) = -- + - 2tL- + Ad'lvV + - tL - + - + 
at ax ax ax ay ax ay 

a [ ( avx av z )] 
az tL az + ax + SMx 

a(pvy) + di L'(pvy v) = - ap + ~[tL( aavx + aaVy )] + aa [2tL aaVy + 'xdivv]+ 
at ay ax y x y y 

a avy aVZ)] 
az [tL( az + ay + SMy (6.5) 

a(pvz) + div(pv v) = _ ap + ~[tL(aVX + aVZ)] + ~[tL(aVy + aVZ)]+ 
at z az ax az ax ay az ay 

~[2tL avz + Adivv] + SMz 
az az 

Rearranging the viscous stress terms is possible as follows. In x momentum equation: 

a av a av avx a avx av z )] 
ax [2tL a: + Adivv] + ay [tL( a: + ay)] + az [tL( az + ax = 

a avx a avx a avx )] 
[ax (tL ax ) + ay (tL ay ) + az (tLaz + 

[ ~(tL aVX) + ~(tL avy) + ~(tL aVZ)] + aa ('xdivv) = 
ax ax ax ay ax a z x 

div(lI.gradv ) + ~(tLdivv) + ~('xdivv) = div(tLgradvx) + aa (tL + 'x)divv 
r x fu fu x 

The same procedures is possible for momentum equations in y and z directions. The 

final form of momentum equations are: 
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By neglecting the convection terms at low Reynolds number flow, the steady state 

form of the above equations is: 

a 
- ax [P - (/1 + A)divv] + div(/1gradvx) + SMx = 0 

a 
- ay [p - (/1 + A)divv] + div(J-lgradvy) + SMy = 0 (6.7) 

a 
- az [p - (J-l + A)divv] + div(J-lgradvz) + SMz = 0 

6.1.3 Fluid continuity equation 

Derivation of the mass conservation equation is based on the mass balance for the 

fluid element.~~Rate of increase of mass in fluid element" should be equal to "Net 

rate of flow of mass into fluid element" . 

~Iathematically. the above expression can be written as: 

c::: + div(pv) = 0 (6.8) 

6.1.4 A pressure displacement formulation for solid stress 

analysis 

The conventional form of the momentum equations for solids in the steady state 

situation from the principle of static equilibrium are: 

aO"xx aO"yx aO"zx + S - 0 
ax + ay + az Mx -

aO" xy aO" yy aO" zy + S - 0 
ax + ay + 8z My -

(6.9) 
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aa;rz aayz aazz 
a + a + -a + SMz = 0 x y z 

\Yhere typically SM,I" is the source' term which includes component of the body force 

in the .r direction. Based on the linear termo-elasticity theory, stress can be related 

to the defonnation by use of Hook's law as: 

(J - E(l - v) {a'UX -O'(T-~)+ v [auy -a(T-~ )]+ v [aUZ -a(T-Tr)]} 
l'X - (1 + v) (1 - 2 v) a.f r 1 - v ay r 1 - v a z 

(J = E(l - v) ) { v [Baux -a(T-Tr)]+ aaUy 
-a(T-Tr)+ v [aaUZ -a(T-Tr)]} 

y-y (1 + v)(l - 21) 1 - v x Y 1 - v z 

~~ = E(l - v) {v [aUX -a(T-Tr)]+ v [auy -a(T-Tr)]+ auz -a(T-Tr)} 
(J~~ (1 + v)(l - 2v) 1 - v ax 1 - v ay az 

(6.10) 

\Yhere: 

v is Poisson's ratio. 

G is shear modulus. 

a is thermal expansion coefficient. 

T is temperature. 

Tr is reference temperature. 

The normal stresses axx:ayy and azz can be rearranged as: 

aux 2G
d

, 
a +2G-- - zvu 

a xx = av ax 3 

aUy 2G
d

, 
a = a + 2G- - - zvu yy av ay 3 

(6.11 ) 

auz 2G
d

, 
a +2G- - - zvu azz = av az 3 

Where (Jav is the mean value of the normal stresses: 

axx + ayy + azz = E [divu - 3a(T - Tr)] (6.12) 
aav = 3 3(1 - 2v) 
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Physically 0" a'll can be interpreted as a pressure quantity, but because of different 

positiy(' sign convention for stress quantity and pressure quantity, we have: 

E 
Ps = -O"a'll = - 3(1 _ 2v) [divu - 3a(T - Tr)] 

Substitution of this pressure quantity into Hook's law gives: 

_ 8ux 2G. 
O"xx - -Ps + 2G- - -dzvu 

8x 3 

_ 8uy 2G. 
O"yy - -Ps + 2G- - -dzvu 

8y 3 

8uz 2G. 
O"zz = -Ps + 2G- - -dzvu 

8z 3 

G(
8ux 8uy 

O"xy = O"yx = - + -) 
8y 8x 

G(
8ux 8uz 

O"xz = O"zx = -8 +-) z 8x 

_ _ (8uy 8uz 
O"yz - O"zy - G 8z + 8y) 

(6.13) 

(6.14) 

Finally by substituting the (6.14) into the equilibrium equations (6.9) we have: 

8 G . . 
- 8y (Ps - "3dzvu ) + dzv(Ggraduy) + SMy = 0 ( 6.15) 

-88 (Ps - G divu) + div(Ggraduz) + SMz = 0 
z 3 

The comparison of equations (6.15) and (6.7) is instructive because it provides a key 

tool for the analysis of multiphysics problems where fluids and solids interact. The 

comparison indicates that /1 corresponds to G and velocity vector v corresponds to 

displacement vector u. By choosing the value of A = - ~ /1, in equation (6.7), the 

two sets of equation have completely the same form. 

In the case of a termo-elastic solid, solution of the continuity equation may be 

avoided since the variation of density is negligible [31]. Therefore, it is reasonable 
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to rxpc'ct to achieve the solid deformation field by solving equations (6.7), when 

accolllpanied with equation (6.13) instead of the contI'nuI'ty e t' h' h d fi qua lon, w IC e nes 

the relation brtwern displacement vector u and pressu t't f re quan I y 0 Ps. 

Adopting the CFD software for this type of application should be done carefully, 

because in SOllle CFD packages like PHYSICA the term (II + ')d" t' 
, r--v /\ zvv In equa Ion 

(6.7) is considered to be zero. As a result of this assumption the relationship be-

tween pressure in fluid equation, (6.7) and Ps in solid equilibrium equation, (6.15) 

IS: 

G 
P = Ps - 3"divu (6.16) 

By substituting equation (6.13) into the above equation we have: 

1 . 2(1+v) 
P = -G[l 2 dzvu - a(T - Tr)] 

- v 1- 2v (6.17) 

Or: 
1 - 2v 

divu+ G p-2a(1+v)(T-Tr) =0 (6.18) 

:\ow the above equations can be used with the momentum equations of (6.7) for 

solid stress analysis in a CFD framework. 

6.2 PHYSICA 

PHYSICA [33] has the capability to solve problems that involve coupled physical 

phenomena in three spatial dimensions and time. It may be used for computational 

fluid dynamics and computational solid mechanics and interactions between the 

two. Apart from stress calculations, which uses cell vertex finite volume method, it 

uses the cell centre finite volume technique over a structured or unstructured mesh 

domain to solve flow, heat transfer problems. PHYSICA has links with pre/post 

processors like FE:MGE\,/FEMVIEW [75] and PATRAN [76]. The work presented 

in this chapter used PHYSICA's environment for including the solid equations in 
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a CFD framework. Therefore, it will be convenient to present the discretization 

techniques and solution procedures of PHYSICA l·n the .r 11· t· 
10 oWIng sec Ions. 

6.2.1 Discretization used in PHYSICA 

Because equations (6.7) and (6.15) are special forms of the general CFD equation, 

the following discussion details the differencing schemes and methods of interpola­

tion for the general CFD equations used in PHYSICA. 

If we introduce a general variable, cp, the conservative form of all fluid flow equations 

including equations for scalar quantities such as temperature can usefully be written 

in the following form [73]: 

a~:) + div(pv</» = div(r",grad</» + S", (6.19) 

Suitable approximations can be made to each term in equation (6.19) which allows 

it to be expressed as a linear matrix equation with the form of: 

A4> = b (6.20) 

vrhere 4> is a vector of the value of cp at a finite number of computational points, 

such that the solution of equation (6.20) gives as close an approximation as possible 

to the solution of (6.19). 

The techniques used to discretize the various conservation equations are based 

on the cell centred finite volume formulation. As mentioned in chapter 3, in this 

method the domain over which the equation is to be solved is divided into a set of 

non-overlapping polyhedral control volumes. The dependant variables which are the 

averaged value over the CV are stored at the centre of CV. The FV method involves 

integrating the conservation equation (6.19) over each control volume and over time. 

Assumptions are made for the variations of the quantities involved in the equation 

between the centre of the control volumes. For each control volume this leads to a 
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Figure 6.1: Adjacent control volumes 

linear equation involving the unknown values of the scalar quantity at the centre of 

the control yolume and the centre of its neighbouring control volumes. Considering 

all such linear equations together produces a matrix equation of the form (6.20). 

The final discretized form of the conservation equation is [39]: 

ap¢p = L anb¢nb + bp 

nb 

(6.21) 

\Yhere the summation is over all elements which share a face with element P. The 

coefficients in equation (6.21) are calculated from the formulae: 

VpPp ,/-,0 

bp = Se Vp + .6..t o/p 

Where the Se and Sp are the components of the linearised form of the source term 

as: 
(6.22) 

the superscript" 0" indicates previous time step values, V is the volume of element P, 

.6..t is the time step size, D f and Ff are the strengths of the diffusion and convection 

respectively, Pf is the Peclet number and are given by: 
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A f is area of fact" f. 

D
f 

= Af(r¢)f 
dAP 

P
f 

= Ff = Pf(v. n)f 
D f (r¢)f 

dAP is the distance between the centroids of elements A a d P F· 6 1 d n ,see 19ure . ,an 

the differencing scheIne functions, A(I Pf I), are listed in the table (6.1): 

Scheme Formulae for A(IPj) 

Central Differencing I-O.5IPI 

Upwind I 

Hybrid max (0 , I-0.5IPI) 

Power Low max(0,O-0.IIPj)5) 

Exponential IPl!exp(IPj)-I 

Table 6.1: Definition of differencing schemes 

6.2.2 Rhie-Chow interpolation method 

The solution procedure for the transport of a general property 4J developed in the 

previous section wilL of course~ be enlisted to solve the momentum equations. Mat­

ters are: however: not completely straight forward since there are problems associ­

ated with the pressure source terms of the momentum equations that need special 

treatment. If the velocities and the scalar variable of pressure are both defined at 

the centre of an ordinary control volume a highly non-uniform pressure field can 

act like a uniform field in the discretized momentum equations [73]. This can be 

demonstrated with the simple two dimensional situation shown in Figure 6.2, where 

a uniform grid is used for simplicity. If the pressure at face" e" and face "w" ob-
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Figure 6.2: A checkboard pressure field 

tained by linear interpolation, the pressure gradient term ~~ in the vx-momentum 

equation is given by: 

ap _ Pe - Pw _ (PE;PP) - (PP~PW) _ PE - Pw 
ax - 8x - 8x 28x 

(6.23) 

Similarly: the pressure gradient ~~ for the v- momentum equation is evaluated as: 

ap PN - Ps 
ay 28y 

(6.24) 

Substituting the appropriate values from the" checker-board" pressure field from 

Figure 6.2 into formulae (6.23) and (6.24) we find that all the discretized gradients 

are zero at all the nodal points even though the pressure field exhibits spatial oscil­

lations in both directions. This behaviour is obviously nonphysical. 

The standard approach for overcoming the above problem is the use of a staggered 

grid for the velocity components which was first suggested by Harlow and Welch [77] 
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and fornls the basis for the SIMPLE procedure [78] and for the SIVA procedure [79]. 

The idea is to evaluate scalar variables such as pressure, density, temperature etc 

at thl' centre of each CV but to calculate velocity components on staggered grids 

centred around the cell faces. Based on this idea the Vx velocity is calculated at the 

faces of the control volulne ,vhich their normals are in the x coordinate direction. 

Similarly theL'y and 'Uz velocities are calculated at the faces of the control volume 

with normals in the y and z directions respectively. This type of calculation for the 

the velocity components on different places is of huge benefit on structured meshes 

but the method does not extend easily to unstructured meshes. 

In the approach presented here all dependant variables are stored at the cell cen­

tre. i.e. collocated variable arrangement is used. In contrast to the staggering 

approach which uses four sets of control volume in three dimensional analysis, this 

arrangement requires only one set of control volumes. The face values of the velocity 

components have to be calculated from the element based values. This requires an 

alternative interpolation method to those described earlier in this section which does 

not suffer from the checker board effect. The Rhie-Chow interpolation method [40] 

offers one approach which satisfies these requirements. 

The x-momentum equation: 

(6.25) 

where ('x + J-l)divv in equation (6.7) is considered as zero. This equation can be 

discretized by using the techniques described earlier in this chapter over the control 

volume about a node P to produce an equation which can be written in the form: 

(6.26) 

Where \l xP is the discretized contribution from the pressure gradient term. Similarly 

for the adjacent node A: 

(6.27) 
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FrOIll the conservation principle of the control volume formulation the Vx velocity 

at a point on the face between the nodes must also have a discretized momentum 

equation of t he form: 

(6.28) 

The Rhie-Chow interpolation Inethod uses the equations (6.26), (6.27) to approx­

imate a solution for equation (6.28). It is assumed that the right hand side of 

equation (6.28) may be approximated by using a weighted linear interpolation of 

the corresponding terms in equations (6.26) and (6.27).Thus 

\Vhere the overline in the above equation indicates a weighted linear interpolation 

of the variable. Assuming that af = af then: 

V(x)f = v(x)f + df(\lxPf - \lxPf) 

\Vhere if ,3 as the weighting factor is used, we have: 

V(x)f = (3V(x)P + (1 - (3)V(x)A 

\l xP f = (3 \l x P P + (1 - (3) \l x PA 

\lxPf = Afnx(PA - pp) 

af = ap + (1 - (3)aA 

- -1 
df = af 

(6.30) 

The weighting factor, (3: is set at 0.5 otherwise unrealistic solutions may be achieved 

with the distance weighted interpolation which has been reported [39]. 

6.2.3 Momentum-Pressure coupling 

. f th l' t field and pressure field is One common approach to the evaluation 0 e ve OCI y 

the iterative method. Given a pressure field p, discretized momentum equations can 
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be solved to obtain the velocity fields. If the pressure field is correct the resulting 

velocit~, field will satisfy continuity. As the pressure field is unknown, we need a 

method for calculating the pressure. 

6.2.4 SIMPLE algorithm 

The acronYIIl SI::\IPLE stands for Semi-Implicit Method for Pressure-Linked Equa­

tions [73]. The algoritlull was originally put forward by Patankar and Spalding [78] 

and is essentially a predictor-corrector procedure for the calculation of pressure field. 

By discretizing the continuity equation: 

(6.31) 

\rhere the superscript '~o" indicates the previous time step value, b..t is the time 

step. The summation is over all faces of the control volume signified by the subscript 

P. The Rhie-Chow interpolation gives the equation for a face velocity component 

as: 
1 

v(x)f = v(x)f + -(\/xPf - \/xPf) 
af 

( 6.32) 

where the overline indicates linear interpolation of the relevant quantity between the 

element centre "alues on either side of face f. In equation (6.32) the \/xPf term is 

approximated by Afnx(PA - pp) where the subscripts P and A represent the current 

and adjacent elements respectively. At any solution stage, given estimated element 

centre values for pressure: p* and velocity v;, the face value of the Vx component of 

velocity is given by: 

- 1 (* *) v(x)f = v(x)f + - \/xPf - \/xPf 
af 

(6.33) 

The aim is to improve the guessed pressure p* in order that the starred velocity 

components get progressively closer to satisfying the continuity equation. If P is 

the correct pressure then: 

P = p* + P 
I (6.34) 
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\Yhere p' is the pressure correction. Similarly the starred velocities are related to 

their correct values by: 

* I 
L'. = V + V .l X X (6.35) 

If equation (6.33) is subtracted froITl equation (6.32) then following equation is 

obtained: 

(6.36) 

The use of all terms in equation (6.36) would produce an equation in which the 

pressure correction in an element is directly dependent on corrections in both neigh­

bouring elements and elements adjacent to these neighbours. This would lead to 

the need to solye a linear matrix with a much larger number of non zero elements 

per row than any of the matrices constructed in the solution of the other solved 

variables. In order to simplify the resulting pressure correction equation, the first 

two terms on RHS of equation (6.36) are dropped. At convergence the terms which 

have been ignored would be zero so this assumption does not affect the final answer, 

onlv the \-yay in which the final answer is approached. Hence: 
01 • 

I 1 I 1 I I 

v(x)f = --(VxPf) = -Afnx(pp - PA) 
af af 

(6.37) 

Finally substituting equation (6.35) in the discretized continuity equation (6.31) and 

using equation (6.37) for the correction term, gives: 

L PfA} (n . n)f (p~ - P~)f = pp V
p ~/P Vf, - L A!PJ(v* . n)f (6.38) 

f af f 

The above equation can be written in the form: 

I """" I appp = ~ anbPnb + bp 
(6.39) 

nb 

Where the summation in equation (6.39) is over all elements sharing a face with 

element P and : 
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ap=Lanb 
nb 

pp1 P - po VO 
bp = ~t p p - L Afpf(v* . n)f 

f 

(6.40) 

_\ set of linear equations can be set up by using equation (6.39) which has weak 

diagonal dOlninance. The diagonal being at least as large as the sum of absolute 

"alues the off diagonal elenlents. Boundary conditions or a fixed reference pressure 

point. will guarantee diagonal dominance on some rows. 

By solving equation (6.39) the pressure correction is obtained and the pressure 

field can be updated by use of equation (6.34). Pressure corrections based on this 

procedure are frequently over-estimated so they need to be relaxed as: 

* I 
P = P + 1'P (6.41 ) 

\Yhere I is between 0.0 and 1.0. 

Equation (6.37) gives an equation to calculate the face velocity corrections but what 

is needed is the velocity corrections for the CV centre value rather than these face 

values. If the discretized form of the momentum equation is considered: 

apv(x)p = L anbV(x)nb + b - \l xPP 
nb 

( 6.42) 

then at any stage given a guessed pressure field,p*, an estimated velocity field V* 

can be calculated: 

apv(x)p = L anbV(x)nb + b - \l xP'? 
nb 

( 6.43) 

Subtracting equation (6.43) from equation (6.42) and using equations (6.34) and 

(6.35) an equation is obtained expressing the velocity correction in the element as 

a function of neighbouring velocity corrections and the integrated gradient of the 

pressure correction in the element: 

I ~ I I 

apv(x)p = ~ anbV(x)nb - \l xPp 
(6.44) 

nb 

At this stage an approximation is introduced by dropping the summation terms 

to simplify equation (6.44). This leads to the following formula for the velocity 
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correction: 

, 1 , 1 
V(.r)P = -- 'Va: Pp = --L A,nxp', (6.45) 

ap ap , 

Expanding the right hand sidE' gives the following equation for the velocity correction 

in tenllS of preSSUH" corrections in the eleInent and all its neighbours. 

(6.46) 

6.2.5 Modification to the solution procedure of PHYSICA 

for solid mechanics problems 

~'1odifications to the previous solution procedure are required for solving solid me­

chanics probleIns. Equation (6.18) for solid problems should be used instead of the 

continuity equation. For an incompressible fluid the continuity equation is expressed 

as: 

divv = 0 (6.47) 

\Yhich is equivalent to equation (6.39) at the discretized level and can be applied 

instead. 

The solid material can be considered virtually as an incompressible fluid. As pointed 

out before, the yelocity vector in a fluid equation corresponds to the displacement 

vector in the solid equation. As a result, the first term of equation (6.18), divu, is 

substituted by equation (6.39). Using this substitution and using equation (6.34) 

the discretized form of equation (6.18) will be: 

app~ - L anbP~b - bp + 1 -;2V (p~ + p;')Vp - 20«1 + v)(Tp - Tr)VP = 0 (6.48) 
nb 

or 

mod' ~ '+ bmod 
ap Pp = ~ anbPnb p 

nb 

\Yhere by using equation (6.40) and dropping the transient term: 

2(n·n), 
anb = pfAf ---'-af 
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amod _ """ 1 - 2v 
p - ~anb+ G Vp 

nb 
(6.50) 

bmod _ """ 4. (* ) 1 - 2v 
p - -7" tPt U . n t - G p~Vp + 2a(1 + v)(Tp - Tr)Vp 

Taking advantage of the silnilarities between the fluid and l'd t so 1 momen urn equa-

tions and using pressure correction, equation (6.49), in the SIMPLE algorithm, 

solid problelns can be nlodelled in the CFD framework and solved by CFD solu­

tion procedures. These modifications can be applied in PHYSICA by user-routine 

enyironment. 

6.3 Thermally coupled stress-flow problem mod­

elling in PHYSICA 

As mentioned already in chapter 1, in the analysis of these problems we have a 

coupled problem which involves stress, flow and heat transfer phenomena. Stress 

in solid region is governed by the thermal load. Demirdzic et al. [31] studied this 

type of coupled problem. In his approach he used the cell centred finite volume 

displacement based formulation for the solid region and standard CFD analysis for 

fluid region. Fluid effects on interfaces are considered as a surface tension load on 

the solid faces, which are in contact with the fluids. Governing equations of fluid 

and solid are solved turn by turn until an equilibrium state is achieved. Spalding [32] 

also developed a method which is the basis of the work presented here. Applying 

PHYSICA to the multiphysics problems in standard manner is illustrated in Figure 

6.3. As mentioned in this figure the solution procedures consist of two different steps. 

In the first step: temperature and velocity distributions are calculated in the whole 

model by using the CFD solution procedure and thereafter the stress distribution is 

calculated by solving the classic stress equations. This 2-solver approach solves the 

problem in a decoupled manner and has the following disadvantages: 

• 2-solver approach will try to solve flow equations in solid region and to solve 
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Current solution procedure 

for stationary multi physics problems in 

PHYSICA 

Cell Centred Finite 
Volume technique 

/ \ 
Initial guess for fluid variables 

• 
Solve momentum equations for velocity field 

• 
Solve continuity equation to obtain pressure corrector 

• 
Update velocity and pressure 

• 
Calculate temperature 

••• 
Cell Vertex Finite 
Volume technique 

Solve solid stress equations for displacement 

Figure 6.3: Current solution procedure (2-solver approach) for muitiphysics problems in PHYS­

leA. 
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stress equations in flow region in the first and th d t . I . e secon seps respectIve y. 

• Extrapolation errors can Occur by using different discretization techniques in 

hyo steps of the' solution. 

In the 2-soln:'r approach the following assulnptions have been used in this work: 

• Solid deforInation does not affect the geometry of the flow region. 

• stress on solid interfaces is neglected. 

By applying the above assuInptions and using the method developed in the previous 

section~ the solution procedures can be simplified to using a single CFD solver for the 

whole field. In this manner a complete set of CFD solvers are used for the calculation 

of yelocity field and displacement field, where they are calculated simultaneously, 

see Figure 6.-1. Treating the problem in this manner contains a consistent solution 

strategy and also benefits in terms of solution speed and especially in memory usage. 

6.4 Validation test cases 

In this section a set of test cases present the capability of the above modified for­

mulation for solid mechanics and multiphysics analysis. The first test involves a one 

dimensional bar subject to an axial load. The second is a confined bar with the 

free ends. where at the one end displacement imposed to the bar and the resulting 

displacement inside the bar is calculated and compared with the FE results and cell 

vertex finite volume method results. The third test case shows the capability of 

the method for a two dimensional problem involving heat transfer and displacement 

calculations. In the fourth test case the capability of the formulation will be shown 

for the analysis of a multiphysics case which involves a contribution of heat transfer 

and fluid flow effects. 
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One solver solution procedure 

for stationary multyphisics problems by 

using PHYSICA 

Cell Centred Finite 
V olume technique 

Initial guess for variables of the whole field 

Solve momentum equations for velocity and 
displacement field 

* Solve continuity equation to obtain pressure corrector 

Update velocity, pressure and displacement 

Calculate temperature 

* For solid region pressure-displacement equation instead 

Figure 6.4: One-solver solution procedure for multiphysics problems by using PHYSICA. 
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6.4.1 Test case-1 

For presenting the capability of the modified fl 'd fl £ l' . Ul ow ormu atlon for pure solId 

application an axial tensioned bar was analysed Fl'gure 6 5 D thO d' . 1 , . . l' or IS one lmenSlona 

I~ 

u=o 

10 cm 

Figure 6.5: Axial loaded bar 

case the general momentum equations (6.15) reduce to: 

("sing equation (6.18) gives: 

ap a2u 
--+-+SM =0 ax ax2 x 

au 
p= -G ax 

4 
0 0 =4.8 x 10 N/cm 2 

E = 2.4 x 10
6 

N/cnf 

v=O.O 

A= 1 cm2 

T-T r=O 

\Yhere Poisson:s ratio, v, corresponding to this one dimensional analysis is zero. 

At the loaded end we have: 
au (Jo 

ax E 

Therefore: 
(Jo (Jo 

p= -G- =--
E 2 

So the boundary condition on the loaded end can be considered as p = -~ -2 -

-2.4 X 104 N2 and on the fixed end the boundary condition can also be considered 
em 

as u = O. 

PHYSICA was used for the analysis. One 4-noded quadrilateral element was used. 

Fluid flow module(i.e., Flow module) was switched on for the analysis. Necessary 

arrangements in the flow module for this analysis are: 
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• --\ctiyating the Flow Illodule for momentum calculations just in the x direction. 

• Calculation of pressure variable. 

• AccoIllmodating the equation (6.49) in the solution procedure by adding con­

venient source tenll in the pressure correction equation. 

\rith thest-- arrangenlents PHYSICA predicts O.2em elongation which is the same as 

the theory result. 

6.4.2 Test case-2 

In this test a bar 'with square cross section and length of IOem is prevented from 

deforming laterally. is subjected to an uniform displacement of O.25em at the left 

end in the -: direction, see Figure 6.6. The right end of the bar is stress free. To 

x 

1---... Z 

I 
Uz =0.25 cm 

~ 

~~------------~~ 
• 
~"-----------------------------------------~ 

I 

I • 

10cm 
~I 

6 2 
G=0.96 x 10 N/cm 
v=O.25 

T-T r =0 

Figure 6.6: Solid bar under the left end forced displacement 

lcm 

. f th d' lacement profile a fine mesh attempt to accurately model the formatIon 0 e ISP 

was used near the induced displacement boundary and gradually becomes coarser 

towards the free end. This problem was analysed as a three dimensional case and 
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8-noded Brick elelnent was used for discretization. The sides of cross section in x 

and y directions are divided to equal divisions where length in the z direction is 

diYided in nonequal divisions as mentioned above. The z component of displace­

ment along the line 00, was selected for comparison of modified CFD formulation 

results and the classic FE results and the results of FV method solving the classic 

stress equations. Flow module of PHYSICA was used and momentum calculations 

were switched on in the three directions, x, y and z. Also pressure calculation has 

taken place and equation (6.49) was considered in the solution procedure. Figure 

6.7 sho\vs the boundary conditions. Figure 6.8-2 shows PHYSICA result and Figure 

U =U =0 
x Y 

U =0.25 
z 

x 

~~------------~\ 
I 
I 
I 

~r-----------------------------------------~ 

U =U =0 
x Y 

for all faces in the z direction 

Figure 6.7: Boundary conditions for the solid bar 

p=o 

6.8-3 shows FE result corresponding to 20 divisions on each side. Figures 6.9 and 

6.10 show the convergence in FE results and CFD approach results by refining the 

mesh. In Figure 6.11 the result of CFD approach is compared with FE method. 

In Figure 6.12 the result of three methods are compared together. In PHYSICA for 

control volume with face on the boundary, the nodal value is calculated based on the 

f b d values So in Figure 6.8-2 the control volume centroid value apart rom oun ary . 

. f b d displacement value 0.25cm. graph does not start from correct quantIty 0 oun ary , 

Apart from this quantity, the result of three methods are very close. 
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Figure 6.8: z Component of displacement of central line of bar 

2 

4 

For presenting the capability of PHYSICA for analysis of incompressible solids the 

Poisson:s ratio of the material was changed to 0.5. As Figure 6.8-4 shows, for main­

taining the volume of the bar at the constant initial quantity the solid deforms at 

the right end in the z direction. As can be seen the incompressibility condition 

changes the solid behaviour totally different to what has been seen in Figure 6.8-2 

or Figure 6.8-3. ~ote that the usual displacement based formulation of FE or FV 

method will not be able to solve this problem when 1J = 0.5. 

It will be instructive presenting the z component of velocity profile of an Incom-
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Figure 6.10: z Component of displacement of central line of bar 

pressible flow of a fluid in a duct with the same geometry. Figure 6.13 shows such 

behaviour for an incompressible flow. The lateral boundary conditions is the same 

as the solid bar boundary conditions and at the inlet fluid enters to the duct with 

Vz = 0.25cm/sec and at the outlet zero pressure boundary condition is assumed and 

the dynamic viscosity of the fluid is considered equal to the shear modulus of the 
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Figure 6.11: z Component of displacement of central line of bar 

Discretisation Method 

CPU Time 

(Sec) 

3-Dimen. 

2-Dimen. 

FE CV-FV PHYSICA 

37 216 17 

2 3 13 

Table 6.2: Total CPU time 

solid bar(i.e., 0.96 x 106 ). As can be seen the velocity of the incompressible fluid 

is equal to the displacement of incompressible solid. This is expected, because for 

an incompressible solid, without thermal load, equation (6.49) has the same form 

as fluid continuity equation. This coincidence completes the similarities of fluid and 

solid equations. 

Table (6.2) shows the total CPU times spent for the solution procedures using the 

different methods. The tests were carried out on a SUN SPARC20 work station. 

Ten divisions on each side were considered. For more comparisons the test was also 

analysed as a two dimensional plain strain case which is discretized by BLQ ele-
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Figure 6.12: z Component of displacement of central line of bar 

ments. \Vith nearly the same accuracy, the total CPU time of the CFD procedure 

for 8-noded brick elements is less than the CPU time spent in FE procedure and 

CV-FV procedure but reversely in the two dimensional analysis the CFD procedure 

needs more CPG time than the two other methods. 

6.4.3 Test case-3 

In this test a rectangular plate with the specified boundary conditions, shown in 

Figure 6.14-1, was analysed. Four noded quadrilateral elements were used for dis­

cretization with 80 uniform divisions in x direction and 40 nonuniform divisions in 

y direction. The present one-solver approach and the traditional 2-solver approach 

were used in the analysis. In one solver approach the Flow and Heat transfer mod­

ules of PHYSICA were switched on and in 2-solver approach the Flow, Heat transfer 

and EVP(i.e.: elastic visco plastic module) modules were used. Figure 6.14-3 shows 

temperature contours and in Figure 6.14-2 and (6.14-4) the displacement along the 

line BA are presented. 
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6.4.4 Test case-4 

In this test a 2-dimensional solid block with a heat source which is being cooled 

by the flo-wing aInbient cold air was analysed, see Figure 6.15. The importance of 

this test is, it denlonstrates the nlodified CFD procedure solve the solid stress, heat 

transfer and fluid flow equations simultaneously by using the CFD solvers. Four­

noded quadrilateral elenlents were used for discretization. The boundary conditions 

applied in this test are illustrated in Figure 6.16. Attempts have been made to try to 

define the free stress surfaces of the solid part by assuming zero pressure boundary 

conditions. At this stage of the development, there is no other choice for better 

modelling of the interfaces. The following results show these boundary conditions 

produces reasonable results. Nodal resultant displacement of solid region is shown 

in Figure 6.11-1 and variation of this quantity along the central line of the solid block 

in the y-direction (i.e. line AB in Figure 6.15) is also presented in Figure 6.17-2. 

Figure 6.11-3 and 6.17-4 show the heat distribution contours for the whole model 

and for solid region respectively. The equivalent results from I-solver approach are 

presented in Figure 6.18 which are close to the results presented from the 2-solver 

approach. Figure 6.19 shows total CPU time corresponding to each method. It 

shows the present method needs less CPU time. The comparison of the memory 

usage is shown in Figure 6.20. As shown, the present method is also efficient in 

terms of memory needs. 

6.5 Closure 

A \"ovel method based on the CFD solution procedure has been presented for solid 

mechanics problems and those involve different physics which affect each others. 

The method uses the CFD solution procedure to calculate the unknown displace­

ments in solid problems. For solid problems where the Poisson's ratio is close to 

0 .. 5 the usual displacement approach fails in predicting the accurate results but the 

present method can handle the situation properly. The reason for this capability is, 
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We' take' out the Inean value of the normal stresses from the stress tensor as an un­

known yariable. The novel feature of the present method can be seen in the coupled 

problelns involving fluid and solid materials. Instead of using two different solvers 

for predicting of unknowns(i.e., velocity, pressure, temperature, displacement) the 

Inethod uses CFD solution procedures for predicting the velocity components in fluid 

region and displacelnent components in solid region. The results of test cases show 

that the lllethod is efficient in terms of both CPU time and memory usage. The 

Flow module of PHYSICA was developed for the fluid type problems, inevitably the 

boundary conditions considered in this module are limited to the fluid problems. To 

apply this module to the solid mechanics problems, developing convenient type of 

boundary conditions for solid problems is necessary. 

131 



'0 ~ ....... .... . P> Oq (") 

~ (t) 

s t-j 
C'l> (t) 

~ 
~ ~ 

e:. ~ 

0 ~ 
~ 

()'q 

~ ....... s· rJ) 
~ (t) 

(") 
OJ ~ > (t) --- I 
0 ~ 
~ 
(t) ...... I 

'--' rJ) 

0 0 ....... 
(t) -< 0 (t) 

S ""'I 

P> (t) 
~ "'0 
~ "'0 

""'I 

P> 0 

~ ~ 
::r 0.. 
'--' 0" 

.,j::>.. 0 ~ 

~ w '--' 
~ ~ tj 
0.. 0-' 

~ 
rJ) 

'E. « P> 
(") (") 

(t) 0 s ~ 
0.. (t) 
0-' a ~ 
0-' 

0 e:. ~ 
rJ) 0 ~ . 

~ 
()'q t-.:) 

'--' ....... 
~ 0-' 

~ 
(t) s 
OJ '0 

('t) > ""'I 
".-.... ~ t-.:) 

~ I 

(6 rJ) 

g. 
'0 ~ ""'I 

""'I ~ P> ....... 
'0 (t) 

'0 
w :3 '--' 

P> tj g- o-. 
rJ) 

'--' I 

FEMGV S.1- 0 3.C 

5 cm 

T=25°C A 

Insulated 

° T=l00 C 

Y,VL 
x,u 

Model: TOIR16 
CASE1: PHYSICA ReBul tB 
Step: 1 TIME: 0 
Invariant TN 
Max = 99 .7 Min · 27 

L x 

B 

v=O.3 , p=8 
c=8, k=390 
T =25°C 

5cm 

U=V=O 

5cm 

Insulated 

1 

93.1 
86.5 
79.9 
73.2 
66.6 
60 

: 53.4 
. 46.8 

40.2 
: 33 . 6 

3 

Y • 1 QE· J 

o 
I 
S 
P 

R 
E 
S 
U 
L 
l' 
N 

l' I 

------------------------------------
I I I 

I 

------ ~------~- ---
I 
I 

M'..de!: TDlf<16 
CASEI: PlfYSICA ReS\l! ts 
Step: 1 TIME: 0 
Nod<; I VEr.o::l IT RESUL'TNT 
Max/Min values plotted: 
y .... x •. 585E-2 

II Ymin •. 624E-4 
)(max • 5 
Xmin • 0 
Variation along oZII 1 ine 

I 
I I I I I 

---l------~-------r------l------~ 

2 
DISTANCE _ 

Variation of resultant displacement along line BA(one-solver approacb) 

Y • 1.0E-3 

6 "'T - - - - - - '"7 - - - - - - -.- - - - - - - ,- - - - - - ., - - - - - - -

o 
I 4 
S 
P 

R 
E 
S 
U 
L 
l' 2 
N 
T 

- - - - - - ~ - - - - - - -1- - - - - - - ~ - - - - -:..;;.oor:I ..... -----
I I I 

Mode!: TEVP16 
CASEl: PH¥SICA Resul ts 

I : I Step: 1 TIME: .lE6 
I Nodal OISP RESUL'TNT 

- - - - - - - - - - ~ - MaxIMin values plotted: 
Ymax • .503E-2 
¥min '"' .434£-8 
)(max = 5 

_____ __ 1_ - - - - - - t- -I Xmin '" 0 
Variation along a line 

I 
I 

I I • I • 
- - - 1 - - - - - - -.- - - - - - - r - - - - - - ., - - - - - - -. 

I 

DISTANCE _ 

Variation of resultant displacement along line BA(two-solver approacb) 

2 

4 



Cool inflow 

p =S glem 3 

v =0.3 
0.= 1.7E-05 

G=S.2E+06 

... Scm .. .. 

gem 

~ 
1 ern ~ '.' 

e=S 

k=390 

T =20 o C 
r 

q=2000 

4em 

p= 1 
v= 0 
u= 0 
I-L= 1 
e = 130 
k= 5 

Scm ... .. .. 
:> 

:> 

:> outflow 

:> :> 

:> 

Solid block with heat source 

Figure 6.15: Heated solid block with cooling fluid 

133 



y.\' 

T=20 t 
u=15 cm/sec 
,,=0 

L 
X,u 

Displacement 

u=v=O 

u=v=O 

u=v=o 

---t .. ~ u=v=o 

Solid boundary conditions 

in 2-solver approach 

p=o 

u=v=o 

p=O LII..--__ ---.I 
p=o 

u=v=O 

Solid boundary conditions 
in one-solver approach 
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Chapter 7 

Conclusions 

Firstly the conclusions from each chapter of this thesis wI'11 b d' d h h e Iscusse ,were t e 

research has provided ne"v data to the field of computational mechanics. Secondly 

the options for extending this research as further work will be discussed. 

7.1 Concluding remarks 

7 .1.1 Geometrically nonlinear analysis 

A novel cell vertex based finite volume formulation was developed for the elastic 

geometrically nonlinear problems and was compared with the Bubnov-Galerkin fi­

nite element formulation (FE) . The numerical results, presented in chapter 4, have 

shown the capability of the cell-vertex based finite volume(CV-FV) approach for the 

geometrically nonlinear( G NL) analysis. Results show that the FE approach results 

in a symmetric stiffness matrix while the CV-FV procedure provides a stiffness ma­

trix that is potentially asymmetric. The discretization based on the constant strain 

triangular ( CST) element results in a symmetric stiffness matrix, but the bilinear 

quadrilateral(BLQ) element results in asymmetric stiffness matrix. For the CST 

element both FE and CV-FV result in the same stiffness matrix and this equiva­

lence has been proven theoretically and numerically in chapter 4. This observation 
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has been already reported for the linear elements for problems involving material 

nonlinearity in small defornlation analysis [57] . 

\Vhile the BLQ elernents provide more accurate results in GNL analysis the CST ele­

ments are not able to do. For BLQ elements with general form, the CV-FV requires 

solvers like Bi-Conjugate Gradient(BiCG) for the assembled nonsymmetric equa­

tions, where the assembled symmetric equations by the FEM can take advantage 

of standard solvers like the Conjugate Gradient(CG) method. For the GNL anal­

ysis~ Jacobi pre-conditioning is applied for the both solvers and the computational 

expense of the BiCG solver is higher than the CG solver. It should be noted that 

a number of pre-conditionings could be applied that may reduce the computational 

cost, such as incomplete Cholesky. 

7.1.2 Plate analysis 

The CV -FV method was also developed for plate bending analysis based on the 

Reissner/Mindlin plate theory. Although the main goal of this research was the 

development of a finite volume formulation for the stress analysis, in parallel, a 

finite element code was also developed which provided a comparisons for the finite 

volume assessments. The results of chapter 5 show that the cell vertex based finite 

volume method has interesting features in representing the behaviour of thick and 

thin plates. The FE approach with BLQ elements suffers from locking problem for 

moderate thick and thin plates. The CV-FV has the capability to avoid locking for 

thin plate analysis. 

7.1.3 CFD framework for the solid mechanics analysis 

Analysis of problems involving the simultaneous effects of fluid flow, temperature 

and solid stress (multiphysics), requires the use of two distinct software packages or, 

two different solvers in one software package. Another goal of this research project 
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was the development of a technique in the PHYSICA user environment which per­

forms both tasks at the same time by using a flow solver to predict solid displacement 

without Inaking Inajor changes inside the PHYSICA package. The work relies on 

the existence of similarities of the equations, governing velocity field in fluids to 

those governing displacements in solids. The flow module in the PHYSICA code is 

based on the cell centred finite volume discretization technique, so this work in ad­

dition to providing multi physics analysis also provides a potential cell centred finite 

volume(CC-F\~) based technique for solid mechanics problems. Another interesting 

aspect of this work is that, it has the potential capability for the incompressible 

material analysis. This is due to taking out the hydro-static pressure term from the 

stress tensor. The results of this work is very promising and future work can reveal 

more adyantages of this approach. Test cases presented in chapter 6 show that, this 

approach can save not only memory usage but also CPU time. 

7.2 Future research 

This section details further work that can be undertaken to extend the capabilities 

of the research already presented. 

7.2.1 Material nonlinearity 

The work presented for G NL analysis is currently limited to linear elastic mate­

rial. Linking this work to previous research for small strain visco-plastic material 

analysis [57] : will combine material and large strain nonlinearities, which results in a 

CV-FV package for analysis of industrial processes like forging. When deformation 

gets larger and larger the deformed body should be remeshed for predicting accurate 

results. So remeshing could be another part of the future developments. 
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7.2.2 Shell structure analysis 

The C\' -FV based plate fOfInulation can be developed for the shell structure analysis. 

_-\lthough the current work has the capability for thick and thin plate analysis, it 

would be useful to consider the in-plain(membrane) action and hence the capability 

can be enhanced for shell analysis. 

7.2.3 Cell centred finite volume framework for the solid me­

chanics problems 

\Ye can conclude that the cell vertex based finite volume method take longer to 

converge and Illay require more memory compared to the finite element method. 

The results in chapter 6 show that the cell centred finite volume has the advantages 

of a segregated approach and considering less degrees of freedom which can save 

both memory usage and CPU time. Experience with PHYSICA shows that, it is 

possible to use the flow module for stress analysis based on the CC-FV technique. 

The work can be advanced in the following way: 

• For the small strain compressible solid problems the solid momentum equations 

can be introduced to the PHYSICA in the flow module as a pure diffusion case. 

Also further developments are: 

- Adding new sort of boundary conditions for proper handling of the solid 

boundary. 

- Proper time integration techniques for transient analysis, where for solid, 

we need to discretize the second time derivatives of the displacement 

vector. 

- Introducing extra terms of solid momentum equations to the PHYSICA 

by using the user environment . 

• For small strain incompressible solid problems, the pressure displacement for­

mulation (also known as the mixed formulation) of momentum equations can 

142 



bl"\ used. 

It is notable~ the current capability of flow module for compressible and incompress­

ible solid problenls analysis is liInited to problems with boundary conditions which 

are siIuilar to the fluid boundary conditions. 

7.2.4 Multiphysics analysis 

At the current stage~ the one solver approach is limited to the steady state situa­

tion~ further work can be done for including the contributions of transient terms of 

solid momentum equations in solution procedures. The solid material is assumed as 

elastic material. further work can be performed to consider the non-linear material 

behaviours. Including the solid type boundary conditions in Flow module of PHYS­

lCA. can improve the capability of one solver approach for more accurate analysis 

of multiphysics problems. 
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