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Highlights

Highlights

Wrinkling analysis of a stiff shallow film mounted on a cylindrically curved
compliant substrate with emphasis to square checkerboard and hexagonal
modes is conducted.

The stability of the bilayer has been explored within the framework of the
general theory of thin shallow shells for the film and the general linear theory of
solids for the substrate.

The primary goal of the analysis is to highlight the role of the curvature induced
anisotropy to the geometrical parameters of the checkerboard and hexagonal
modes, i.e. the wavelengths and the amplitudes.

Employing the energy minimization approach semi-analytical expressions for
the wavelength and the amplitude for both wrinkling modes in the principal
directions of the bilayer are presented

The results have been validated against existing findings in the open literature
with very good agreement



Revised Manuscript (marked version) Click here to view linked References %

Wrinkling analysis of a stiff shallow film mounted on a
cylindrically curved compliant substrate - Part II:
Checkerboard and hexagonal modes.

Alexis Kordolemis®*, Antonios E. Giannakopoulos®

@ University of Greenwich, Faculty of Engineering and Science, Chatham Maritime, ME)
4TB, Kent, UK
b National Technical University of Athens, Mechanics Division, 5 Heroes of Polytechnion
Avenue, Zografou, Athens, GR-15773, , Greece

Abstract

A thin film mounted on a compliant substrate under biaxial compressive
strains wrinkles in different patterns such as cylindrical, checkerboard, her-
ringbone and hexagonal. In this paper, we provide a thorough analysis of
the checkerboard and hexagonal wrinkling modes which have been well doc-
umented experimentally and numerically. Particular attention is paid to the
role of the curvature-induced anisotropy in the geometrical characteristic of
these particular surface wrinkling modes, i.e. the wavelengths in the two prin-
cipal directions as well as the corresponding amplitudes. The film is assumed
to be much stiffer than the substrate and the bilayer system is cylindrically
curved and is acted upon biaxial compressive strains. The film is modelled
as a shallow shell with finite rotations while the substrate is simulated as a
linear three-dimensional elastic solid. Utilising the minimization of the total

energy of the system semi-analytical expressions for the critical values of the
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wavelengths and the corresponding amplitudes associated with the onset of
the checkerboard and hexagonal mode are provided. The obtained results
has been found to be in a very good agreement compared to experimental
and numerical findings of other studies. It is shown that the presence of the
initial curvature in the bilayer delays the critical strain and the wrinkling
amplitudes significantly for both modes, compared to the flat system, and
moreover explains the inward buckling of the hexagonal mode which has been
observed experimentally.

Keywords: thin film, compliant substrate, wrinkling, square checkerboard,

hexagonal, curvature, perturbation method

1. Introduction

In recent years, the study of ordered buckling structures has been in the
epicentre of fervent research efforts of the engineering mechanics commu-
nity due to its importance in the design and manufacturing of novel, high-
end technological applications. Early studies on the subject started with
the analysis of sandwich panels, (Allen, 1969), while ever since the ordered
buckling analysis has been employed to investigate a wide range of natural
and advanced synthetic systems, like swelling hydrogels (Hong et al, 2008),
(Zhang et al,2011), and human skin wrinkling, (Dagdeviren et al,2015). In
practical engineering terms, soft electronic devices are very thin multilayered
components with high stiffness, attached onto the skin which, in general, is
thicker and with much lower stiffness. Thus, the instability analysis of the
thin film /substrate bilayer and the associated wrinkling patterns it is reason-

able to be investigated mechanically by employing the model of a stiff thin



film mounted on a much thicker compliant substrate.

It has been recognised that the general loading of the bilayer, i.e. film
bonded in the substrate, is biaxial strain in the two principal directions of
the system. Thus, upon the strain reaches a critical value the bilayer will ex-
perience surface wrinkling which manifests itself through different patterns,
like cylindrical, checkerboard, herringbone, labyrinths, etc. The source of the
biaxial strain varies depending on the nature of the system, thus it can origi-
nate from differential thermal expansion between the film and the substrate,
swelling of the soft substrate and ultraviolet-ozone (UVO) oxidation process
on the thin film, to name but few.

Recently, many theoretical and experimental efforts have been made to-
ward the understanding of the mechanisms that lead to the onset of different
wrinkling patterns of these particular kind of bilayers. In their pioneering
work in the field, (Bowden et al, 1998), studied the spontaneous generation of
complex patterns for a vapour deposited thin film on a thermally expanded
polymer substrate and the critical stress for the one dimensional cylindrical
wrinkling mode presented in a closed form expression. Surface wrinkling in-
stabilities of thin films bonded on compliant substrates have been studied
numerically (Nikravesh et al, 2019; Nikravesh et al, 2019; Nikravesh et al,
2020), analytically (Yin et al, 2018; Cheng et al, 2014; Huang et al, 2015;
Huang et al, 2016; Song et al, 2008; Cao et al, 2012; Huang et al, 2004; Huang
et al, 2005, Huang, 2005, Huang and Suo, 2002) and experimentally (Jiang
et al, 2008; Choi et al, 2007). All the above studies are focusing on the anal-
ysis of flat bilayer systems. However, in nature and in many engineering

applications the film/substrate bilayer is not flat but curved.



In their seminar work, (Cai etal, 2011), investigated a bilayer under equib-
iaxial compressive stress states experimentally and provided a theoretical
framework employing an analytical upper bound while they performed full
numerical analysis for various wrinkling patterns, i.e. cylindrical, checker-
board, herringbone, triangular and hexagonal. Discrepancies between the
theoretical analysis and the experimental observations have been attributed
to the initial spherical curvature of the system. Surface wrinkling of closed
cross-section cylindrical shells supported by a soft core subjected to axial
compression combining computational and experimental methods has been
the epicentre of many research efforts (Zhao etal, 2014; Cao et al, 2012; Zhao
and Zhao, 2017; Chen and Yin, 2010). In an attempt to provide a deeper
understanding of the intriguing wrinkling patterns of the thin film bilayer
several studies have focused on the modelling of the substrate as a spherical
space (Cao et al, 2008; Hao et al, 2024; Zhao et al, 2020; Breid and Crosby,
2013).

The aim of the present study is to investigate in depth the checkerboard
and hexagonal wrinkling modes of the film/substrate system and highlight
the role of the curvature-induced anisotropy in the geometric characteristics
of the surface wrinkling, i.e. the wavelengths in the two principal curvature
directions and their amplitudes. In doing so, the initial configuration of
the curved bilayer is considered as an open cylindrical cross-section which
differentiates notably the analysis compared to the axisymmetric closed cross-
section cylinder and the spherical configurations which have been investigated
earlier in other studies. Within this context, semi-analytical expressions for

the wavelengths and amplitudes for the squared checkerboard and hexagonal



modes are provided in a comprehensive way. Therefore, the role of every
single parameter of the multi-parametric model becomes apparent which can
help in the design process. To the best of our knowledge, similar analysis
has not been performed so far and is presented in the open literature for the
first time in this study.

The paper is structured as follows. In section 2, the theoretical buckling
analysis framework is presented for both the film and the substrate and the
corresponding energy expressions are established. The displacement com-
ponents, the accompanied wavelengths and amplitude of the bilayer for the
square checkerboard wrinkling mode are presented in Section 3, while the
analysis of the hexagonal mode is included in Section 4. In both cases, the
analysis initiates with the solution of the flat bilayer which consequently is
used as the basis in the perturbation method employed in the analysis of the
curved bilayer. In Section 5 the results are presented and discussed in detail

while in Section 6 there is a closure summarising the findings of the study.

2. Buckling analysis under biaxial strain

The buckling analysis of the bilayer under biaxial in-plane strains which
provides the displacement components and the associated energies of both
the thin film and the compliant substrate has been performed analytically in
Part I of our study which can be found in our companion paper (Kordolemis
and Giannakopoulos, 2024). Here, where necessary, we will be referring to

elements of this companion paper by adding the letter "I” as superscript.



2.1. Thin curved film

Consider a curved thin film mounted on a compliant substrate of infi-
nite thickness as shown in Fig.1!. The non-linear membrane strains, the
in-plane stresses, the membrane forces, the equilibrium equations as well as

the expressions for the bending and membrane energy are provided explicitly

through Eqgs.(2.1)" - (2.18)".

2.2. Compliant curved substrate

The substrate is modelled as a semi-infinite, linear three-dimensional half
space. The strains, the stresses, the equilibrium equations and the associated

energy are given analytically through Eqgs.(2.19)' - (2.26).

3. Square checkerboard mode

In this section we study the stability of the curved film-substrate system
and the wavenumbers k1, ko in the principal curvature directions along with
the wrinkling amplitude, Ay, are calculated through the minimization of the

total energy of the system.

3.1. Curved Thin film

For the case of the two dimensional square checkerboard buckling mode,
we assume that the out of plane displacement w(x,y) of the thin curved film

is periodic in both directions and it is given from
wy(x,y) = Ay cos (ki z) cos (ka ) (3.1)

Back substitution into Egs.(2.1)! - (2.6)! and finally in equilibrium Eqs.(2.13)",

(2.14)%, results into a system of coupled equations with respect to the in-plane
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displacements which can be solved to yield:

) 2
u;urved(x7 y) :A:(lJle 2 0082 (kQ y) — Vg (Z—j) ] sin (2 k/’l 37)
Ar k B> [(k\?]| .
- ]0%) ?1 vy (?1) — (f) ] sin (ky ) cos (k2y) (3.2)

2

(%)2 + (v +2) (%)2] sin (ks y) cos (ki z)

(3.3)

A2k k)’
curved 2 1 .
v§ (x,y) = ;6 [2 cos® (ky ) — vy (k_> } sin (2 kg y)

Ay ko

(kR) k

Note that from Eq.(3.3) it can be concluded that the term containing the
initial curvature of the film always decreases the magnitude of the displace-
ment component in the z direction. In contrast, Eq.(3.2) suggests that the
contribution of the curvature term is not clear a priori because the sign of
the second term depends on the value of the wavelenghts, Poisson’s ratio and
the sign of the curvature itself. In the special case of a flat film, R — oo,
we obtain the expressions for the in-plane displacement components, us, vy
as given in (Song et al; 2008).
The bending energy density of the thin film is given by Eq.(2.17)!, which
in view of Eq.(3.1), after integration over one period, is written as:
Usthyed = %Ag t5 k! (3.4)

The membrane energy density of the film is given by integration oover a



period of Eq.(2.18)! as:

oay = St s+ ) 202

(3 o[ (8 o)

(3—12) {(%)4“} +4v <Z—;>2 +32(1 - vf) %é (%)4}

(3.5)
Note that the expression of the membrane energy of the film is a function

+ 32 A5 k3

+ Ag ks

of 1/R? alone which in turn implies that the membrane energy remains the
same for both convex and concave thin films of the same curvature. For the
special case of a flat film, i.e. R — oo, the above lead to the expression

presented in (Song et al, 2008) .

3.2. Curved substrate

In this section the displacement components of the linear elastic curved
substrate are analysed. The wavelength of the wrinkling is much smaller than
the radius of the curvature so as the ratio § =1/ Rm is considered
to be a small enough quantity. Therefore, the displacement components of

the substrate can be expanded as a power series of this small quantity as:

s (2,9,2) = Ao [t @y, 2) + 5l (2,9, 2) + 82 0P (2,5, 2) + O (8w (2, ,2)) |

(3.6)

0s (2, 2) = Ao [0l (2,9, ) + 60 (2,9, ) + 62 o) (3,9, 2) + O (80 (2,9, 2)) |

(3.7)



w, (2,9,2) = Ao [0 (@, 5, 2) + 50 (2,9, 2) + 6w (2,5, 2) + O (B w? (2,9, 2))
(3.8)

where uf” (z,y, 2) = ul™(z,y, z) /Ao, v (z,y, 2) = vI*(w, y, 2) Ao, wl” (2, y, ) =

wl (2, y, 2) /Ay and ugi), Ugi), wgi),i = 1,2, ... are non-dimensional coefficients
to be determined through the perturbation method, while O is the Landau’s
notation indicating that cubic and higher order terms are truncated. The
boundary conditions denote that the in-plane shear stresses on the interface
of the bilayer (z = 0) vanish, all the displacement components far away from
the interface (z = —o0) are zero, while the out of plane displacement at the

interface must follow a sinusoidal pattern. Thus, they read:

= %+8ws _d o 8vs+3ws
Tezl=0 = | "5 or )|, — 0 Tvl=0T |y Jy

wy|,_q = Ao cos (k1 x)cos (kay), us = wy| =0

_ (3.9)

2=0

—_= ’US|

Z2=—0Q Z2=—00

Feeding Eqs.(3.6)-(3.8) into equilibrium equations, Eqgs.(2.22) - (2.24)!, after
equating like powers of the small parameter ¢, yields the analytical expres-

sions of the non-dimensional coefficients, u{”, v{”, v, as:

1—-2v,+k k

21— 1) k> ¢" sin(kyz) cos (kpy)  (3.10)

oot (3,y, ) 2L T2 RE) (k_> e cos (ky a)sin (k) (3.11)

2(1—vs) k
w?at (x,y,2) = (2 2_5% _ I;Z) Age*F cos (k1 x) cos (ko y) (3.12)
— .



2 (A1kz+ Ay +1 (@

2= 1) @v— 1) \k ) e** sin (k) cos (k9) —(313)

u) (z,y,2) =

.A3k’Z+A4 (kQ

(vs— 1) (2vs — 1) _) " cos (kyx)sin(kay)  (3.14)

(1) -
US (x7 y’ Z) k

./45]{72—1—./46 2k

wgl) (1,y,2) = m e*" cos (k1 x) cos (ka y) (3.15)
A-kz+ A k
2) _ 7 8 LR T "
uy” (x,y, 2) L0172 @0 — 1 (hR) (kz) e*" sin (ky x) cos (ka y)
(3.16)
Agkz+ A k
(2) _ 9 10 k2\ Lk 1 o (k
Vg (xvyvz) 4(1/3 _ 1)2 (2 W 1)2 (k-R)2 <k> (& COS( 11‘) Sln( Qy)
(3.17)
w® (0,y,2) = —ZMEEL AR ok o (5 2 cos (kyy)  (3.18)

S(vy—1)°2v,—1) (kR)
where the nondimensional auxiliary parameters A;, i = 1,2,...12 depend on
the substrate’s Poisson ratio v, the curvature R and the wavenumbers k1, ko

in the two principal directions of the bilayer, i.e.
./41‘ - Al (kl,kQ,VS,R) (319)

Their analytical closed form expressions are provided through Eqs.(A.1)-
(A.12) in the Supporting Information (SI). Note that the series expansion of
the substrate’s displacement components in Eqs.(3.6)-(3.8) include the first

three terms of the non-dimensional coefficients, ugi), vgi), wgi), which retains
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only up to quadratic terms of the curvature. However, it has been verified
that for k R > 100 and so, these terms are very small compared to the
retained ones. Thus, the strain energy for the substrate, Uy, over one period
is readily calculated. The analytical expression is appended in the Supporting
Information, i.e., Eq. (A.13).

Note that the expression of the substrate’s energy includes terms up to the
6 order in terms of the curvature despite of the fact that the displacement
field used in the derivation includes quadratic terms. Thus, it would be
expected up to 8™ order terms to appear in the final energy expression.
However, it has been verified that these terms are very small compare to the
preceding ones which in turn means the series converges rapidly without the
need to include them in the calculations.

The minimization of the total energy of the thin film-substrate system

provides the three equations for ki, ko, Ay, i.e.

aUtotal
=0 3.20
oA, (3.20)
aUtotal
=0 3.21
i (3.21)
aUtotal
=0 3.22
ks (3.22)
where the non-dimensional parameters are given as:
A t
==, &=k ty, &a=khaty, Er= - (3.23)
y R

It can be easily verified that the special case where £z = 0 regenerates the
system of equations for the flat case. Eqs.(3.20)-(3.22) form a highly nonlin-

ear system of &, &1, & which does not admit an analytical solution. However,

11



it can be solved numerically. In doing so, Eq.(3.20) is solved with respect
to & and then it is substituted into Egs.(3.21),(3.22). Thus, the resulting

equations include only the two remaining unknowns, i.e &, &, in the form:

E,
fA (51752; E—f7Vs,Vfa52m7€2yafR) =0 (324)

f5 <£1,€2; g—;,us,uf,sgx,ggy,g,%) =0 (3.25)
The above equations are plotted in Figs.3-5 for various values of the curvature
of the bilayer. Once the values of &1, &, are determined from the above set
of equations then the wrinkling amplitude &, can be readily calculated from

Eq.(3.20) by back substitution ending up in an expression of the form:

E,
50 = fc (E_f7VS7Vfa€2$a€2y7£R) (326)
The variation of the amplitude in the non-dimensional form &, for different

values of the curvature is depicted on Fig.7.

4. Hexagonal mode

In this section the hexagonal wrinkling mode is examined. Following
the methodology of Section 3, the flat bilayer is analysed by calculating the
displacement components of the thin film and the semi-infinite substrate.
The results are then used as a perturbation basis in the study of the curved

bilayer.

4.1. Flat film
The displacement field of the flat film in the z— direction is assumed to

be (Zhao et al,2020):

e = Ao+ s (55) s (2)

12



Feeding the above expression for w(z, y) into equilibrium equations Eqgs.(2.13)!,
(2.14)!, considering R — oo, and solving the resulting system of equations,
we obtain analytical expressions for the in-plane displacements of the the flat

film as:
k
u?aﬁex(x y) = 27 {Bg [cos(n ky)+1—vy 772} sin (k) +4 A2 sin (2k 1)

4 _ 2 _
+16 Ay By cos (nky) [77 2(+vp)n L sin (k_x)

2 (2 +1)° 2

nt+6(1—vp)n? +27 . 3ka
+ (1 9)? s < 5 >]} (4.2)

[1 —I—COS(kJCE)}?]Z — vy
320 sin (1 k y)

_ 2 _ 2
(n*+1) 2 (7% +9) 2 2

(4.3)

flat

Uy, hex (T, Y) = Bg k

The bending energy of the film for the hexagonal wrinkling mode over one

period, in view of Eq.(2.17), is calculated as:

A2 . B2(1+1n2)°

Uﬂat _ E t3 k‘4
blhex S 48 1536

(4.4)

The membrane energy of the thin film, over one period, is calculated through
Eq.(2.18)" as

Et

U aee = g5 {(A '8 (Ao h)" (2 + vy y) + 16 (22" + 205 el

9(2n*+9) (2772+1)] 1

+ (Agk)* (Bo k) {(uj% —1) { o a1y +3 (v (> — 8vp) +9]
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(Bo k)"

+ [ 03) (1) vy (Bob)? [+ 27 (2 g ) szyJ}

(4.5)
4.2. Flat substrate

The displacement components of the substrate are assumed to have the

form:

B0 ) = () sin )+ le) sin (5 ) eos (57) (ao)

2 2
k k
Ve (2, Y, 2) = g3(2) cos <7x) sin <%) (4.7)
k k
(0. 2) = au(2) cos (k) () cos () cos (E51) a9

where ¢1(2), ¢2(2), q3(2), q4(2), ¢5(z) are functions of the depth coordinate z
of the substrate which after substitution of the above expressions in the
equilibrium equations, Eqs.(2.22)! - (2.24)!) can be calculated analytically.
Finally, the analytical expressions of the displacement components of the the

flat substrate take the form:

1
Usﬁflhtex(%y: z) = W{Q (1—-2vs+kz) Ag ekzsin(kx)
2(1—=2v, k+/n?+1
+ ( vs) & Tt ZBgemZ sin (k‘_x) coS (@)
n?+1 2 2

2(1—-2v, ky/n?+1 k k
Ugitex(m7yaz) = ( Vo) T ZBOT] e™? cos (_x) sin (u)
’ 4(1—vs)/n?+1 2 2

(4.10)
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k
what - ] + 1} AgeF#cos (k)

shex(‘%'?y?'z) = |:
) 2(
k k
Bye™* cos (Tm) cos (%) (4.11)

vy — 1
+1
where m = (lc v 1+ 7]2> /2. The strain energy of the substrate, over one

N [k\/nz—i—lz

4(vs—1)

period, is calculated as:

Ek 1+ n?
Ul = == | 43 + B3 # (4.12)

Minimization of the total energy of the bilayer system, Ug)ifhex =, ,fl(z}t)’hex +

U,

flat
m

(FmexTU. Sﬂjfex, with respect to the amplitudes Ay, By and the wavenumbers

k,n provides:

alﬁzhe" =0 (4.13)
3%‘1;21@( =0 (4.14)
% -0 (4.15)
aUg)j;t’he" =0 (4.16)
where the non-dimensional parameters are defined as:
S =kty, fRZ%, gA:f_fO, 532%0 (4.17)

Multiplying Eq.(4.13) by 0F3(n)/0n and subtract the resulting equation
from Eq.(4.16) we obtain:

1 , E,
& = {—45(77) 6= +12& (0, +vrey,) +Ei
66| Fam) F4 () — 27 ()] ;
i 2B i ) (P 1) € (1.18)
7]2 4+ 1 Ef vy
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where

Fi(n) = %8[(7]4 +1) (3— V]%) +4n? I/f]

2+ 1 9(2n2+9)} ) 1 )
F = vi—1 +—[1/ —8v +9} 4.1
9F1(n) o 0F2(n) :
- F - F
077 1( )7 877 2 (n)
Solving Eq.(4.13) with respect to £4 provides:
2 | E 1 1
2 s 0 0 2
fA:_g E_f+2§k (gxm+yf€yy)] _§€Bf2(77)_§ (420)
Note again that the applied load is compressive, i.e. 2, 62y < 0. Plugging

the above expressions for {4, &g into Eqs.(4.15),(4.16) we end up with two

equations with respect to &, n, i.e.

E,
GA <§k77l§E_faVsan752z752y7§R) =0 (421)

E,
Gg <§k7 n; E—,_u Vs, Vf, Egm? 52@/7 €R> =0 (422)
!

The above system of highly non-linear equations in terms of &, 7, does not
admit an analytical solution in terms of &, 1, however it can be solved numer-
ically. The results are presented in Figs. 9(d),11(d). Once the wavenumbers
are specified then the amplitudes £4,&p are calculated through Eqs.(4.18),
(4.20) and the associated numerical results for a range of concve and convex

bilayers are shown in Figs.10,13.

4.8. Curved substrate

The wavelength of the wrinkling is much smaller than the radius of the

curvature and the ratio § = 1/k R\/(1+ n?) is considered to be a small

16



enough quantity. Therefore, the displacement components of the substrate

can be expanded as a power series of this small quantity as:

ty (2,9,2) = Ao [ul (w,9,2) + 6 ul(w,y,2) + 020 (w,y,2) .| (4.23)
ve (2,9, 2) = Ag [véo) (,y,2) + 00l (x,y, 2) + 0 v (,,2) + ] (4.24)

wy (z,y,2) = Ag [wﬁo) (@,y,2) + 0w (z,y,2) + 8> wP (2, y, 2) + ] (4.25)

where u” (z,y, 2) = ulst (x,y,2)/ Ao, 0z, y,2) = ot (x,y,2)/ Ao, w2y, z) =

wil (1,y,2)/A and ugi),vg),wgi),i = 1,2,... are non-dimensional coeffi-

s,hex

cients determined through the perturbation method as:

1
4(1—vs)(1=2w4) k

+ Bok (By + By k z)e™* sin (k_x) cos (I{éﬂ) } (4.26)

ull(z,y,2) =

{(83+B4k:z)k;ekz sin (k x)

Ao 2

1
(1—205)% (s —1)°

+ (Bi1 + Biak 2) Bo e™? sin (ﬁ> cos (@) } (4.27)

ul? (z,y,2) = { (Bis + Biyk 2) €% sin (k)

4 Aoy 2
Bs + Bs k = B kx\ . [(kyn
1) — 2 6 0 gmz g =24 4.9
vy (z,y, 2) 4(1—Vs)(1—21/5)nA06 COS(2)SID( 5 ) (4.28)
@) Bis + Big k 2 By .. ka\ . (kyn
v (z,y, 2) = 5 5N ——e"% cos | — | sin | —=5—
4(1—vy)* (1 —2v,)" " Ao 2 2
(4.29)
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1) Br+ Bskz By ,,, (kw) <kyr])
wy(r,y,2) = ———— —€™? cos | — | cos | —=—

41—y Ao 2 2
By + Bio k
_gzj;_gg_éiekzcos(kaﬂ (4.30)
4(1 —wy)
k B k k
w®(z,y, 2) = Bir +3618 : 2 em2 cos (_x) cos <ﬂ> (4.31)
4(vs— 1) (20, — 1) A 2 2
where
B;=B;(k,n, R, v,), i=12..18, (4.32)

are non-dimensional parameters and their analytical expressions are provided
in Supporting Information (SI) by Egs. (B.1)-(B.18).

The energy of the curved substrate is calculated as:
Ushec! = Esty (€161 + €5 G2) (4.33)
where
Gi=Gi (&, vs,éR), 1=1,2, (4.34)

with

1

TN

(n* +1) & ¢r [51 (P +1)+2/n* + 1}
+ &k fi’z :511 + B2 772 + Bz V/n? + 1]

+ &2k [V (Bion + Bo) + Br + Beor’

+ €265 (81 (P + 1) + VP T (B + )]
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+ (P + 1) 6 B/ 1+ By (7 +1) + 3]

+ & (614 + Bisn® + B/ n? + 1) + (P +1)° gg] (4.35)

and

1

9/2
32 (12 + 1)11/2 52 4 (772 + 1) f;? §r [517 (772 + 1) + 518}

Go =

+4 (n* + 1)" &8 € (Bro + o)
+ (7* + 1)6 &+4(n+ 1)5/2 & & (B2 + Baan® + Basn’)

+4 (772 + 1)2 2¢% (524 + Bosn® + 526774)

3/2

+4 (17 + 1) & &g (Bar + Bas® + Baon’)

+4€5 (B30 + B’ + Bsan’® + Pasn®) (4.36)

In the above expressions of G, Go the variables 5; = 5; (v5) , i = 1.2,...33, are
functions of substrate’s Poisson ratio only and their analytical expressions
are provided in Eqs.(B.19)-(B.22) in Supporting Information (SI). Note that

for £g — 0 the energy of the flat substrate as given in Eq.(4.12) is recovered.

4.4. Curved film
Feeding the expression of w(z, y) from Eq.(4.1) into equilibrium equations

Egs.(2.13)1, (2.14)! and solving the resulting system of equations we obtain:

A B2k
ujftlﬁgid(%yaz) & { — ko—;f + 302 [cos(kyﬁ) +1—n? Vf]} sin(k x)
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2 _ 2 — 1=
&{{4(77 vy) +A0k It —1-2n%(v;+1) ]sm( x)

2k Ll +1)* R (P +1)°
a2 _67(7 (’1‘9_)1”27] sin (3’;95)} cos(k2 )+ A2k sin(2k z)

(4.37)

n? [1 + cos(k x)} — vy
o,y 2) = B2k

oL sin (kyn)
Aok (9 — n? k
+ Bon 0k (9 7721/]0)(30:5(3 x)
(n*+9) 2

s 2(nPtvs2)
X [Aok(l ZOQ:—)UZ—kR } W (l%x)] sin (@) (4.38)

The bending energy of the curved film for the hexagonal wrinkling mode over

one period, in view of Eq.(2.17)}, is calculated as:

Usiiex = Erty [€2Gs + €5 G4 (4.39)
where
& (P +1)%¢
= =k 4.4
G =g 91 1536 (4.40)

Eq.(4.39) reveals that the bending energy in the curved film is the same
with the bending energy provided in Eq.(4.4), as expected, because there
is no direct involvement of the curvature in the displacement component
w(z,y, z). For the special case where By = 0 the energy of the 1D bilayer is

retrieved, (Kordolemis and Giannakopoulos, 2024). The membrane energy is

20



calculated over a period through Eq.(2.18)" as:

rved n
U?Slu(jy)e,hex = Ef tf

5%3 [912 =+ 5129 Ge +&a (EaGr + gg)}

—wﬂ@y+@f+wﬁwM+ﬁ@ﬁa%]<Mn

where
r
=3
G 7_774(1/]2@—3)—47]2%—1—1/}2[—354
6 = k

4096
&2+ 9207 +9) 1
97_3_1;{[(772+1)2+ (772+9)2}(V;_l)JrZ[Vf(nQ_gyf)Jrg}}

n? 4 1
982—2 [m+§] (1—v7) &¢r

N — W

Gio =G &4+ G2 &5

1
o= 6 o)~ D

1 4(v2-1
o= g5 [ (g 10 8 670 - L

(4.42)

LI : curved __ 7rcurved curved curved
Minimization of the total energy, UGites = Up(phex + Uni(fyhex T Ushex

of the bilayer with respect to the wavenumbers k, n and the two amplitudes
Ag, By, which is equivalent to minimizing with respect to the non-dimensional
counterparts €4, &g, &k, 1, provides:

Uy

E
-———=2&(i%+%%+%ﬁﬂwﬂﬁ%)+@%:0(M&
€ E;
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R O} 2
— = =02+ G2+ G1+285Gs + 4 (4G +Gs) =0 (4.44)
0B Ey

curved I
aUtot Jhex E

= =" (4 G1e, + &5 G2e,) + €4 (Grre, + Tse, +E2 G5, )
&}, Ey

+ &5 | Gug, + Groge, + €5 Gog +Ea (E4Grg, + gs,gk)] =0 (4.45)

curved
a Ut ot,hex

on

= &5

E,
E—,_f g2,17 + gl2,77 + g4,17 + E% gG,n + EA (€A g?,n + g&n)

E,
f

where the following notation has been adopted for differentiation:

() e, = 88(5"), >, 3 %}') (4.47)

The above system of Eqs.(4.43)-(4.46) is highly non-linear in terms of 4, &5, &, 1
and cannot be solved analytically. However, it can be solved numerically. In
doing so, we solve Eq.(4.43) with respect to £% and we substitute the resulting

expression to Eq.(4.44) to obtain:

1 | E,
5123 — —2—g6 E_f Go+Gio+Gi+Ea(€4G7 +Gs) (4.48)
381G, Gs + 3387 - 338,
(= - (4.49)

where

S = [36 Gs Os [733 (2P1Gs — P2Gr) + 734}

1/3
1 2 3
+ 6\/46656gg G2 |Py (2P1Gs — P2Gr) + Pa| +4[6Py (4P, Gs — 2P, Gr — G3) — 9G2 G2 ]
(4.50)

22



Sy =4(4G5G6 — G7) [296 (% G1+6n +g3) —Gr (%gz + G12 +Q4>}
f f
~-G3 (8 G50 + g?) (4.51)
with

E, E,
Pr==G+Ga2+0Gs, Po=—=0G + G+,
Ey Ey

P3s=4G5Gs— G2, Pi=G5G:G3 (4.52)

Note that the amplitudes £4,&p given in Eqs.(4.48),(4.49) respectively, are
functions of the wavenumbers &, n only. Thus, plugging these expressions
back to Eqgs.(4.45),(4.46) we end up with two equations with the only un-

knowns the wavenumbers &, 7, i.e.:

E,
GO (fk,?’], E—f, Vg, Vf7€2x7€2y753) =0 (453)
G B 0., e =0 4.54
D ékan7E—1_nyS)Vfaga:g;7€yya£R - ( )

The above system of equations is highly non-linear in &, and can be solved
numerically. The solutions for various values of the curvature are shown in
Figs.12,14. After the specification of the wavenumbers &, n the calculation

of the amplitudes &4, &g is straightforward, as shown in Figs.13,15.

5. Results and discussion

In this section numerical results regarding the three geometrical vari-
ables of the checkerboard wrinkling mode, i.e. &,& &, and the four geo-

metrical parameters of the hexagonal wrinkling mode, i.e.&x,n &4, £, for the
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film /substrate system are presented. Specific attention is paid on the de-
pendence of those variables to the magnitude of the curvature, (§g), while
conclusions are drawn regarding the convexity, £g > 0, and concavity, g < 0,
of the bilayer. Therefore, the dependency of the wrinkling modes’ character-
istics on Poisson’s ratios is not presented explicitly in the following discussion
but the interested reader can readily extract it from the analytical set up of
the equations. For the numerical analysis the thin film is assumed to be
made from silicon, (Si), while the substrate is made by polydimethylsiloxane
(PDMS). The mechanical properties of these two materials are well docu-
mented in experimental studies, (Bietsch and Michel, 2000) and the numeri-
cal values used in our analysis, along with the film thickness ¢;, are presented
in Table.3. Note that the reduced moduli for the film and the substrate are
calculated as: Ey = Ey/ (1 —v}) and Es = Ey/ (1 — v2), respectively.

In Figs.3-5 the graphical specification of the wavelengths &;,&, for the
checkerboard wrinkling mode for various magnitudes of concave bilayers
(g > 0) is presented. Similar plots can be extracted for convex bilayers
as well and the differences in the critical compressive strain are shown in
Table. 4. The red lines denote the solution, i.e. the pairs of &1, &, that sat-
isfy Eq.(3.24), while the black lines denote the solution of Eq.(3.25). Solid,
dashed and dashed-dot lines are referring to different levels of biaxially strain
loading. The intersection points of the two curve sets, are unique for a pre-
defined value of the biaxial strain and they are highlighted through a data
tip label on each plot. As expected, the pair of the wavenumbers &, & that
satisfies simultaneously Eqs.(3.24),(3.25) is independent of the applied strain
load €2 , €% "in the two principal directions of the system z,v, respectively.

T T Yy
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However, for the case of finite deformations it has been shown that there is
a dependency between the wavenumbers and the applied strain, (Jiang et al,
2007).

The insets in Figs.3-5 denote the change of the wavelengths A;, Ay of the
checkerboard mode with respect to the magnitude of the curvature. Upon the
calculation of the wavenumbers, & (= k1 ty),& (= ko ty), the corresponding
wavelengths Aj, Ay are calculated through \; = 27/k;, i = 1,2. The insets
are referring to the projected area of the bilayer in the xy plane and the
dimensions are \; X Ay depicting one period of the checkerboard in both
directions. Figs.3(a) — (¢) show the change of the wavelengths within the
same projected area along one period due to the variation of the curvature.
The flat bilayer acts as the baseline to demonstrate the role of the curvature
in the change of the wavelengths. It can be seen that there is a significant
decrease of both wavelengths due to the presence of the curvature. This
observation is true not only for equibiaxial compressive strain of the bilayer,
as shown in Figs.4 and 5, but in occasions where the biaxial strain loading
is not symmetric in the two principal directions. In particular, comparing
Fig.4(a) referring to concave bilayer with g = 1/25 there is a tenfold decrease
of the wavenumbers of the checkerboard mode compared to the flat bilayer
which indicates the curvature increases significantly the wrinkling waviness
of the bilayer. Interestingly, despite the fact the strain is equibiaxial the
decrease of the wavelength )y, along the y— direction is higher compared to
the decrease of wavelength \{, in the transverse x— direction.

In Fig.6 the variation of the wavenumbers &;,& for various values of

the moduli mismatch F,/E; for the checkerboard mode is shown. For the
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calculations the value of the compressive equibiaxial strain load was taken
equal to 5% for illustrative reasons because as it was shown in Figs.3-5 the
values of the wavenumbers are independent of the loading. As it can be seen,
for both the flat and the curved bilayer (either concave or convex) the higher
the value of the moduli mismatch the higher the corresponding wavenumbers
&1,& and in turn the lower the associated wavelengths, A, Ao, Also, for
relative high values of the moduli mismatch, i.e. E;/F; = 1.5 x 1072 and
above the wavenumbers &1, & seems to be almost equal to each other either
the bilayer is curved or not.

The analysis shows that the wavelengths A\;, Ay are equal to each other
only in the case of the flat bilayer under equibiaxial compressive strain, as
demonstrated in other studies (Song et al, 2008) . However, when the cur-
vature comes in the analysis the wavelengths are no longer equal to each
other even under equibiaxial strain loading conditions. Upon the calculation
of the wavenumbers &, & from Figs.3-5, their values are substituted back
to Eq.(3.20) and a closed form expression for the wrinkling amplitude &, is
obtained in the form of Eq.(3.26), as a function of the material properties of
the bilayer and the curvature.

Fig.7 shows the variation of the wrinkling amplitude, &,, against various
values of the curvature of the bilayer for equibiaxial strain loading, Fig.7(a),
and for strain loading ratios of 2 and 1/2 in the two principal directions, Figs.
7(b),(c) respectively. Fig.7(d) is referring to uniaxial compression along the
x— direction and the critical strain values on this plot are included in Table
5 where the results are compared with the findings of other studies. It can be

seen that the magnitude of the curvature reduces significantly the wrinkling
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amplitude with respect to the flat bilayer by a factor of 15 for g = £1/25
compared to the flat bilayer for a strain loading up to 3%. The analysis
shows that the convex bilayer (£ < 0) is experiencing higher values in the
amplitude & compared to the concave bilayer within the range of 10% — 14%
for |€g| = 1/25 and |€g| = 1/100, respectively. The intersection points of the
curves with the horizontal axis of strain loading denote the critical values of
strain load for different values of £z. These values are presented explicitly in
Table.4 for convex and concave bilayer. It can be easily verified that the non-
dimensional wavelength &, for the flat bilayer under equibiaxial compressive
strain can be calculated as a function of the critical load of the checkerboard

mode through the simple closed form expression

flat vy vy
1=1.52 —1, for v;,=0.27,
0 \/(3—I/f 1+Vf\/I \/I /
(5.

(5.1)

For the case of the curved bilayer under equibiaxial compressive strain the

non-dimensional wrinkling amplitude can be calculated numerically through

a similar expression:

£d, 1
& _105”5 — '100 <¢&r < '% and vy =0.27. (5.2)

A direct comparison of Egs.(5.1),(5.2) demonstrates that for the particu-
lar value of vy = 0.27 there is a considerable decrease of 30% in the wrinkling
amplitude for the specified range of the bilayer’s curvature.

The variation of the ratio of the total energy in the buckled state, UPuk
over the total energy in the unbuckled state, UtiPuk = [ ¢ [( s (e yy)z] ,

is presented in Fig.8(a). It is shown that the energy in the buckled state for
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a curved substrate is considerably higher compared to the energy of the flat
bilayer. Similar to the case of the wrinkling amplitude, the convexity of the
system suggests a slight decrease of the energy in the buckled state compared
to the energy of the concave layer. Fig.8(b) presents the variation of the three
different components of the system, i.e. bending Uys)y and membrane U,y
energy of the film and the energy of the substrate, Uy, for equibiaxial load-
ing. For both cases of flat and curved bilayer it appears that the membrane
energy of the thin film provides the higher contribution in the buckled state.
For the flat bilayer the contribution of the substrate is higher compared to
the bending energy of the film however this contribution reverses when the
curvature is introduced. Furthermore, the convexity of the bilayer reduces
slightly the membrane energy of the film and the energy of the substrate.
In Figs.9,11 the calculation of the wavenumbers &, n for the hexagonal
wrinkling mode lines are presented for various values of the curvature for
the case on convex (g < 0) and concave ({g > 0) bilayers. The red and
black lines in the figures correspond to the solutions of Eqgs.(4.53), (4.54),
respectively. The intersection points of the curves for different curvatures
constitute the solution of the system of the two equations and are marked
with a data tip label. Note that the marked values are independent of the
equibiaxial strain which is kept within the theoretical small strain and mod-
erate rotation elastic regime, i.e. 1 —5%. Note that for the case of the flat
bilayer more than one solution of the system has been found as denoted in
Figs. 9(d),11(d), by the points a, b, ¢, d. From all these pairs the solution that
minimises the total energy of the system is that at point a which essentially

corresponds to, n = v/3 and &, = (3 ES/Ef)l/B = (0.0355, in agreement with
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what has been conjectured in other studies,(Cai et al, 2011).

Furthermore, Fig.10 reveals that for the flat bilayer the amplitude &g
is twice as much as the amplitude £g, for convex bilayers. However, this
analogy between the amplitudes breaks off for concave bilayers, as can be seen
in Fig.13(b). It is noteworthy that the hexagonal mode is highly sensitive
to the applied load, especially for the case of concave bilayers. Fig.13(a)
demonstrates that the amplitude £4 becomes negative showing a preference
of the film to buckle inward to the substrate. This conclusion verifies the
experimental findings presented in other studies,(Cai et al, 2011).

The variation of the wavenumbers &, 1) for the hexagonal mode for various
vlaues of the moduli mismatch E,/FE; is depicted in Fig.12. In particular,
Figs.12(a), (b), show that for concave bilayers the value of the wavenumber 7
seems to be locked to 1.793 while the wavenumber in the transverse direction
&k is increasing along the value of the moduli mismatch. Fig.12(c) reveals
a reversed pattern for concave bilayers because while n remains roughly un-
changed for all curvatures, &, is decreasing with increasing values of the
moduli mismatch.

In Fig.14(a) the variation of the ratio of the total energy in the buck-
led state over the total energy in the unbuckled state is presented for the
hexagonal mode. Note that for the case of the concave bilayer the onset of
the wrinkling initiation is delayed significantly compared to that of a convex
bilayer. Fig.14(b) shows the contribution of the film and substrate energies
to the overall energy of the system. Fig.15 shows the variation of the ratio of
the total energy in the buckled state over the energy on the unbuckled state

for the cylindrical, squared checkerboard and the hexagonal wrinkling mode
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for various convexities and concavities of the bilayer. It can be seen that the
checkerboard mode is the most favourable due to the lowest energy followed
by the hexagonal and the cylindrical modes respectively. The presence of the
initial curvature in the bilayer does not alter the sequence of the buckling
modes but translates the values of all the corresponding energies into higher
levels, compared to the flat case denoted with solid lines, indicating a delay
in the onset of wrinkling.

(Zhao et al, 2020) investigated the effects of surface curvature on the
wrinkling pattern evolution in soft materials and they have shown that for
the case of the square checkerboard mode the critical wavenumber and the

accompanied critical strain may be calculated through the analytical expres-

sions:
-\ 1/3
. 3 Es
fe=0, &o=0€, with &= < : ) (5.3)
Ly
while the critical strain is provided as:
checkerboar 2 ¢2 + qbil . 1 3E5 2/3
gc?iti}:(alb 4= T 527 with 58 = 4_1 Ef (54)

The parameter ¢ is determined by the equation
¢ —p—302=0 (5.5)

where {2, is dimensional curvature that determines the critical buckling of a

sphere system and is provided by (Cai et al, 2011) as:

E 2/3
Q=2 1—%%53(35) (5.6)

Table.5 shows that the critical strain of the checkerboard mode evaluated in

the present study for various positive values of the curvature, see Fig.11(d),
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is in a very good agreement with the critical strain values provided through
Eq.(5.4).

In the post-bifurcation analysis, (Zhao et al, 2020), have shown that the
sinusoidal mode evolves to the hexagonal mode if the modulus ratio reaches
a critical value which is calculated numerically and verified experimentally
for various curvatures. (Xu and Potier-Ferry, 2016) investigated the post-
buckling behaviour of core-shell cylinders beyond the first bifurcation em-
ploying a 3D finite element model and provided a closed form expression for
the transition from the sinusoidal to the hexagonal wrinkling mode as:

E 1 3/2
C, =22 = < 0.70 5.7
Ey (§R> 5-1)

for Cs > 0.90 the axisymmetric mode prevails while for values in between,
ie. 0.70 < Cy < 0.90, the preferred pattern remains unclear due to the high
sensitivity in the numerical results. (Zhao etal, 2021) studied the effect of the
sign of Gauss curvature and curvature anisotropy on the wrinkling patterns
of the bilayer and calculated numerically that the critical curvature for the

transition from the sinusoidal to the hexagonal mode is €25 = 0.94.

6. Closure

In this paper, we provide a thorough wrinkling analysis of cylindrically
curved thin film attached on a curved substrate under biaxial strain, focus-
ing on the onset of the checkerboard and hexagonal buckling modes. The
geometrical parameters of the buckling modes are specified semi-analytically
and special attention has been paid on the role of the curvature-induced

anisotropy in the elastic analysis. The film has been analysed by employing
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the shallow shell theory and the substrate as a three-dimensional semi-infinite
solid where the displacement components have been specified through the
perturbation method. We show that the critical strain is increasing due to
the curvature and the wrinkling amplitude is decreasing substantially. The
analysis suggests that, energetically, the checkerboard wrinkling mode is more
favourable compared to the one-dimensional and the hexagonal mode, see Fig
15. Finally, the convexity and concavity of the bilayer is discussed in detail
for both wrinkling modes and it is shown that convex bilayers are favoured in
the checkerboard mode while for hexagonal modes concavity favours buckling

inward the substrate as has been observed in experiments.
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son’s ratio.

Table 2. Variation of the parameters j; (v5) for different values of substrate’s Pois-
son’s ratio.

Table 3. Numerical values used in the numerical analysis for the thin film, quantities
with subscript f, and the substrate, quantities with subscript s.

Table 4. Compressive critical load, as (%), of the checkerboard mode for various
ratios of the loading in the two principal directions z,y of the bilayer. The values within
the parenthesis are referring to the critical load of a convex bilayer, i.e. £g < 0.

Table 5. Numerical values of the critical strain (%) for the squared checkerboard
mode for various values of the curvature ({g > 0). The values from Table.1. have been
used for the calculations.

List of Figure captions

Figure 1. (a) Stereoscopic view and (b) top view of the square checkerboard mode
wrinkling and the accompanied geometrical quantities, i.e. the wavelengths A1, As in z,y
direction respectively and the wrinkling amplitude Aj.

Figure 2. (a) Stereoscopic view and (b) top view of the hexagonal wrinkling mode
and the accompanied geometrical quantities, i.e. the wavelengths \y =47 /kn, Ao =47 /k
in z,y direction, respectively, and the wrinkling amplitudes Ag, By.

Figure 3. Graphical calculation of the wavenumbers &7, & for the squared checker-
board mode. Calculations are referring to equibiaxial compression (¢, = £2y =¢%) of a
concave ({g > 0) thin film-substrate system. The numerical values used for the curvature
are: (a) € = +1/25, (b) € = +1/50, (c) €r = +1/100, (d) € = 0 (flat). The insets

represent the evolution of the the wrinkling as the curvature is changing.

Figure 4. Graphical calculation of the wavenumbers &7, &2 for the checkerboard mode.
Calculations are referring to higher compression of the concave (£g > 0)bilayer in the
x— direction, ie. &5, = 2e) . The numerical values used for the curvature are: (a)

Er=+1/25, (b) §p = +1/50, (c) Er = +1/100, (d) g = 0 (flat).

Figure 5. Graphical calculation of the wavenumbers 1, &2 for the checkerboard mode.
Calculations are referring to higher compression of the concave (g > 0) bilayer in the
y— direction, i.e. Egy = 269 . The numerical values used for the curvature are: (a)
§r = +1/25, (b) £ = +1/50, (¢) & = +1/100, (d) g = 0 (flat).

Figure 6. Variation of the wavenumbers £, 1 for the checkerboard wrinkling mode for
different values of the moduli mismatch Es/Ey. Calculations are referring to 5% equibiax-
ial compression but the values marked on the figures are independent of the applied strain.
The numerical values used for the curvature are: (a) £g = +1/25, (b) &g = +1/100, ()



ér = —~1/25, (d) & = 0 (flat).

Figure 7. Numerical calculation of the amplitude &y for various values of curvature
for the checkerboard mode. The intersection points of the curves with the horizontal axis
of equibiaxial strains denote the critical load for different values of {r. (a) equibiaxial
loading, i.e. ), = Egy = £eq and (b) €%, = 2€2y, (c) €%, =1/2 sgw(d) uniaxial loading
along the z— direction, i.e., &, = 0.

Figure 8. (a) Variation of the ratio of the total energy in the buckled state, U&‘%Gk,
over the total energy in the unbuckled state, URiPUk for the checkerboard mode. (b)
Variation of the ratios of the substrate Uy, the film bending Uy, and the film membrane
Unn(y) energies to the total energy in the unbuckled state. Calculations are referring to
equibiaxial compression (negative strain) of the bilayer.

Figure 9. Graphical calculation of the wavenumbers &, 7 for the hexagonal wrinkling
mode. Calculations are referring to equibiaxial compression (Egz == sgy = 59‘1) of a convex
(ér < 0) thin film-substrate system. The numerical values used for the curvature are: (a)

Er = +1/25, (b) £g = +1/50, (c) €p = +1/100, (d) £ = 0 (flat).

Figure 10. Numerical calculation of the amplitudes £4,&p for the hexagonal mode
for various values of the negative curvature of the bilayer. Calculations are referring to
equibiaxial compression (2, = 52y =% <0).

Figure 11. Graphical calculation of the wavenumbers &, n for the hexagonal wrin-
kling mode. Calculations are referring to equibiaxial compression (531 = Egy = Eeq) of a
convex (£r < 0) thin film-substrate system. The numerical values used for the curvature
are: (a) g = +1/25, (b) Eg = +1/50, (¢) Eg = +1/100, (d) € = 0 (flat). Note the change
of scale in the abscissa in the flat bilayer.

Figure 12. Variation of the wavenumbers &, n for the hexagonal wrinkling mode for
different values of the moduli mismatch Eg/E ¢. Calculations are referring to 5% equibiax-
ial compression but the values marked on the figures are independent of the applied strain.
The numerical values used for the curvature are: (a) &g = —1/25, (b) g = —1/100, (c)
§r = +1/25, (d) £r = 0 (flat).

Figure 13. Numerical calculation of the amplitudes £4,&p for the hexagonal mode
for various values of the positive curvature of the bilayer. Calculations are referring to

equibiaxial compression (ng = Egy =¥ < 0).
Figure 14. (a) Variation of the ratio of the total energy in the buckled state, U&%Ck,
over the total energy in the unbuckled state, USPUk for the hexagonal mode. (b) Vari-

ation of the ratios of the substrate Us, the film bending Uy, and the film membrane
Upn(y) energies to the total energy in the unbuckled state. Calculations are referring to
equibiaxial compression (negative strain) of the bilayer.

Figure 15. Variation of the ratio of the total energy in the buckled state, U2 over
unbuck

the total energy in the unbuckled state, Ui>", for the 1D, checkerboard and hexagonal
wrinkling modes, for (a) concave ({g > 0) and (b) convex (g < 0) bilayer.
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