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H I G H L I G H T S G R A P H I C A L  A B S T R A C T

• Developed integrated nonlinear dy
namics analysis, system identification 
and control.

• Measured electrostatic signals to cap
ture nonlinear dynamics of gas-solid 
flows.

• Applied sparse identification with con
trol to predict nonlinear dynamics 
measures.

• Evaluated model predictive control 
models to find an effective control 
strategy.

• Achieved significant energy reduction 
with efficient real-time control 
optimisation.
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A B S T R A C T

Pneumatic conveying systems provide secure transportation of particulate material and a dust-free environment. 
These systems face high energy consumption, material degradation, and pipeline blockages. This research pre
sents an innovative solution by integrating nonlinear dynamics analysis of electrostatic sensor data, including 
chaos and recurrence quantification analysis, sparse identification of nonlinear dynamics with control (SINDYc) 
and model predictive control (MPC). The Lyapunov exponent, approximate entropy and recurrence rate of 
electrostatic sensor data reveal the chaotic nature of gas-solid flows. MPC framework was tailored for real-time 
optimisation of a pneumatic conveying system. SINDYc system models were developed using data collected from 
an open-loop control pneumatic conveying process to conduct MPC simulations and select an appropriate model 
for real-time control. This research illustrates the potential of integrating nonlinear dynamics analysis, SINDYc 
integrated and MPC for enhanced system performance, showcased a significant reduction in energy consumption 
without compromising the system’s efficiency or reliability.
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1. Introduction

Pneumatic conveying systems operate in three modes: dilute, tran
sition and dense phase. Selection depends on the material properties, 
conveying route structure and distance, and pressure availability in the 
pipelines [1]. The dilute phase is characterised by high air velocity and 
low concentration of particulates, which ensures stable operation but 
can lead to energy wastage and material wear [2,3]. The dense phase is 
characterised by a high concentration of particulates and slower airflow, 
offering better product quality but demanding higher initial equipment 
costs due to increased pressure needs [4]. The pneumatic conveying 
state diagram maps the transition from dilute to dense phase for specific 
materials, correlating air velocity with pressure drop in a consistent 
pipeline diameter [5,6]. The minimum conveying air velocity (MCAV) is 
the optimal condition for minimum energy consumption operations, and 
the pressure drop minimum curve (PMC) is the line connecting the 
MCAV at varying solids mass flow rates. Operating near or below MCAV 
can risk pipeline blockages. Near the MCAV, air velocity causes uneven 
particle accumulation in horizontal pipelines, forming unstable dense 
clusters. Reducing the air velocity below MCAV intensifies these in
stabilities, expanding clusters and altering inner wall pressure. This af
fects the dilute phase, forcing it through ever-changing, restricted cross- 
sections.

Two main operating parameters must be designed in a pneumatic 
conveying system to successfully transport particulate materials in a 
pipeline system: the air and solids mass flow rates. The optimal values 
for these parameters for minimum energy consumption operations in a 
horizontal pipeline are revealed using the relationship between air ve
locity, solids mass flow rate and pressure drop in the state diagram. 
Although it is understood that at a constant solids mass flow rate, the 
relationship between air velocity and pressure has a global minimum at 
the MCAV, separating the dilute phase from the dense phase conveying 
operation, there are uncertainties in predicting its location. A small 
perturbation in the solids mass flow rate while operating in the dilute 
phase near the MCAV will increase the pressure in the pipeline. Conse
quently, the air velocity will decrease below the MCAV. At this stage, 
pipeline blockage will likely occur for dilute phase-only capable mate
rials [7]. In contrast, the flow will be unstable for materials with dense 
phase conveying capabilities as they transition from dilute to dense 
phase conveying [5,8,9].

Consider a pneumatic conveying system that uses a linear controller, 
like the proportional-integral-derivative (PID), to adjust the air velocity 
to achieve a target pressure drop near the point of minimum pressure 
drop. This system will struggle to respond effectively to a sudden in
crease in the flow rate of solids, potentially leading to pipeline block
ages. Conversely, a decrease in the solids mass flow rate can trigger a 
sudden rise in the air velocity, which, if not accounted for, could lead to 
equipment failure. The roots of these responses lie in the shifting dy
namics between air velocity and pressure drop at different solids mass 
flow rates. Above and below the MCAV, the relationship between the air 
velocity and pressure drop flips from direct to indirect. As such, 
attempting to control the pressure drop without knowledge of the PMC’s 
location or without a model to anticipate the nonlinearity near the PMC 
might not be the best strategy for reliable operation. Numerous studies 
have been conducted to identify effective ways of monitoring and con
trolling flow behaviour near the MCAV. These often employ time-series 
analysis techniques, analysing data from pressure sensors [10–13], 
electrostatic sensors [14–16], and electrical capacitance sensors 
[17,18].

Transition phase flow near the PMC exhibits intricate nonlinear dy
namics. These can be studied using time-delay coordinate embedding 
through phase spaces derived from time-series data [19]. Such phase 
spaces, reflecting system topology, have invariant statistical features 
like fractal dimension, approximate entropy and largest Lyapunov 
exponent [20]. In addition, its dynamics are visualised using recurrence 
plots [21], with morphology assessed by recurrence quantification 

analysis [22]. The behaviour of gas-solid interactions within fluidised 
bed systems has been extensively investigated using chaotic invariants 
[23–27] and recurrence quantification analysis [28–30]. Considerable 
Efforts focus on understanding flow in horizontal systems via phase 
space visuals from pressure data [12,13,31], while other investigations 
aim to measure the complex dynamics of gas-solid flow in pneumatic 
conveying systems employing chaos theory and recurrence quantifica
tion analysis [15,16,32,33]. Phase spaces from time-series data can 
mirror system topology, with certain states linking more to nonlinearity 
[16]. Monitoring electrostatic sensor signals in horizontal pipelines of
fers a non-intrusive and cost-effective method, contrasting with tech
niques that are costly to implement and have practical limitations, such 
as electrical capacitance tomography [34] or particle image velocimetry 
[35]. However, the electrostatic sensor is limited to measuring charge
able particles in the pipeline.

Deloughry et al. investigate the performance of positive pressure 
pneumatic conveying control systems using a proportional-integral al
gorithm to manipulate air velocity in a horizontal pipeline to reach a 
desired saltation/dune level and time between dunes, calculated using 
an electrical capacitance tomography [36]. It is concluded that the 
proportional-integral control algorithm can be used to maintain a 
saltation/dune level set point. However, an instability issue is faced due 
to the increased dead time of the proportional-integral control system 
caused by the imaging reconstruction system delay and transportation 
delay. Moreover, other modern control techniques, such as MPC, have 
been applied to pneumatic conveying and drying systems to control the 
air mass flow rate and temperature by manipulating a blower rpm and 
electric heating furnace flow rate [37,38].

Control theory is the science of controlling system inputs through 
actuators to achieve desired measured outputs, typically aiming to 
optimally control system outputs with minimised effort posed on inputs 
[39]. Classical control of linear systems is based on the PID control 
technique. The disadvantage of PID controllers is their inability to 
handle cross-coupling effects between different inputs and outputs, 
leading to suboptimal control performance in multi-input and multi- 
output systems. According to several studies in control engineering, it 
has been noted that PID controllers exhibit limitations when it comes to 
effectively handling strongly nonlinear system responses and constraints 
without the utilisation of extended control methods [40]. Modern con
trol, such as model predictive control (MPC) [39], handles constraints 
and multiple control objectives and can intrinsically account for various 
phenomena, including system time delay (dead time), non-minimum 
phase dynamics and instability. MPC requires models derived from 
first principles or a data-driven system identification method.

Data-driven system identification uses machine learning to derive 
models from input-output data, bypassing prior system knowledge. Its 
strength lies in understanding system dynamics amidst nonlinearities 
and uncertainties. This capability is essential for control, optimisation, 
fault detection, and diagnosis applications. Data-driven identification 
develops models from data to strategise system control, optimising 
diverse applications from industry to aerospace. Its precision in con
trolling intricate systems lets engineers design adaptive strategies from 
accurate data-driven models. This method not only pinpoints system 
issues but also offers optimisation solutions. It gathers sensor data, 
processes it, forms system models, and applies control theory for feed
back adjustments.

There are several machine learning techniques to build data-driven 
models using a black-box approach, including state-space models 
developed using the Eigen system realisation algorithm [41], autore
gressive models [42] and neural network (NN) models [43]. These 
techniques are bounded, suffer from overfitting, lack physical insights, 
and cannot generalise beyond the training data. The NN modelling 
method is increasingly used to represent nonlinear systems, and 
recently, the deep reinforcement learning approach has shown impres
sive results [44]. However, the NN model structure requires a large 
volume of training data sets, which is often a luxury. It needs high 
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computational power to respond to abrupt changes in the system and 
have effective control.

Some methods develop physically interpretable linear representa
tions of nonlinear systems, including dynamic mode decomposition with 
control (DMDc) and its extensions, extended DMDc [45] and wavelet- 
based DMDc [46]. A recently proposed method, sparse identification 
of nonlinear dynamics with control (SINDYc), can quickly identify 
interpretable nonlinear models that capture the underlying patterns in 
limited data while avoiding overfitting [47]. Considering limited data, a 
comparative study was conducted for NN, DMDc and SNDYc to compare 
their control performance with the MPC framework [47]. SINDy is 
compared with DMDc and NN in an MPC framework using different 
nonlinear dynamical systems, including the Lotka-Voltera, Lorenz, and 
F8 crusader flight control systems. SINDY results have shown more 
robust properties than NN, such as the ability to train a model with 
limited data, the sensitivity of initial parameters setting, and training 
and execution time. However, suppose a low amount of data is available 
to model a system. If the system is weakly nonlinear and has high 
dimensional data, DMDc would be better suited.

Reinforcement Learning is a promising control strategy, particularly 
for systems requiring adaptability in highly dynamic environments. 
However, MPC presents several key advantages in this context. MPC 
provides a structured approach for controlling system inputs using 
known dynamic models, which is crucial in pneumatic conveying sys
tems where real-time control of gas-solid flow is essential. Its ability to 
optimise performance over a defined prediction horizon ensures reliable 
and consistent stability. In contrast, while reinforcement Learning can 
autonomously learn optimal strategies, it typically requires extensive 
training data and time to converge on a stable policy, which is an 
impractical scenario for real-time industrial processes that demand im
mediate decision-making. MPC offers transparency and interpretability 
in control actions, an important aspect for industrial operators, which 
reinforcement Learning lacks. Given these factors, MPC is a proven so
lution for maintaining stability and predictability in pneumatic 
conveying systems, especially when operating near the MCAV [48]. The 
adaptive nature of the MPC approach further strengthens its suitability 
for such applications. The model within the MPC framework can be 
updated in real-time to account for new conditions when the system 
operates outside previously modelled scenarios. This is particularly 
critical during transitions from dilute phase to transition phase flow 
conditions below the MCAV, ensuring continuous system stability and 
operational efficiency during these dynamic shifts.

This study integrates nonlinear dynamics analysis of electrostatic 
sensor data, SINDYc and MPC in a systematic framework for the real- 
time optimisation of pneumatic conveying systems. The goal is to 
minimise the power consumption of the pneumatic conveying process 
through a combination of an open-loop control system, data-driven 
modelling using SINDYc, and optimal control using MPC. The open- 
loop control system was developed to generate diverse electrostatic 
sensor data of gas-solid flow behaviour near the PMC in the state dia
gram, which is the optimal minimum energy consumption operation 
condition in a pneumatic conveying process.

Furthermore, applying nonlinear dynamics feature extraction tech
niques to electrostatic sensor signals, such as the largest Lyapunov 
exponent, approximate entropy and recurrence rate, provides insights 
into the complex dynamic nature of gas-solid flows, enabling more ac
curate and efficient control strategies. As the electrostatic sensor is 
limited to measuring chargeable particles, plastic pellets were used in 
the pneumatic conveying experiments to explore the applicability of the 
nonlinear dynamics analysis techniques in controlling the gas-solid flow.

The research presented in [16] indicates that the nonlinear dynamics 
analysis measures applied to electrostatic sensor data of horizontal gas- 
solid flow of plastic pellets can be used to detect whether the flow 
condition is above, near or below the minimum energy consumption 
operating conditions. The aim of the integrated real-time control system 
is to achieve the minimum energy consumption through reference 

tracking manipulation of the nonlinear dynamics analysis measures of 
the flow to reduce the air velocity to the MCAV condition at a constant 
solids mass flow rate.

The materials and methods employed are discussed in the subse
quent sections, detailing the pneumatic conveying system setup, the 
nonlinear dynamics analysis techniques used, and the integration of 
SINDYc with MPC. The ability of this approach to achieve reduced en
ergy consumption without compromising the efficiency and reliability of 
the pneumatic conveying process is demonstrated through rigorous 
experimentation and analysis.

2. Material and methods

2.1. Data-driven system identification with control framework

The sparse identification of nonlinear dynamics with control (SIN
Dyc) is integrated with the model predictive control (MPC) in a sys
tematic framework to optimise the power consumption of a pneumatic 
conveying system. Fig. 1 shows a schematic block diagram design of a 
real-time control system design that can switch between two sub
systems: open-loop control in Region 1, highlighted in blue, and closed- 
loop control in Region 2, highlighted in green. Region 3, highlighted in 
orange, illustrates the procedure for training and selecting SINDYc 
models from a dataset collected from an input-output database.

The open-loop control system design in Region 1 enforces inputs to 
the pneumatic conveying system through manual manipulation or pre
defined function to generate diverse data from pressure and electrostatic 
sensors. The closed-loop control design in Region 2 uses MPC to provide 
the system with an optimised input based on a model of the system. In 
both cases, the input and output time-series data are saved in a database, 
which is then used as the foundation for subsequent analysis, modelling 
and control.

The output variables of the ‘Pneumatic Conveying System’ block are 
the solids mass flow rate, superficial air velocity, pressure drop per unit 
length of the horizontal pipeline, and the largest Lyapunov LE, AE, and 
RR obtained from the bottom arc-shaped electrostatic sensor data of 
horizontal gas-solid flow. The pneumatic conveying system has two 
input variables: Roots blower speed and rotary feeder speed. The rotary 
feeder speed is the disturbance input, and the Roots blower speed is the 
user-defined manipulated input or the optimised input from the closed- 
loop control system. The ‘Input Switch’ condition block allows a value 
for the Roots blower speed to be send to the ‘Pneumatic Conveying 
System’ block from either a user-defined manipulated input or an 
optimised input from the ‘MPC’ block.

The approach used in implementing the closed-loop control system 
design encompasses several steps. The process begins with implement
ing the open-loop pneumatic conveying control strategy using a pre
defined input function enforced on the system. Data from load cell 
sensors, pressure sensors, and bottom arc-shaped electrostatic sensors 
are first collected and preprocessed. The Load cell and pressure sensor 
data are preprocessed to calculate the pneumatic conveying state dia
gram, including superficial air velocity, solids mass flow rate and pres
sure drop in a horizontal pipeline. The bottom arc-shaped electrostatic 
sensors moving data window were collected and transformed into 
measures using nonlinear dynamics feature extraction techniques and 
stored in an input-output database.

Data from the ‘Input-output Database’ block is collected through the 
‘Collect Data’ block. Once a certain amount of data (5 s) is stored in the 
input-output database, it is sent to the ‘Train SINDYc Model’ block to 
identify an initial model. The training dataset window size increases 
from 5 s to a specific user-defined size. When the user-defined training 
dataset window size is reached, the most recent training dataset window 
stored in the input-output database is sent by the ‘Collect Data’ block to 
the ‘Train SINDYc Model’ block. This is done using an if condition when 
the stored input-output data time reaches the user-defined time window 
size, and the last user-defined time window size of stored input-output 
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data is continuously sent to the ‘Train SINDYc Model’ block.
The ‘Train SINDYc Model’ block trains a SINDYc model from the 

collected dataset, which is then sent to the ‘SINDYc Model Database’ 
block to store in a library of models. The ‘SINDYc Model Database’ block 
is limited to storing a specific maximum number of SINDYc models in 
the model library, and it stops training new models. The library of 
models stored in the ‘SINDYc Model Database’ block is then sent to the 
‘Any Model Converged’ if condition block. The ‘Any Model Converged’ 
block uses recently collected data from the ‘Collect Data’ block to 
calculate the mean absolute error for all the SINDYc models in the li
brary of models to check if the error of any of the models is lower than a 
user-defined error tolerance. If any of the errors of the SINDYc models do 
not exceed the error tolerance value, the model with the minimum error 
is selected and sent to the ‘MPC’ block. At this stage, the ‘MPC’ block 
require the cost function weights and output reference value and will be 
ready for deployment, implemented using the open- or closed-loop 
control input at the ‘Input Switch’ condition block.

Moreover, if all the SINDYc models in the library of models have 
errors higher than the error tolerance value in the ‘Any Model 
Converged’ block, it sends a signal to the ‘Train SINDYc Model’ block to 
train a new model to send to the SINDYc model database. If the library of 
models in the SINDYc model database reaches the maximum number of 
models, it makes a prediction for all the stored models over the current 
collected dataset from the ‘Collect Data’ block and calculates the mean 
absolute error between the predictions of the models and the collected 
dataset. The SINDYc model database then replaces the newly trained 
SINDYc model in the library of models with the model with the highest 
error and then sends the updated library of models to the ‘Any Model 
Converged’ block.

Integrating the above steps establishes a systematic framework to 
optimise the output of a pneumatic conveying system in real-time by 
combining open-loop control for data collection, data-driven modelling 
using SINDYc, and optimal control using MPC. However, before 
applying the real-time control framework, a feature extraction tech
nique must be selected from a set of techniques based on their control 
performance, which is evaluated using the MPC simulation environment 
framework. The sections below describe the pneumatic conveying sys
tem setup used, the SINDYc modelling method, the MPC method and the 

MPC simulation framework for selecting an appropriate nonlinear dy
namics analysis measure for real-time MPC. LabVIEW software is used to 
send, collect and store data, while data preprocessing, nonlinear dy
namics analysis, SINDYc modelling and MPC calculations are done using 
MATLAB software.

2.2. Pneumatic conveying system setup

Experiments were conducted to model and control a closed-loop 
industrial-scale pneumatic conveying system. Fig. 2 shows a schematic 
of the industrial-scale pneumatic conveying system’s main components, 
including a pipeline cycle with a total length of 137 m and 0.1 m inner 
diameter, a receiving hopper and blow tank with a 1.5 m3, a positive 
displacement Roots blower and a rotary feeder. The pipeline cycle has 
various sections, including horizontal, vertical, inclined and bends.

Ellipsoid-shaped plastic pellets with a total batch mass of 800 kg 
were fed to the blow tank through a feed hopper, having a mean 
diameter of 3.6 mm, particle density of 910 kg/m3 and bulk density of 
560 kg/m3. The Roots blower is used to draw air at the inlet of the 
pipeline cycle, and then the plastic pellets were uniformly dropped from 
the blow tank to the conveying pipeline through the rotary feeder. At the 
end of the pipeline cycle, the air is separated from the plastic pellets at 
the receiving hopper through a bag filter house with a 35 m2 surface 
area. When all the plastic pellets in the blow tank were conveyed to the 
receiving hopper, the Roots blower was switched off, and the process 
was repeated by dropping the pellets using a butterfly valve to the blow 
tank.

The effect of the two operating parameters was considered in 
studying the flow behaviour in a horizontal pipeline near the pressure 
drop minimum curve; the air and solids mass flow rates are the system’s 
main input variables. Six output variables were monitored to assess the 
pneumatic conveying characteristics and identify the pressure drop 
minimum curve condition: solids mass flow rate, superficial air velocity, 
pressure drop per unit length of a horizontal pipeline, and the three 
nonlinear dynamics analysis measures extracted from the bottom arc- 
shaped electrostatic sensor data of horizontal gas-solid flow, including 
the largest Lyapunov exponent, approximate entropy and recurrence 
rate.

Fig. 1. A systematic framework for optimising the power consumption of a pneumatic conveying system. (a) Region 1: an open-loop control. (b) Region 2: a closed- 
loop control; and (3) Region 3: a procedure for selecting the MPC model from a dataset which is collected from an input-output database.
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The Roots blower volumetric airflow is determined using a perfor
mance chart provided by Adams Ricardo Ltd. It is a 3D surface function 
that shows the correlation between the volumetric air flow rate, the 
Roots blower speed and the pressure drop from the blower’s inlet 
pressure to its exit. Considering the airflow incompressible, the air mass 
flow rate can be calculated by multiplying the volumetric air flow rate 
by the air density, as depicted in Fig. 3 (a). The inlet airflow of the Roots 
blower is at atmospheric pressure, while the exit pressure, which is also 
the inlet of the conveying pipeline, is measured using a pressure sensor.

The solids mass flow rate is measured at the receiving hopper, which 
is suspended on three equidistant load cells and controlled using the 
rotary feeder speed at the blow tank exit. The load cells are manufac
tured by LCM SYSTEM LTS (STA-3-1000) with a range of up to 1000 kg 
and an accuracy of up to ±0.02 %. The solids mass flow rate is calculated 
using a linear regression fit of the measured solids mass of a fully 
developed flow, which varies with the rotary feeder speed. Preliminary 
experimental trials were conducted to create a predictive empirical 
model, illustrated in Fig. 3 (b). The model correlates the relationship 
between the rotary feeder speed and the solids mass flow rate at a 
constant blower speed of 1262 rpm.

Pressure measurements of gas-solid flow were undertaken using four 
pressure sensors manufactured by DRUCK LTD (UNIK 5000), with 
measurements ranging up to 50 kPa and accuracy up to ±0.04 %. The 
first pressure sensor (P1, Blower exit) is installed at the inlet of the pipeline 
cycle, which is also the Roots blower exit. The second sensor (P2) is 
installed 10 m downstream of the third bend to ensure gas-solid flow 
transitions from accelerating to fully developed, as shown in Fig. 2. The 
third pressure sensor (P3) is 2 m downstream of P2, and the fourth 
pressure sensor (P4) is 10 m downstream of P3, as shown in Fig. 4. The 
horizontal pipeline’s pressure drop per unit length is computed using 

linear regression fit across the three pressure sensors: P2, P3 and P4. The 
superficial air velocity at the pressure sensor P2 is calculated based on its 
value, the ambient temperature, pipeline diameter and the air mass flow 
rate swept by the Roots blower, assuming the airflow is an ideal gas.

The Wolfson Centre has pioneered an innovative method using an 
arc-shaped electrostatic sensor assembly to measure charged particles at 
the top and bottom sections of the pipeline [14]. Positioned at 1.62 m 
from the pressure sensor P2, as depicted in Fig. 4, this sensor system 
includes both top and bottom arc-shaped electrodes. In this research, the 
role of the arch-shaped electrostatic sensor assembly is to measure the 
electrostatic activity of charged particles at the bottom section of the 
horizontal pipeline using the bottom arch-shaped electrode. The bottom 
electrode acquires electrostatic signals, initially amplified by a trans- 
impedance amplifier circuit with a measurement range from − 5 to 
+5 V. These signals are then sampled at discrete time intervals. The 
development of electrostatic charges on the solid particles primarily 
arises from collisional friction with the pipeline’s inner wall, leading to 
continuous fluctuations between positive and negative charges. When 
fully charged particles pass the 100 % sensitivity zone at the bottom 
section of the pipeline’s cross-section, the resulting voltage signals 
exhibit significant magnitudes before returning to zero, and this pattern 
repeats accordingly.

2.3. Nonlinear dynamics analysis

Several nonlinear dynamics analysis measures are utilised to char
acterise the behaviour of gas-solid flow systems. The primary focus is the 
phase space reconstruction, Lyapunov exponent, approximate entropy, 
and recurrence quantification analysis. Phase space reconstruction em
ploys the time-delay coordinate embedding method, which converts a 

Fig. 2. A schematic of a pneumatic conveying system setup.

Fig. 3. (a) The Roots blower characteristic chart as a function of blower exit pressure drop, Rotors speed and air mass flow rate at constant pipe diameter of 0.1 m (b) 
measured mass flow rate of solids at different rotary feeder speeds and its predictive model.
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time-series signal into a vector of latent state variables. This method 
allows the reconstruction of a phase space that reveals topological 
equivalence to the original system state space, facilitating system dy
namics analysis [19]. Phase space reconstruction requires parameters 
such as time delay and embedding dimension. Given a time series signal, 
a phase space can be constructed in which the system’s state at different 
time points is represented in a high-dimensional space.

The sensitivity of initial conditions, a characteristic of chaotic 
behaviour, is quantified using the Lyapunov exponent. The Lyapunov 
exponent measures the rate at which two nearby trajectories in phase 
space diverge or converge. There are as many Lyapunov exponents as 
dimensions in a phase space. If all exponents are negative, trajectories 
converge, indicating stability. Conversely, positive exponents denote 
divergence and instability. For chaotic systems, at least one positive 
Lyapunov exponent signifies chaotic behaviour. The largest Lyapunov 
exponent is calculated using the algorithm by Rosenstein [49], as shown 
in Eq. 1. The LE calculation evaluates the divergence of phase points 
over an expansion step. The results are averaged across all phase points 
to provide a single value through linear regression. kmax and kmin are the 
minimum and maximum values of the expansion range, ‖Yi+k −

Ys+k‖/‖Yi − Ys‖ is the distance between each phase point i and its 
nearest neighbour s, and dt is the time step. 

λ(i) =
1

kmax − kmin + 1
∑kmax

k=kmin

1
k × dt

ln
‖Yi+k − Ys+k‖

‖Yi − Ys‖
(1) 

The Approximate Entropy (AE), developed by Pincus [50], assesses 
the unpredictability of time-series data. AE is beneficial for its low 
computational cost and robustness against noisy data. AE is computed 
by comparing the closeness of trajectories in phase space, as outlined in 
Eqs. 2 and 3. A lower AE indicates more predictable behaviour, while a 
higher AE suggests greater complexity. Φm and Φm+1 are statistical 
functions computed for dimensions mmm and m+ 1, respectively, and Θ 
is the Heaviside function. 

AE = Φm − Φm+1 (2) 

Φm =
1
N
∑N

i=1
log

(
∑N

j=1,j∕=i
Θ
(
r −
⃦
⃦Yi − Yj

⃦
⃦
)
)

(3) 

Recurrence quantification analysis provides insight into the system’s 
structural complexity by examining the patterns of recurring dynamics 
within the phase space. Recurrence plots visualise recurring dynamics in 
phase space [51], as shown in Eq. 4, where r is the threshold hyper
sphere radius. The recurrence rate (RR) is the ratio of recurrent points to 
the total number of points, as shown in Eq. 5, developed by Zbilut and 
Webber [22] and Webber and Zbilut [52], highlights the frequency and 
duration of recurring states within the system. 

RPi,j(r) = Θ
(

r −
⃦
⃦
⃦
⃦Y→i − Y→j

⃦
⃦
⃦
⃦

)

(4) 

RR =
1
N2

∑N

i=1

∑N

j=1
RPi,j (5) 

2.4. Sparse identification of nonlinear dynamics with control

Sparse identification of nonlinear dynamics with control (SINDYc) is 
a data-driven approach that has gained significant attention in recent 
years due to its ability to identify the underlying dynamics of nonlinear 
systems [47]. SINDYc uses a sparsity-promoting optimisation algorithm 
to identify a sparse set of equations of a dynamical system that balances 
the trade-off between complexity and prediction error. The approach 
begins by defining the nonlinear dynamical system as a set of differential 
equations, as shown in Eq. 6, where f(x,u) is a function that describes 
the system dynamics by evolving the system from initial states to the 
future state while being subjected to a control input u. 

dx/dt = f(x,u) (6) 

The SINDYc algorithm starts by collecting the state X and control 
input U data snapshots from a system under study, typically in time- 
series data form, represented in vectors with n snapshots, as shown in 
Eq. 7. 

X = [x1 x2 ⋯ xn],U = [u1 u2 ⋯ un ] (7) 

This data is then preprocessed by constructing a library of candidate 
functions Θ(X,U) that could describe the nonlinear dynamics of the 
system. The candidate functions are typically chosen from a predefined 
set of functions, such as polynomial and trigonometric functions. Eq. 8
shows the library Θ(X,U) using polynomial functions, where (X⨂X) is 
the function of unique product combinations of X, (X⨂U) contain 
unique product combinations between X and U, and q is the maximum 
order number to consider in the library. 

Θ(X,U) =
[
1 XT UT (X⨂X)T

(X⨂U)
T ⋯ (Xq⨂Uq)

T ]
(8) 

The differential equation in Eq. 9 can then be reformulated to be a 
linear combination of nonlinear functions with sparse coefficients, as 
shown in Eq. 9, where Ξ(ξ) is a matrix function of sparse coefficients ξ 
that correspond to the nonlinear terms in the library Θ(X,U). 

dX
/
dt = Ξ(ξ) Θ(X,U)

T (9) 

The derivatives dX/dt are computed from the collected state mea
surements using a numerical differentiation scheme when the data is 
relatively smooth, such as the central difference scheme. If the data is 
noisy, then the total variation regularised derivative [41] will better 
approximate dX/dt. The sparsity-promoting regression optimisation 

Fig. 4. Schematic diagram of the horizontal pipeline downstream of the third bend showing the location of the pressure sensors P2, P3 and P4 and the top and 
bottom arc-shapes electrostatic sensors assembly.
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problem in SINDYc, described in Eq. 10, ensures that the resulting set of 
equations is as simple and concise as possible, involving the minimum 
set in the vector coefficients ξ in the library Ξ(ξ) necessary to describe 
the data accurately. The subscript k in dXk/dt and ξk is the row index in 
dX/dt and Ξ(ξ). 

Minimiseξk = Minimise
(

1
2
⃦
⃦dXk

/
dt − ξ̂kΘ(X,U)

T ⃦⃦
2

2 + ε‖ξ̂k‖1

)

(10) 

The first term 1
2

⃦
⃦
⃦
⃦Ẋk − ξ̂kΘ(X,U)

T
⃦
⃦
⃦
⃦

2

2 
of the optimisation problem en

forces that the model is accurate by minimising the difference between 
two consecutive state measurements. The second term ε‖ξ̂k‖1 promotes 
sparsity as it has the L1-norm penalty on the coefficient vector ̂ξk, which 
means that the resulting set of equations involves only a small number of 
terms. The parameter ε is a positive constant selected to balance model 
accuracy with complexity. The optimisation problem of the right-hand 
side term can be solved either using the least absolute shrinkage and 
selection operator algorithm [53] or the sequentially thresholded least 
square algorithm [54].

2.5. Model predictive control

Model predictive control (MPC) is a powerful reference tracking 
method for controlling nonlinear systems. MPC aims to optimise control 
input over a future horizon using a mathematical model of the system to 
reach a desired reference state while satisfying constraints on the control 
input and system state. The MPC modelling method used in this research 
does not account for any constraints to understand the outcome of 
tracking a desired state on the optimised control input. In this study the 
optimised control input is the Roots blower speed used to manipulate the 
airflow, and the desired state is a nonlinear analysis measure.

MPC has two main components: an optimiser and a predictor, as 
shown in Fig. 5 in a block diagram. The predictor requires a model to 
predict future states given a sequence of inputs. At the same time, the 
optimiser uses the predictor in an iterative process to optimise a 
sequence of inputs by minimising a predefined cost function. MPC out
puts only the first control input to the existing system, and then the 
optimisation process is repeated in the next step. The optimiser 
employed within the MPC framework is nonlinear, owing to the nature 
of the model used. Specifically, the Sequential Quadratic Programming 
method available in MATLAB’s nlmpc toolbox was utilised.

The cost function J
(
xj,k, uj,k

)
can be expressed as: 

J
(
xj,k, uj,k

)
= L
(
xj,k
)
+V

(
uj,k
)

(11) 

xj,k and uj,k are the state and control input of future horizon values, 
where the subscripts j and k refer to the current and future values. The 
function J

(
xj,k, uj,k

)
includes a combination of two terms, L

(
xj,k
)

penal
ises deviations of the system state from the desired reference state, and 
V
(
uj,k
)

penalises the control input effort required to reach the reference 
state. 

L
(
xj,k
)
=
∑Hp

k=1

[(
xj,k − rj,k

)TWx
(
xj,k − rj,k

) ]
(12) 

V
(
uj,k
)
=
∑Hc

k=2

[(
uj,k − uj,k− 1

)TWu
(
uj,k − uj,k− 1

)
+
(
uj,k
)TWdu

(
uj,k
) ]

(13) 

Hp and Hc are the prediction and control horizon steps. Wx, Wu, and 
Wdu are the optimisation weights for the state deviation, control effort 
for input and input rate of change. These weights are tweaked to achieve 
the desired performance criteria.

2.6. Model predictive control simulation framework

The control simulation framework used in this study provides a 
simulation environment that evaluates the performance and sensitivity 
of model predictive control (MPC) on a system model, as shown in Fig. 5. 
It iteratively applies the optimisation algorithm in MPC at each time step 
to update the control input based on the previous control input and 
current simulated system output. The MPC simulation framework may 
also support sensitivity analysis, where control parameters are varied to 
study their effects on the control system’s behaviour. By systematically 
modifying these parameters and observing the resulting system re
sponses, one can gain insights into the robustness and sensitivity of the 
MPC algorithm.

The framework requires two data-driven models to simulate a closed- 
loop control system. Model A and B. Model A is developed to represent 
the physical system, describing the effect of control and disturbance 
inputs on the system output. In contrast, Model B only describes the 
effect of control input on the system output. The disturbance input effect 
on the system output in Model A is not included in Model B to evaluate 
and understand their effects on the MPC manipulated input action and 
system response.

The MPC optimisation weights are all kept constant except for the 
weight of the input rate of change (Wdu). The MPC simulation 

Fig. 5. Model predictive control simulation environment diagram.

O.S. Alshahed et al.                                                                                                                                                                                                                            Powder Technology 449 (2025) 120364 

7 



framework is used in an iterative process to select the appropriate value 
of Wdu and compare the control performance of different MPC models. 
The control performance parameters considered when comparing 
different MPC models are the rise time due to a step in the output 
reference and output overshoot peak % due to a step in the disturbance 
input. The algorithm used to optimise the value of Wdu is presented in 
Fig. 6. The algorithm starts by applying the MPC simulation framework 
presented in Fig. 5, which requires a system model, an output reference 
and disturbance input data and an initial value for the Wdu. The MPC 
simulation framework generates input-output response data, which is 
used to calculate the rise time and output overshoot peak %. The output 
overshoot peak % value is used in an if condition function to check if it 
falls below 10 %. If this condition is true, then the current value of Wdu 
will be selected. If the output overshoot peak % is higher than 10 %, the 
current value of Wdu will be increased by 1, and the MPC simulation 
framework will be initiated again to generate new input-output response 
data with the new value of output overshoot peak %.

3. Results and discussion

This research unfolded in a systematic progression of objectives to 
model and control gas-solid flow in pneumatic conveying of plastic 
pellets. Initially, the focus was on developing an open-loop pneumatic 
conveying control system that efficiently collects input-output data and 
operates the system above, near, and below the minimum conveying air 
velocity (MCAV). Once collected, features were extracted from the 
electrostatic sensor data using nonlinear dynamics analysis measures, 
providing valuable insights into the complex flow behaviour near the 
MCAV. Moreover, another dataset was collected using predefined 
functions of the system inputs, explicitly designed to identify models 
using the sparse identification of nonlinear dynamics with control 
(SINDYc). These models were evaluated using a model predictive con
trol (MPC) simulation framework to assess their control performances 
and response to disturbance effects. This process led to the selection of 
an appropriate nonlinear analysis method to apply a closed-loop control 
system in the real-time environment developed using an MPC integrated 
with SINDYc. Finally, real-time MPC control case studies were con
ducted to investigate the control performance of the selected system 
model near the MCAV condition and identify potential areas for 
improvement, examining the impact of different control parameters.

The four sections below present the results and discussion on the 
objectives mentioned above. Subsection 3.1 shows the results of the 
open-loop control system used to identify the MCAV condition. Sub
section 3.2 presents the MPC simulation case studies, which involve 
acquiring a dataset of the open-loop control of the flow system, devel
oping SINDYc models from the dataset and evaluating the control 

performance and effect of disturbance on the developed models. Sub
section 3.3 focuses on the closed-loop control case studies near the 
MCAV conditions, and Subsection 3.4 provide a general discussion of the 
results.

3.1. Open-loop control crossing the minimum conveying air velocity

The open-loop control system, shown in Fig. 1, was applied to the 
pneumatic conveying system to identify the operating parameter values 
at an optimal minimum energy consumption operation condition. This 
approach facilitated the collection of a dataset consisting of enforced 
inputs and measured outputs directing the system across the minimum 
conveying air velocity (MCAV). The primary purpose of identifying the 
system parameters at the MCAV condition is to design different control 
strategies that target operating conditions above, near, and below the 
MCAV.

Implementing the open-loop control subsystem requires parameters 
for data collection, preprocessing and the nonlinear dynamics analysis 
measures. The data collection parameters are the input frequencies of 
the blower and rotary feeder speeds and sampling frequencies for 
pressure sensors and the bottom arc-shaped electrostatic sensor. The 
pressure sensor data was collected at 4 Hz, while the electrostatic sensor 
data was collected at 100 Hz. The Roots blower speed input was 
manipulated at 100 Hz.

The largest Lyapunov exponent (LE), approximate entropy (AE), and 
recurrence rate (RR) measures were calculated from the collected bot
tom arc-shaped electrostatic sensor data. These measures are processed 
using a 10s moving window of data with a moving window step of 2.5 s, 
generating signals at the same rate as the open-loop control. A phase 
space is reconstructed for each moving window of the electrostatic 
sensor data window. The phase space reconstruction parameters, 
including time delay and embedding dimension, are set to constant 
values 1 and 2, respectively. The parameter required to calculate LE is 
the expansion range of the average log divergence function, set from 1 to 
5 steps. The parameters for AE and RR are radius thresholds. The 
threshold hypersphere radius r for the AE measure is estimated using the 
30 % standard deviation of the measurement data moving window, 
while the threshold hypersphere radius r value used to develop recur
rence plots and calculate the RR measure is taken as a constant of 0.1.

The primary objective of this open-loop control system experiment 
was to identify the MCAV at which the pressure drop in a horizontal 
pipeline reaches its minimum while maintaining a constant solids mass 
flow rate of 0.56 kg/s. The control scenario for identifying the MCAV 
involved manual manipulation of the Roots blower rpm while keeping 
the solids mass flow rate at a constant value. This open-loop control 
scenario was designed to commence at a constant Roots blower speed of 

Fig. 6. The block diagram of the algorithm used to optimise the value of the MPC weight of the input rate of change (Wdu).
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1262 rpm, operating the system at a high air velocity. The speed was 
then sequentially stepped down by 128 rpm for four steps, starting from 
1262 rpm to 746 rpm. Therefore, the time for each step was progres
sively increased to allow the flow to reach a steady state condition, 
starting from 14 s at the initial rpm of 1262, followed by 21 s, 28 s, 65 s, 
and 63 s.

The data from this experiment is presented in four distinct charts, as 
shown in Fig. 7, each representing a different variable along the y-axis. 
Fig. 7 (a) illustrates the rpm of the Roots blower rotors. Fig. 7 (b) pre
sents data from the four pressure sensors, blower exit pressure, and 
pressure points P2, P3 and P8 in the horizontal pipeline. Fig. 7 (c) de
picts the air velocity at P1 in the horizontal pipeline. Fig. 7 (d) shows the 
horizontal pipeline’s linear pressure drop per unit length across P2, P3, 
and P8. The minimum pressure drop in the horizontal pipeline was 
recorded at 68.2 Pa/m. This value was reached during the third step 
down, indicating that the MCAV lies within the air velocity range of 5.9 
to 8.75 m/s.

Fig. 8 shows three plots for the time-series values of the LE, AE and 
RR for the bottom arc-shaped electrostatic sensor. The LE time series has 
an inverse relationship with air velocity when operating at air velocity 

higher than the MCAV range, while the AE and RR have a direct rela
tionship with air velocity. At the start of the MCAV range, the AE and RR 
decreased with the air velocity to a local minimum value of 0.7 and 
0.0109. At the end of this MCAV range, the AE and RR measures tran
sition to slightly higher values of 0.77 and 0.0161, respectively. The LE 
measure within the MCAV range keeps increasing from 39 to 45.

3.2. Model predictive control simulation of nonlinear dynamics analysis

Applying nonlinear dynamics analysis measures developed from 
electrostatic signal data can characterise the fully developed gas-solid 
flow’s nonlinear dynamics and chaotic behaviour [16]. This study 
further explores this concept, incorporating the largest Lyapunov 
exponent (LE), approximate (AE), and recurrence rate (RR) measures. 
These measures serve as system models investigating their effectiveness 
in controlling the horizontal gas-solid flow of plastic pellets near the 
pressure minimum drop curve. The subsequent sections elaborate on the 
data acquisition, preprocessing, and analysis parameters for the open- 
loop control system used to collect a dataset and develop SINDYc 
models. The SINDYc models output the LE, AE, and RR measures of 

Fig. 7. (a) Roots blower speed, (b) pressure, (c) air velocity, and (d) pressure drop per unit length of the horizontal pipeline, classified into three regions above, near 
and below the MCAV.
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electrostatic signals, and the Roots blower speed and solids mass flow 
rate are considered inputs. In addition, they evaluate the control per
formance of each model incorporated in the MPC simulation framework 
to select the most suitable model for implementation in the real-time 
control design.

The dataset acquisition process was developed to ensure synchroni
sation between the system control inputs and the data acquired from the 
pressure sensors, recorded at 2 Hz. The electrostatic sensor data is 
collected at a higher frequency of 500 Hz and then synchronised with 
the control inputs by adjusting the moving data window step to 0.5 s, 
ensuring seamless data integration from different sources. The LE, AE, 
and RR parameter settings align with the description provided in Sub
section 3.1.

The acquired dataset contains small and large-scale input-to-output 
responses of the pneumatic conveying open-loop control system. Large- 
scale sinusoidal wave function and small-scale Schroeder phased har
monic sequence function [55] were employed to manipulate the Roots 
blower speed. In addition, a square function was applied to the solids 
mass flow rate to evaluate its effects on the nonlinear dynamics analysis 
measures.

The dataset is divided into three stages, each lasting for 210 s and 
culminating at 630 s, as shown in Fig. 9 (a). The first stage involves 
manipulating the Roots blower speed using sinusoidal waves and SPHS 
functions for the initial 40s. The full-form SPHS function comprises ten 
harmonics in the sequence, repeating every 20s, and operates from 200 
rpm to 1194 rpm. The sinusoidal wave has a period of 60s, centred at 
1175 rpm, with lower and upper limits of 860 rpm and 1499 rpm, 
respectively. After the initial 40s, the SPHS and sinusoidal wave func
tions are applied simultaneously for the next 130 s. Following this, the 
sinusoidal wave function is halted, and the SPHS function continues for 
an additional 4 s, bringing the total duration of the first stage to 210 s. 
The three stages share the same manipulated input function, but the 
mass flow rates of solids differ. In the first stage, the solids mass flow rate 
is kept constant at 0.56 kg/s, increased to 1 kg/s for the second stage, 
and reduced to 0.56 kg/s in the third stage, as shown in Fig. 9 (b).

At the solids mass flow rate of 0.56 kg/s, the air velocity reached a 
minimum of 4.2 m/s in the first stage, slightly lower than the MCAV 
range recorded before, between 5.9 and 8.75 m/s. The pneumatic 
conveying system is continuously enforced on both small and large 
scales, preventing the air velocity and pressure drop from reaching a 

Fig. 8. Time-series representation of the data gathered from (a) bottom arc-shaped electrostatic sensor and corresponding (b) LE, (c) AE, and (d) RR measures of the 
above, near and below MCAV.
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steady-state condition. This approach is crucial in capturing the 
nonlinear dynamics analysis measures of the bottom arc-shaped elec
trostatic sensor under varying unstable operating conditions, providing 
a comprehensive understanding of its dynamic behaviour.

3.2.1. SINDYc modelling of nonlinear dynamics analysis measures
The sparse identification of nonlinear dynamics with control (SIN

DYc) method has been employed to construct three distinct system 
models. These models encapsulate the nonlinear dynamics analysis 
measures of electrostatic sensor data processed, as illustrated in Fig. 10. 
Each model incorporates two inputs: the Roots blower rpm and the 
solids mass flow rate. Despite sharing the same inputs, the models differ 
in their outputs: LE, AE, and RR. The structure of these models is 
designed such that each one represents one of the analysis measures as 
an output, thereby enabling the separate evaluation and differentiation 
of their responses.

The SINDYc algorithm is a three-step process for developing a model. 
The initial step involves the construction of a library of candidate 
functions capable of describing the behaviour observed in the input- 
output data. This library is designed with polynomial multiplication 
functions of order two of all compensation between input and output. 
The subsequent step is the computation of the output derivatives. Given 
the relative smoothness of the data, a central difference scheme is 

employed for this computation. The final step involves solving a 
sparsity-promoting regression optimisation problem. This step necessi
tates the parameter ε, which is selected based on the desired balance 
between model accuracy and complexity. The three models representing 
LE, AE, and RR outputs were developed with an ε = 0.01.

The future time stepping of the LE, AE, and RR system models is 
resolved using the Runge-Kutta-Fehlberg 45 method, and their pre
dictions are showcased in Fig. 10. Statistical measures, including the 
mean absolute percentage error and the coefficient of determination (R- 
squared), were computed for each of the three models’ predicted and 
measured data to assess model accuracy. The LE model demonstrates the 
lowest mean absolute percentage error of 1.4 % and the highest R- 
squared = 0.88. In contrast, the RR model records the highest mean 
absolute percentage error of 11.8 %, and the AE model has the lowest R- 
squared = 0.62.

3.2.2. Model predictive control performance evaluation
A simulation strategy is implemented to evaluate the MPC perfor

mance using the developed models describing the relationship between 
the blower speed and solids mass flow rate as inputs and the LE, AE and 
RR measures. Each model’s output reference step response and distur
bance step response are gathered. The simulation is conducted over 81 s, 
with the first 10s at minimum values for the output reference and 

Fig. 9. Demonstration of the open-loop control system enforced inputs (a) Roots blower speed and (b) solids mass flow rate and measured horizontal pneumatic 
conveying states (c) air velocity and (d) pressure drop per unit length of horizontal pipeline.
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disturbance input (solids mass flow rate). For the next 40s, the output 
reference is stepped up to its maximum value while the disturbance 
input remains constant. In the final 400 s, the disturbance input in
creases to its maximum value while the output reference is kept con
stant. This strategy is applied to each model with varying MPC 
optimisation weight of the input rates of change Wdu, ranging from 5 to 
30, while keeping the MPC weight for state deviation at 1, and the 

weight for effort of input at 0, as shown in Fig. 11 (a) and (b). The 
performance is evaluated based on the rise time and peak percentage for 
the output reference step response. In this context, the rise time is 
defined as the duration for the output response to elevate from 10 % to 
90 % of the range from initial to steady-state value.

The parameters are selected and evaluated across a range of Wdu 
values to compare the performance across different models and choose 

Fig. 10. (a) The bottom arc-shaped electrostatic sensor measurement and the nonlinear dynamics analysis measures, including the (b) LE, (c) AE, and (d) RR, 
alongside their SINDYc system model predictions.

Fig. 11. (a) The rise time versus MPC cost function wight Wdu for the LE, AE, and RR models’ step responses. (b) The peak overshoot percentage for each model at 
Wx = 1 and Wu = 0.
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the one with optimum control performance. The Wdu is selected at a 10 
% output peak overshoot for all models. The response parameter values 
for the models, namely LE, AE, and RR, are presented in Table 1. The 
optimisation algorithm used to select the Wdu at 10 % output peak 
overshoot for each model is presented in Fig. 6. The output reference 
step response and the manipulated input (roots blower rpm) are shown 
in Fig. 12. This comparative analysis allows for a comprehensive un
derstanding of the performance of each model under the same condi
tions, thereby facilitating the selection of the most effective model for 
real-time control strategy.

Table 1 shows comparative data using two control performance pa
rameters for the LE, AE, and RR MPC systems using Wdu weights selected 
at 10 % output reference step response peak percentage, including the 
control output reference step response rise time and the disturbance 
input step response peak percentage. The LE MPC system model exhibits 
the quickest reference step rise time at 20.7 s, indicating a faster 
response to changes in the reference value. On the other hand, the AE 
model shows the lowest disturbance input step peak at 6.8 %, suggesting 
a lower impact of disturbances on the system. However, the AE model’s 
disturbance input step peak is lower than that of the LE model by about 
2.3 %, while the reference step rise time of the AE model is almost 
double the LE model, with a difference of 19.3 s. The higher rise time 
indicates that the AE model takes longer to respond to changes in the 
reference value, which could be a critical factor in real-time control 
applications. Therefore, considering the balance between quick response 
time and moderate disturbance effect, the LE measure is the most suit
able for this application. Its faster response time ensures that the system 
can quickly adapt to changes in the output reference. At the same time, 
its moderate disturbance effect means that the system is not overly 
sensitive to disturbances, making it a robust choice when dealing with 
unexpected changes in the real-time control environment.

3.3. Model predictive control near the pressure drop minimum curve

Case studies for the pneumatic conveying of plastic pellets were 
conducted to explore the proposed real-time model predictive control 
(MPC) system performance, as shown in Fig. 1. The real-time MPC 
control system is designed to optimise the Roots blower speed to achieve 
the desired largest Lyapunov exponent (LE) measure of the bottom arc- 
shaped electrostatic sensor and react when the flow is disturbed by 
changing the solids mass flow rate. This control system contains three 
subsystems: (i) open-loop control, (ii) sparse identification of nonlinear 
dynamics with control (SINDYc) model training and (iii) a closed-loop 
MPC. Each subsystem depends sequentially on the progression of the 
subsystems before it, starting with data collection using the open-loop 
control and ending with implementing the closed-loop MPC. Imple
menting the subsystems requires a user-defined input to switch between 
the open- and closed-loop control, parameters setting for each subsystem 
and three predefined functions for three variables: the manipulated 
input, disturbance input and output reference. The manipulated input is 
the Roots blower rpm, and the disturbance input is the solids mass flow 
rate, controlled using the rotary feeder speed and one output reference - 
the LE measure for the closed-loop MPC subsystem.

The pressure sensors data was collected at 4 Hz, while the bottom 
arc-shaped electrostatic sensor data was at 100 Hz and synced with the 
control inputs by adjusting the analysis measures moving data window 
step accordingly. The moving data window step to compute the analysis 

measures is set to 0.25 s to sync the LE time series with the pneumatic 
conveying system inputs. The LE measure parameters of electrostatic 
sensor data are considered to be in the same settings as the open-loop 
control system used to identify the MCAV described in Subsection 3.1.

The SINDYc model training subsystem parameters are the training 
dataset window size, SINDYc model identification parameters, number 
of models to store in the model database, model mean absolute error 
tolerance and checking frequency. The training dataset window size was 
set to 60s of data. The SINDYc model identification parameters are the 
library of candidate functions designed with polynomial multiplication 
functions of order one of all compensation between the manipulated 
input and output, the model accuracy and complexity balancing 
parameter ε = 0.1. The model database stores a maximum of 5 models. 
The mean absolute error tolerance was set to 5 %, where the error of the 
stored models was checked every 30s.

The parameters required to implement the real-time MPC subsystem 
are the control input horizon, the output prediction horizon, and the cost 
function weights, including state deviation, effort of input and effort of 
input rate of change (Wdu). The control and prediction horizons were set 
to 1 s, the weight of state deviation = 1 and the weight of effort of input 
= 0. Two values for the Wdu were considered for testing: 15 and 20.

Two case studies are presented below to provide insights into the 
dynamics and effectiveness of the proposed pneumatic conveying con
trol system strategy. These case studies have different scenarios in which 
the pneumatic conveying system is subject to predefined functions and 
parameters to examine the performance of the real-time MPC system.

3.3.1. Case study 1: Reference and disturbance step response
This case study explores four real-time MPC pneumatic conveying 

experiments. The experiments are designed to examine the real-time 
control system’s adaptability to changes in the LE reference value, the 
solids mass flow rate, and the MPC weight Wdu, as documented in 
Table 2. The goal is to understand the system’s response under varying 
conditions, particularly regarding air velocity. The LE is specifically 
targeted to reach a steady-state value near the MCAV range between 5.9 
m/s to 8.75 m/s. The MCAV is a critical condition of this study as it is 
used to select the operating conditions at which the real-time control 
system response and ability to maintain stability were examined, as 
shown in Fig. 13 for experiments 1 and 2 and Fig. 14 for experiments 3 
and 4.

In the first experiment, as shown in Fig. 13, the rotary feeder speed 
remains constant throughout the conveying process, maintaining a 
steady solids mass flow rate of 0.56 kg/s. For the first 30s, the pneumatic 
conveying open-loop control system was enforced by the Roots blower 
speed using a sinusoidal wave function with a period of 30s, centred at 
1175 rpm, with lower and upper limits of 860 rpm and 1499 rpm, 
respectively. The closed-loop control was switched on, and the LE 
reference value started at a constant value of 39 for 30s. A step change is 
applied, reducing the LE reference value to 30 for the following 36 s. 
Subsequently, the LE reference value is returned to 39 for the next 35 s. 
The steady-state air velocity changes from 6.1 m/s to 19.1 m/s as the LE 
reference value decreases from 39 to 30. Before reaching the final steady 
state, the peak air velocity is 20 m/s, 2 % lower than the LE reference 
value, indicating a slight undershoot. The rise time for this experiment, 
with an MPC Wdu of 15, is recorded as 5 s, as presented in Table 2.

The second experiment, illustrated in Fig. 13, follows a procedure 
similar to the first but with a Wdu of 20. The steady-state air velocity 
decreases from 19.1 m/s to 6.1 m/s as the LE reference value increases 
from 30 to 39. Before reaching the final steady state, the peak air ve
locity remains at 19.1 m/s. The LE slightly undershoots with 1.12 %, 
similar to the first experiment. However, the rise time for this experi
ment is significantly longer and recorded as 17 s.

Fig. 14 shows the third and fourth experiments share the same LE 
reference and solids mass flow rate predefined functions but differ from 
the first two experiments. The difference between these two experiments 
is the MPC weight Wdu, which is 15 in the third and 20 in the fourth 

Table 1 
Control performance parameters of the LE, AE and RR control systems response 
to changes in their reference values.

Model output LE AE RR

Wdu selected at 10 % reference step response peak 12 19 16
Reference step response rise time 20.7 s 40.6 s 22.3 s

Disturbance input step response peak % 6.8 % 4.5 % 28.5 %
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experiment. Following the open- to closed-loop control switch in the 
third experiment, the LE reference is set to a constant 34 throughout the 
conveying process. The rotary feeder rpm is set to maintain a continuous 
solids mass flow rate of 0.56 kg/s for 60s. The rotary feeder rpm is 
stepped up to change the mass flow rate to 0.9 kg/s for the following 61 s 
before returning to 0.56 kg/s for the final 35 s.

The steady-state air velocity decreases from 12.4 m/s to 10.5 m/s as 
the solids mass flow rate decreases from 0.9 kg/s to 0.56 kg/s to keep the 
LE constant. This response suggests that the system responds to a 
decrease in the solids mass flow rate by decreasing the air velocity. The 
peak air velocity before reaching the final steady state is 12.5 m/s. The 
measured LE undershoot was 11.7 % of the LE reference, indicating a 
significant undershoot. The rise time for this experiment, with an MPC 
Wdu of 15, is 5 s.

In the fourth experiment, as shown in Fig. 14, a disturbance step is 
applied to the solids mass flow rate, from 0.56 kg/s to 0.9 kg/s at a 
constant LE of 34, but with an MPC Wdu of 20. The steady-state air ve
locity increases from 10.5 m/s to 12.4 m/s as the solids mass flow rate 
increases from 0.56 kg/s to 0.9 kg/s at a constant LE of 34. This response 
indicates that the system responds to an increase in the solids mass flow 
rate by increasing the air velocity. The overshoot in the LE, as a per
centage of the LE reference, is 5.1 %, while the peak air velocity before 
reaching the final steady state is 17.1 m/s. The rise time for this 
experiment is 10s.

3.3.2. Case study 2: Reference sequential stepping with disturbance step 
response

This section presents the results of the second real-time MPC case 
study, illustrated in Fig. 15. The scenario for this control experiment was 
designed to investigate the LE control system’s response when operating 
near and below the MCAV. The control scenario starts with 10s of open- 
loop control to ensure an accurate model is selected and sent to the MPC. 

The closed-loop control was switched on, and a predefined LE reference 
function was initiated. This function was structured to take three up
ward steps in a sequence, with each step increasing the LE reference by 
5.5, starting from a base value of 28. The LE reference was constant for 
3.45 s during the first two steps and 4.5 s during the third step, reaching 
an LE of 44.5. This sequence was then mirrored with three downward 
steps, each decreasing the LE reference by 5.5, from 44.5 back to 28, 
with the same step time sequence. The value of 44.5 was chosen to 
operate the control system slightly below the MCAV, where the LE value 
was 44 at the minimum pressure drop point of 66 Pa/m, while the solids 
mass flow rate was 0.56 kg/s.

This sequence of three upward steps followed by three downward 
steps was repeated three times during the control experiment. The first 
sequence was applied at a constant solids mass flow rate of 0.56 kg/s, 
increased to 1 kg/s for the second sequence, and then decreased to 0.56 
kg/s for the third sequence. Each sequence lasted 23 s, with changes in 
the solids mass flow rate.

During the experiment, there were three instances (Peak 1, 2, and 3) 
where the LE reference reached a maximum value of 44.5 and three 
instances (referred to as Trough 1, 2, and 3) with a minimum value of 28. 
The maximum measured LE and air velocity values for the three peak LE 
reference values were 45.5, 51.2, and 44.5, corresponding to 4.5 m/s, 
5.1 m/s, and 5.8 m/s. The minimum measured LE values for the three 
trough LE reference values were 27.6, 27, and 27.7, with corresponding 
air velocities of 18.4 m/s, 20.5 m/s, and 19.1 m/s.

During Peak 1, where the LE reference value increased from 28 to 
44.5 at a solids mass flow rate of 0.56 kg/s, the pressure drop in the 
horizontal pipeline reached an optimal minimum value of 66 Pa/m 
before increasing again. However, during Peak 2, where the LE reference 
value increased from 28 to 44.5 at a solids mass flow rate of 1 kg/s, the 
pressure drop reached a minimum value of 88.25 Pa/m before 
increasing again. As the LE reference sequentially retraced back from 
44.5 to 28 during Trough 2, the pressure drop rapidly increased to a 
maximum of 330 Pa/m, a 37 % increase from the previous local pressure 
drop minimum. Concurrently, the LE value reached a maximum of 51.4. 
The control response in this situation was to increase the blower speed to 
decrease the LE value to the required lower LE reference value.

3.4. General discussion

The control studies conducted in Sections 3.1, 3.2 and 3.3 each serve 
a distinct purpose and are interconnected, ultimately leading to the final 
section on real-time model predictive control (MPC) case studies. These 
studies primarily revolve around the nonlinear dynamics analysis 
measures of electrostatic sensor data, including the largest Lyapunov 
exponent (LE), approximate entropy (AE), and recurrence rate (RR) and 
their relationship with three parameters, air velocity, pressure drop, and 
solids mass flow rate, in the open-loop control crossing the pressure 
minimum drop curve (PMC). The control of these measures has signif
icant implications for optimising the pneumatic conveying of plastic 

Fig. 12. (a) Normalised output response of the LE, AE, and RR system models to a step change in output reference. (b) Corresponding normalised manipulated input 
for each system model.

Table 2 
The real-time LE control system response to changes in LE reference value at 
constant ms and air velocity changes in ms at constant LE reference.

LE Reference ms Disturbance at LE = 34

Step direction Step down Step up Step down Step up

Step values 39 to 30 30 to 39 0.9 to 0.56 kg/ 
s

0.56 to 0.9 
kg/s

Steady air 
velocity (m/ 

s)

6.1 to 19.1 19.1 to 6.1 12.4 to 10.5 10.5 to 12.4

MPC Wdu 15 20 15 20 15 20 15 20
Rise time (s) 5 17 5 10 –

Peak LE (% to 
ref)

− 2 −

1.12
+

0.33
+

0.3
−

11.7
− 20 +

8.8
+5.8

Peak air 
velocity (% 

to ref)

+

4.7
0 0 0 −

1.9
−

0.95
+

20
+ 38
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pellets. The objective is to operate near minimum energy consumption 
conditions at the PMC in the pneumatic conveying state diagram. The 
flow behaviour through the LE, AE, and RR above, near, and below the 
minimum conveying air velocity (MCAV) provides valuable insights. 
These three regions of operation at different MCAVs at different solids 
mass flow rates, the PMC points, are the focus of this discussion.

When operating across the MCAV condition, the LE measure exhibits 
an indirect relationship with the air velocity at different constant solids 
mass flow rates and directly with the solids mass flow rate at constant air 
velocity, as shown in Fig. 16 (a). Therefore, applying an MPC to 
manipulate the airflow using the blower to reach a desired LE reference 
value will increase the measured LE as the mass flow rate of solids in
creases. Subsequently, the air velocity will increase to drop the 
measured LE to the desired LE reference value. On the other hand, the 
AE and RR measures at constant solids mass flow rate and at air velocity 
higher than the MCAV have a direct relationship with the air velocity, as 
shown in Fig. 16 (b) and (c).

Near and below the MCAV, the AE correlates directly with air ve
locity. However, the RR shifts near the MCAV, reaching a minimum 
value, then below the MCAV condition, shifting to an inverse relation
ship with the air velocity. The unique behaviour of RR, particularly its 
shift near the MCAV and an inverse relationship with the air velocity 
below the MCAV, has significant implications for the control strategy. If 
an MPC is applied to manipulate the airflow using the blower to reach an 
RR reference value that decreases the air velocity across the MCAV, the 
RR value will decrease above the MCAV and increase again below the 
MCAV. Suppose the model used in the MPC does not incorporate this 
correlation (which means that if the model were not updated fast 
enough to know that the RR has a minimum value at the PMC, it will 
respond by decreasing the Roots blower speed and, subsequently the air 

velocity will decrease even further pushing the system to an unstable 
dense phase conveying mode.

Moreover, the RR has a strong direct relationship with the solids 
mass flow rate at constant air velocity, meaning that by applying an MPC 
to manipulate the airflow using the blower to reach a desired RR 
reference, the measured RR will increase as the mass flow rate of solids 
increases. Therefore, the air velocity will significantly increase to drop 
the measured RR to the desired RR reference value. On the other hand, 
the AE has a weak correlation with the solids mass flow rate. Hence, the 
air velocity slightly increased to maintain the AE value at the desired 
reference in the MPC setting. The strength in the increase or decrease of 
the air velocity with the solids mass flow rate as a response to main
taining a desired reference value for each of the LE, AE and RR models in 
MPC controllers, RR is higher than LE and AE. This leaves two stable 
control strategies across the PMC: applying MPC using models of LE and 
AE for their ability to control the system above, near and below the 
MCAV. According to the MPC simulation evaluation, the LE measure 
was selected based on its fast control response, precisely, rise time than 
the AE, and its response to an increasing solids mass flow rate makes it 
suitable for control across the PMC and its moderate distance effect.

This dynamic adjustment of the LE reference value and the corre
sponding control response demonstrates the adaptability of the real-time 
MPC system. The system’s ability to operate near and below the MCAV 
while maintaining control and responding to changes in the solids mass 
flow rate is a significant achievement. Fig. 17 (a) and (b) depict the 3D 
state space of the pneumatic conveying system under real-time MPC, 
tracing the exact trajectories of system states: air velocity, solids mass 
flow rate, and pressure drop. The distinction lies in their colour bars: 
Fig. 17 (a), with the LE reference colour bar, and Fig. 17 (b), with the 
measured LE colour bar, represent the same points in the state space but 

Fig. 13. Experimental data of two real-time LE MPC responses subjected to solids mass flow rate step up and down from 0.56 kg/s to 0.9 kg/s at a constant LE of 34, 
considering MPC cost function weight Wdu of 20 and 15, including (a) the LE measured and reference and (b) Roots blower speed, and the horizontal pneumatic 
conveying states including (c) solids mass flow rate, (d) air velocity and (e) pressure drop per unit length of the horizontal pipeline vs time.
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with different colour spectrums. These figures demonstrate how the LE 
reference values can effectively guide the pneumatic conveying system 
state towards a desired operating condition.

In the first sequence, the system successfully navigated the LE 
reference from 28 to 44.5 and back to 28 at a solids mass flow rate of 
0.56 kg/s. The pressure drop reached an optimal minimum, indicating 
efficient operation. However, the second sequence, conducted at a 
higher solids mass flow rate of 1 kg/s, presented a more challenging 
scenario. Despite the increased solids mass flow rate, which will increase 
the minimum pressure drop, the system could still navigate the LE 
reference values effectively. This suggests the system can handle varia
tions in solids mass flow rate while maintaining control near the PMC. 
The third sequence, which returned to the initial solids mass flow rate of 
0.56 kg/s, further demonstrated the system’s robustness. Despite the 
rapid increase in pressure drop and the LE value during the downward 
stepping sequence, the system responded effectively by increasing the 
rpm, thereby reducing the LE value to the required lower reference 
value. This showcases the LE MPC system’s ability to react to distur
bances in the solids mass flow rate and adjust the Roots blower speed 
accordingly.

4. Conclusions

This research focused on modelling and controlling the gas-solid flow 
in the pneumatic conveying of plastic pellets to achieve minimum 

energy consumption operation. The study was structured in three main 
stages; each successive stage was developed on the findings of the pre
vious one.

Initially, an open-loop pneumatic conveying control system was 
developed. This system was essential for collecting input-output data 
while operating at various conditions: above, near, and below the 
minimum conveying air velocity (MCAV). Insights were gained into the 
flow behaviour using nonlinear dynamics analysis measures of the 
electrostatic sensor data, critically near the MCAV. Specifically, the 
open-loop experiments identified the MCAV as being in the air velocity 
range of 5.9 to 8.75 m/s, where the pressure drop reached a minimum of 
68.2 Pa/m. Electrostatic sensor data confirmed that the largest Lyapu
nov exponent (LE) decreased with air velocity above MCAV, while 
approximate entropy (AE) and recurrence rate (RR) measures exhibited 
a direct relationship with air velocity. These findings provided crucial 
data for subsequent model development.

In the second stage, the data from the open-loop control system was 
used to identify models with the sparse identification of nonlinear dy
namics with control (SINDYc). These models were then tested within a 
model predictive control (MPC) simulation framework. This step helped 
to understand the MPC performance and its response to different dis
turbances. Based on these evaluations, a suitable nonlinear analysis 
method was selected and integrated into a closed-loop control system 
using an MPC combined with SINDYc. The MPC simulation framework 
demonstrated that the LE model exhibited the most responsive control 

Fig. 14. Experimental data of two real-time LE MPC responses subjected to solids mass flow rate step up and down from 0.56 kg/s to 0.9 kg/s at a constant LE of 34, 
considering MPC cost function weight Wdu of 20 and 15, including (a) the LE measured and reference and (b) Roots blower speed, and the horizontal pneumatic 
conveying states including (c) solids mass flow rate, (d) air velocity and (e) pressure drop per unit length of the horizontal pipeline.
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performance, with a rise time of 20.7 s and only a 6.8 % disturbance 
peak. This made it the most suitable model for real-time control, 
showing robustness in handling varying airflow and solids mass flow 
rates while maintaining system stability.

The final stage involved the real-time application of the MPC near 
the MCAV. Several real-time MPC control case studies were conducted 
to assess the control performance of a selected system model when 
operating near the MCAV condition. This allowed for identifying areas 
for improvement and studying the effects of different control parame
ters. The case studies showed that controlling near the pressure mini
mum curve (PMC) with an LE reference resulted in stable control of air 
velocity and pressure drop. The system maintained optimal performance 
by adjusting the blower speed in response to changes in solids mass flow 
rate. A critical outcome was the ability of the control system to maintain 
a stable LE reference while navigating dynamic solids mass flow rates 
near and below the pressure drop minimum curve (PMC). The system 
exhibited effective real-time control, maintaining the LE within the 
desired range, even during rapid step changes in the solids mass flow 
rate. In Case Study 2, despite an increased solids mass flow rate (0.56 
kg/s to 1 kg/s), the system responded by effectively reducing the Roots 
blower speed to adjust the air velocity and maintain a low pressure drop. 
This dynamic response led to an increase in pressure drop by 37 % 
during downward LE stepping, which was mitigated by an increase in 

the blower speed, demonstrating the robustness of the system in con
trolling LE across varying flow conditions, particularly near the MCAV.

This research offers a data-driven approach to identify and control 
the pneumatic conveying process. It also highlights the benefits of using 
chaos and recurrence quantification analysis for energy-efficient sys
tems. In particular, the integration of LE, AE, and RR into the control 
strategy allowed for fine-tuned real-time control, enabling the system to 
operate efficiently across a wide range of conditions. This study high
lights the unique behaviour of the RR below MCAV, where it shifts to an 
inverse relationship with air velocity, marking a key insight into flow 
dynamics that future control systems can leverage. The three inter
connected studies emphasise the importance of a comprehensive 
approach to understanding and controlling complex systems. The gen
eral discussions further elaborated on the contributions and implications 
of each stage. The findings demonstrate that adaptive control using MPC 
and nonlinear dynamics can lead to significant energy savings and 
operational stability, even under highly dynamic conditions near the 
MCAV. It is strongly believed that the findings from this research will be 
pivotal for designing energy-efficient pneumatic conveying systems and 
related areas.

Fig. 15. Experimental data of the real-time LE MPC responses subjected to LE reference sequential stepping up and down from 28 to 44.5 and solids mass flow rate 
step up and down from 0.56 kg/s to 1 kg/s, including (a) the LE measured and reference and (b) Roots blower speed, and the horizontal pneumatic conveying states 
including (c) solids mass flow rate, (d) air velocity and (e) pressure drop per unit length of the horizontal pipeline.
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List of symbols

MCAV Minimum conveying air velocity, m/s
PMC Pressure drop minimum curve, Pa/m
P1, Blower exit Pressure sensor taping at blower exit
P2 to P4 Pressure sensor tapings in horizontal pipeline
t Time, s
x(t) Data point value at specific, t
τ Time delay
m Embedding dimension
n Number of data points
N Number of phase points
Y(t) Phase space (Time series vector)
i and j Subscript for phase points indexes
r Radius of a hypersphere

Θ(h) Heaviside step function
s Subscript for nearest neighbour phase point index
k Subscript for Expansion step index
kMin Minimum expansion step
kMax Maximum expansion step
dt Time difference between acquired data points
λ(i) Lyapunov exponent
LE Largest Lyapunov exponent
Φ Statistical function
AE Approximate entropy
r Radius hypersphere threshold
RR Recurrence rate
dX
dt Derivative of state vector with respect to time
X and U State and input data vector
Θ Library of candidate functions

Fig. 16. 3D state spaces of the pneumatic conveying system, including air velocity, solids mass flow rate and moving mean pressure drop per unit length of the 
horizontal pipeline with 4 points (2 s) window, correlated with normalised (a) LE, (b) AE and (c) RR, enforced by the Roots blower speed.

Fig. 17. A 3D state space of the pneumatic conveying system under real-time MPC, tracing system state trajectories of air velocity, solids mass flow rate, and pressure 
drop of the horizontal pipeline, guided by LE reference values towards desired operating conditions, where the colour bar in (a) is the reference and (b) the 
measured LE.
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Ξ(ξ) Matrix of sparse coefficients
ε Parameter for balancing accuracy with complexity in sparse 

identification of nonlinear dynamics with control
Wx Optimisation weight for state deviation
Wu Optimisation weight for effort of input
Wdu Optimisation weight for effort of input rate of change
Hc Control horizon
Hp Prediction horizon
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