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Abstract—This paper presents a compact and time-efficient
reduced-order modelling method for thermal-mechanical analysis
and material nonlinearity study of power electronics modules
(PEMs). Generally, the thermal-mechanical analyses in research
are conducted utilising a sequential coupling method, where the
thermal model is solved first, and the temperature distributions
are used as a load in the structural (mechanical) system.
The direct-coupling method has been employed in the present
thermomechanical analysis to evaluate the thermal and struc-
tural governing equations together, i.e., to solve for its thermal
and directional deformation distributions, which are degrees of
freedom (DOFs) of the coupled system. A new approach, utilising
the Krylov-subspace- and Arnoldi-based model order reduction
(MOR) technique, Newmark method and Newton-Raphson al-
gorithm within the reduced-order modelling framework, has
been developed and demonstrated here for analysing material
nonlinearity of PEMs. The reduced-order model (ROM) solutions
agree exceptionally well with the full-order (FOM) solutions,
showing excellent consistency in inelastic strains and plastic work
results for materials with time-independent and time-dependent
nonlinearities. The MOR method offers a remarkably compact
model with a ROM order of just 20x20 for reduced-order
computation compared to a FOM order of about 400,000x400,000
and up to 83% reduction in computational time.

Index Terms—Finite Element Method (FEM), Thermal-
Mechanical Analysis, Power Electronics Module (PEM), Model
Order Reduction (MOR), Reliability Assessment.

I. INTRODUCTION

One of the most critical aspects of technologies in indus-
tries, e.g., space and defence, energy, renewable energies, and
transportation, is operational reliability, and reliability analysis
is required to ensure their safety and operational efficiency.
Fortunately, numerical methods can imitate the behaviours of
different physical domains for comprehensive analyses and
design objectives. The field of engineering sciences, along
with its associated partial differential equations (PDEs), can
effectively describe the physical behaviours of systems. The
finite element method/analysis (FEM/FEA) has been widely
utilised as a computational method to solve PDEs. The FEM
transforms the PDEs into semi-discrete algebraic systems of
unknown variables, and these discretised models are complex
and high-dimensional differential equations for most physical
modelling scenarios [1]. While FEM offers excellent pre-
dictions, it poses challenges in terms of computational time
requirements for simulating large-scale models or exploring

design points, making model order reduction (MOR) essen-
tial. In current MOR applications, the Krylov subspace-based
methods have been generally employed due to their “semi-
automatic” nature, in contrast to the classic MOR method,
i.e., the Modal truncation approaches [2, 3].

The thermal performance of electric systems can lead
to decreased performance and reliability issues. In a previ-
ous study, Eblen [4] conducted a reliability assessment of
electronic components using a thermal-mechanical analysis
utilising FEM and CARES, a life prediction computational
tool. Codecasa et al. [5] demonstrated thermal-mechanical
stresses of an electronic package, decreasing computational
time requirements with extended-TRIC, an ad hoc projection-
based solver. Shen and Ke [6] expanded the coupled thermo-
mechanical investigation to an electrical-thermal-mechanical
(ETM) investigation to inspect an electrical contact zone. Feng
et al. [7] developed a FEM-based computational technique for
the multi-physical modelling of an IGBT module, simulating
ETM behaviours and addressing accuracy, convergence, and
computing efficiency.

Reduced order modelling of multi-physical systems is
vital since coupled systems have relatively higher complexity.
The Krylov subspace-based MOR approach was utilised in
the work of Choi et al. [8] to develop a reduced-order
model (ROM) of a micro-resonator structure for its thermal-
mechanical analysis. Similarly, Krylov subspace-based MOR
algorithms were implemented in a reduced-order modelling
study by Rajaguru et al. [9] to investigate the electrical-thermal
aspects of a power electronics module (PEM). Additionally,
Binion and Chen [10] analysed the ETM characteristics of
a MEMS microgripper, exploring the Krylov subspace-based
MOR methods.

In-depth physical aspects analysis involves considering
nonlinear behaviours in the model. Hence, reduced-order mod-
elling for nonlinearity assessments can be beneficial to address
additional time requirements in nonlinear computation. Scog-
namillo et al. [11] explored the nonlinear thermal activities of
a PEM by carrying out an electrical-thermal study with a MOR
code FANTASTIC. Schütz et al. [12] developed a Krylov
subspace-based ROM of a piezoelectric actuator for examining
its coupled physical conducts while considering nonlinear
inputs in the system. Recently, the parametrised temperature-



dependent material properties and the time-independent ma-
terial nonlinearity of a directly coupled thermal-mechanical
PEM model have been investigated with the Krylov subspace-
based reduced-order modelling approach [13]–[15].

In the above-referenced literature, the coupled multi-
physical, i.e., thermal-mechanical, behaviours have been
widely studied by sequentially coupling the models for
reduced-order modelling works. However, directly coupling
the models would provide a more practical and accurate un-
derstanding of the system and should also be practised during
reduced-order modelling of coupled systems. Therefore, in this
work, the direct coupling method has been considered to eval-
uate thermal and structural equations simultaneously for the
reduced-order modelling in the thermomechanical analysis of
the PEM. The temperature-dependency of material properties
has been taken into consideration for this work, too, as prior
reduced-order modelling studies mainly used constant material
properties. The time-independent material nonlinearity, i.e.,
plasticity, and time-dependent material nonlinearity, i.e., creep
and viscoplasticity, of PEM’s wires and solders have been
studied here with the reduced-order modelling method. A new
reduced-order modelling method has been presented in this
work to study these material nonlinearities. The Newmark
time-integration technique for transient analysis, the Newton-
Rhapson method for nonlinear iteration and the second-order
Arnoldi (SOAR) algorithm for MOR have been coupled
within the formulated Krylov subspace-based reduced-order
modelling technique.

II. PROBLEM FORMULATION

A. Full-Order Model (FOM)

The discretised coupled thermal-mechanical system, for
nonlinear analysis, can be expressed as [16, 17]:

Mz̈(t) +Dż(t) + f(z(t)) = Gu(t)
y(t) = Lz(t)

(1)

Here, M ,D ∈ Rn×n represent mass and damping matrices,
while f(z(t)),G ∈ Rn×M , and L ∈ RP×n, are internal load,
input (external load), and output matrices. Furthermore, u(t) ∈
RM , y(t) ∈ RP , and z(t) ∈ Rn depict inputs, outputs and
states of the system, and they are time (t) dependent. For the
nonlinear model, f(z(t)) and initial tangent stiffness matrix,
K(z(t)) ∈ Rn×n, depend on the states (z(t)) of the system.
In a general thermal-mechanical model, matrix components
can be characterised as [17, 18]:

M =

[
Ms 0
0 0

]
,D =

[
Ds 0
Dtu Dt

]
,K =

[
Ks Kut

0 Kt

]
,

G =

[
F a

Q

]
, z̈ =

[
z̈ut
T̈

]
, ż =

[
żut
Ṫ

]
, z =

[
zut
T

]
(2)

with,
Kt = Ktb +Ktc,F a = F nd + F pr + F ac,
Q = Qnd +Qg +Qc (3)

In this context, Ms refers to the structural mass matrix,
whilst Ds, Dtu, and Dt represent the corresponding matrices
for structural and thermoelastic damping and thermal-specific

heat. Similarly, Ks, Kut, and Kt denote the stiffness ma-
trices for structural and thermoelastic properties and thermal
conductivity, respectively. Additionally, Ktb and Ktc signify
the thermal conductivity matrices of material and convection
surface. The mechanical (structural) load vectors are denoted
by F a, whilst nodal force and pressure load vectors and force
vectors because of acceleration are represented by F nd, F pr,
and F ac, respectively. The thermal load vector is characterised
by Q, and nodal heat flow rate and convection surface vectors
and heat generation rate vector, excluding Joule heating, are
specified by Qnd, Qc, and Qg , respectively. Finally, zut and
T designate the potential displacement and thermal vectors.

B. Reduced-Order Model (ROM)

By implementing the model order reduction (MOR) algo-
rithm, it is possible to obtain a reduced-order model (ROM)
for the system described in (1). This ROM can be expressed
in a more concise form, resulting in a more efficient system,
as in the following [19]–[21]:

Mrz̈r(t) +Drżr(t) + fr(zr(t)) = Grur(t)
yr(t) = Lrzr(t)

(4)

The Krylov subspace-based MOR method, with the second-
order Arnoldi (SOAR) algorithm, has been used to obtain
the reduced-order matrices in (4). The transformation to re-
duced space involves performing the following operations:
Mr = V TMV , Dr = V TDV , Kr = V TKV and hence
subsequently fr = V Tf , Gr = V TG and Lr = LV
[19]–[21]. The inputs, outputs, and states of the reduced-
order model are denoted by ur(t) ∈ Rm, yr(t) ∈ Rp, and
zr(t) ∈ Rq , respectively. The reduced-order system matrices,
Mr,Dr,Kr ∈ Rq×q , internal load and input (external load)
matrix, fr,Gr ∈ Rq×m, and output matrix, Lr ∈ Rp×q ,
have a much lower order than the full-order matrices, i.e.,
q ≪ n. This reduction in order has been achieved using the
transformation matrix V ∈ Rn×q , which has been obtained
from the transfer function of the FOM in (1) as [19, 20]:

Y (s) = L(s2M + sD +K)−1G (5)

Yr(s) = Lr(s
2Mr + sDr +Kr)

−1Gr (6)

Here, the transfer function of the ROM can be subsequently
determined using the ROM in (4). The ROM in (4) has been
solved by Newmark and Newton-Rhapson methods [17, 22].

C. ROM: Newmark & Newton-Raphson Methods

The reduced system’s applied load, stated in (4), is denoted
by Grur(t) and can be represented by a discrete set of values
of Grur(ti), where i ranges from 0 to imax. This set of values
represents time intervals as [17, 22]:

∆ti = ti+1 − ti (7)

The responses of (4) are resolved for discrete time inter-
vals, referred to as time instants ti at time i. The system’s
states, zr(ti), żr(ti), and z̈r(ti), are assumed to be known
for initial time instant and satisfy (4) at time ti. The internal



force (load) of the reduced system at time ti, denoted by
fr(ti), is initialised by Krzr(ti) and subequently updated
based on the preceding states zr, żr and z̈r at time i. In
the current numerical computations, the responses for state
quantities zr(ti+1), żr(ti+1) and z̈r(ti+1) will be resolved for
the time ti+1 that satisfy (4) at that time, ti+1, as [17, 22]:

Mrz̈r(ti+1) +Drżr(ti+1) + fr(zr(ti+1))
= Grur(ti+1)

yr(ti+1) = Lrzr(ti+1)
(8)

In the time-stepping process, for i = {0, 1, 2, 3, ...}, the
expected responses at time instances i = {1, 2, 3, ...} are
obtained in the solution. The known initial states, z(t0), ż(t0),
and z̈(t0), are a requirment to commence the process.

For describing the nonlinear dynamic analysis procedure,
(8) can be composed as [17, 22]:

f̂r(z(ti+1)) = ûr(ti+1) (9)

Here,

f̂r(zr(ti+1)) = Mrz̈r(ti+1) +Drżr(ti+1)
+fr(zr(ti+1))

(10)

ûr(ti+1) = Grur(ti+1) (11)

Considering that, after the completion of j cycles in
the iteration, an estimation of the state z

(j)
r (ti+1) has been

achieved. The next step of the iterative process will give
a better estimation, z

(j+1)
r (ti+1), with j = {1, 2, 3, ...}. To

accomplish this, the total “internal load” f̂ (j+1)
r (ti+1) has been

expanded in a Taylor series around the available estimation
of z

(j)
r (ti+1), and f̂r(ti+1) has been explained in terms of

zr(ti+1), in (9), as [17, 22]:

f̂
(j+1)
r (zr(ti+1)) ≃ f̂

(j)
r (ti+1)

+
∂f̂r

∂zr

∣∣∣∣
z
(j)
r (ti+1)

∆z
(j)
r (ti+1)

+
1

2

∂2f̂r

∂z2
r

∣∣∣∣
z
(j)
r (ti+1)

∆z
(j)
r (ti+1) + . . .

= ûr(ti+1)
(12)

Here,

∆z
(j)
r (ti+1) = z

(j+1)
r (ti+1)− z

(j)
r (ti+1) (13)

Upon differentiation of (10) at the determined state,
z
(j)
r (ti+1), and subsequent deduction of the derivatives by

Newmark’s approach, the following is obtained [17, 22]:

K̂
(j)
r (ti+1) ≡ A

(1)
r +K

(j)
r (zr(ti+1)) (14)

Here,

K
(j)
r (ti+1) =

∂fr

∂zr

∣∣∣∣
zr(ti+1)

(15)

K̂
(j)
r (ti+1) =

∂f̂r

∂zr

∣∣∣∣
zr(ti+1)

(16)

Eq. (15) and (16) act in accordance with the definition of
the tangent stiffness matrix at z(j)

r (ti+1). The Newmark time

integration parameter matrix, denoted as A
(1)
r , in (14) can be

defined as [17, 22]:

A
(1)
r = a0Mr + a1Dr (17)

Here, a0 and a1 are Newmark time integration coefficients.
When considering the state z

(j)
r (ti+1), if it is in close prox-

imity to the solution, the change in zr(ti+1), i.e., ∆z
(j)
r (ti+1)

as presented in (13), will be of a small magnitude. In this case,
it will be reasonable to disregard the second and higher-order
terms of (12), which advances to the linearised equation as in
the following [17, 22]:

f̂
(j+1)
r (ti+1) ≃ f̂

(j)
r (ti+1) + K̂

(j)
r (ti+1)∆z

(j)
r (ti+1)

= ûr(ti+1)
(18)

or

K̂
(j)
r (ti+1)∆z

(j)
r = ûr(ti+1)− f̂

(j)
r (ti+1)

≡ R̂
(j)
r (ti+1)

(19)

Employing the Newmark method to the equation (10) and
concurrently incorporating it with the right-hand side of the
equation (19) results in the term for residual force as [17, 22]:

R̂
(j)
r (ti+1) = Ûr(ti+1)− f̂

(j)
r (ti+1)

−A
(1)
r z

(j)
r (ti+1)

(20)

Here,

Ûr(ti+1) = ûr(ti+1) +MrA
(2)
r (ti) +DrA

(3)
r (ti) (21)

with Newmark time integration parameter matrices, A(2)
r and

A
(3)
r , are defined as [17, 22]:

A
(2)
r (ti) = a0zr(ti) + a2żr(ti) + a3z̈r(ti) (22)

A
(3)
r (ti) = a1zr(ti) + a4żr(ti) + a5z̈r(ti) (23)

Here, a0 to a5 are Newmark time integration coefficients.

III. POWER ELECTRONICS MODULE (PEM)

The application of the presented reduced-order modelling
approach centred on a 3D finite-element model of a power
electronics module (PEM) structure, examining its thermal-
mechanical characteristics for time-independent and time-
dependent material nonlinearities. The PEM structure and
applied boundary conditions for the direct-coupled thermal-
mechanical analysis are presented in Fig. 1. To construct the
model in ANSYS, Silicon (Si) for semiconductor materials,
Aluminium (Al) for the wire materials, and 96.5Sn3.5Ag for
solder materials have been selected, here wire and solder
materials have nonlinear behaviours.

A. FEM Model

For this investigation, directly coupled thermal-mechanical
analysis approach has been considered for the transient FEM
modelling. Within the physical model, the Si body serves
as the thermal source and features an internal heat genera-
tion boundary condition with generation rate reaching up to
QSiN = 1 normalised unit. The baseplate’s bottom surface has
a convection boundary condition with a convection coefficient



(a) PEM 2D Front View.

(b) 3D View and The Boundary Conditions.

Fig. 1: PEM Structure and Boundary Conditions.

of about hCN
= 1 normalised unit at peak, and the highest am-

bient temperature of TCN
= 0.19 normalised unit, indicating

supposed ambient temperatures. The homologous temperature,
regarding Al materials, in the PEM structure reaches up to
≈ 0.39. The two surfaces of the baseplate along the +X and
+Y directions have symmetry boundary conditions, while the
intersecting bottom node features fixed displacement boundary
conditions for the Z-axis as UZ = 0, with no anticipated
deformation, as shown in Fig. 1b. The simulated analysis
includes three loading cycles, as shown in Fig. 2. Here, the
heat-generating body and the convection surface feature vary-
ing generation, coefficient, and temperature values. Parameter
data are presented in a normalised (non-dimensional) format
to provide a general outlook of the analysis rather than a
problem-specific outlook. Temperatures, heat generation rates,
and convection coefficients are normalised by dividing their
respective values by the maximum observed temperature in the
heat source (TSiM ) and the highest generation rate (QSiM ) and
convection coefficient (hCM

) for the internal heat generation
and convection boundary conditions, i.e., TCN

= TC/TSiM ,
QSiN = QSi/QSiM and hCN

= hC/hCM
, respectively. Mate-

rial properties data are assigned through ANSYS Workbench,
accessed from the ANSYS and Granta Design booklet [23].

The Al wire materials and the 96.5Sn3.5Ag solder materials
include nonlinear material behaviours in the FEM model. In
particular, the wire materials follow the bilinear isotropic
hardening rule for plasticity behaviours and Norton’s implicit
equation for creep behaviours. The bilinear plasticity mod-

Fig. 2: Normalised Internal Heat Generation Rate (QSiN ) of
the Heat-Generating Body During Loading Steps.

elling parameter values are considered based on the approaches
described in [17, 24], and the creep modelling parameters are
extracted from [25]. Furthermore, the solder materials follow
the Anand viscoplasticity model for inelastic behaviours, and
the modelling parameters are extracted from [26].

B. Reduced Model

The state-space FOM, presented in (1), has a n = 396, 866
degrees of freedom (DOFs) with system matrices of size
n × n. In contrast, the ROM, presented in (4), has a total
of q = 20 DOFs, with system matrices of size q × q. This
significant reduction in DOFs for the ROM facilitates com-
paratively much faster computation. By incorporating order
reductions of system matrices, the reduction process and ROM
solution required only tROMN

= 0.17 normalised time unit,
compared to FOM’s tFOMN

= 1 normalised time unit, exe-
cuting both modelling approaches on the same computer. The
required times for model solutions are normalised as follows:
tROMN

= tROM/tFOM; tFOMN
= tFOM/tFOM; in this operation,

tROM denotes the time needed for reduced-order modelling,
including the order reduction process of system matrices, and
tFOM represents the time for full-order modelling. Hence, the
implementation of the Krylov subspace-based MOR approach
has resulted in an impressive 83% decrease in computational
time requirements for the exhibited FEM model.

The processes of the reduced-order modelling are sum-
marised in the flow chart depicted in Fig. 3, explaining the
organisational technique. The ANSYS computational tool has
been utilised for developing the PEM model, FEM discreti-
sation, and attaining the system matrices of the FOM. The
system matrices have been imported into MATLAB to create
the ROM with the considered Krylov subspace- and Arnoldi-
based MOR method.

C. Results and Discussions

The ROM results must correspond with the FOM results
to ensure the effectiveness of the reduced-order modelling
method. The FEM model’s DOFs include temperature and

Fig. 3: The Organizational Process of Presented Reduced-
Order Modelling Method.



directional deformations, specifically, deformation in the X ,
Y , and Z-axis. Fig. 4 provides contours of the normalised
temperature (TN ) and total deformation (UN ) distributions,
evaluating the outcomes of both FOM and ROM. The ROM
results exhibit remarkable accuracies when compared to the
FOM results.

In Fig. 4a and 4b, it is evident that the wire bond zones on
Si encounter some of the highest temperatures. These temper-
atures can reach the maximum temperature values of the Si-
based semiconductor. Notably, the Max and Min temperature
values for the PEM structure show only a marginal discrep-
ancy of about 0.1% between the FOM and ROM solutions.
Furthermore, in Fig. 4c and 4d, the results obtained from
FOM and ROM demonstrate that the difference between their
respective solutions amounts to approximately 0.14%, for the
maximum total deformation value. The resultant temperatures
(T ) and total deformations (U ) have been normalised through
the following operations: TN = T/TSiM and UN = U/UM ,
respectively. Here, UM and TSiM signify the maximum ob-

(a) Normalised Temperature, FOM Solution.

(b) Normalised Temperature, ROM Solution.

(c) Normalised Total Deformation, FOM Solution.

(d) Normalised Total Deformation, ROM Solution.

Fig. 4: Maximum Normalised Temperature (TN ) and Total De-
formation (UN ) Distribution Over Time of the PEM Structure.

served values over time in total deformations and temperatures.
Fig. 5 shows the normalised equivalent von-Mises stresses

(σvN ) in the evaluated wire bond site (in the wire body).
Here, the von-Mises stresses have been normalised as: σvN =

σv/σ
(Al)
Y , where σv is the resulting von-Mises stress and σ

(Al)
Y

is the yield strength of Al. These results have been attained
from a probing point, a line (path) across the wire bond area
displayed in Fig. 5a since these are crucial failure sites [27].
The stress results obtained from both the FOM and ROM
solutions are compared in Fig. 5b. The stress results obtained
from both the FOM and ROM solutions are compared in
Fig. 5b. Remarkably, the stress results show a mean disparity
of mere 1.85% amid the results received from the ROM and
the FOM solutions. Therefore, the demonstrated reduced-order
modelling method affirms its suitability for reliability analysis.
It is worth noting that the maximum stresses across the probing
point go above the 1 normalised unit, which is the yield stress
limit of the wire materials.

In Fig. 6, the normalised equivalent plastic strain (εpN )
results for the wire bodies, by ROM and FOM solutions, are
presented. The plastic strains are normalised as εpN = εp/εeq ,
where εp denotes the resultant equivalent plastic strains and
εeq is the resulting equivalent total strains. The results demon-

(a) A Probing Point (line/path) in a Wire Bond Site.

(b) Normalised Equivalent (von-Mises) Stresses.

Fig. 5: Maximum Normalised Equivalent (von-Mises) Stress
(σvN ) Over Time Along a Probing Point in a Wire Bond Site
(within the Al Wire Body) of the PEM Structure.



strate minimal discrepancies and indicate that the ROM solu-
tion can effectively approximate the FOM solution. The plastic
strains describe the degree of work hardening, which is the
time-independent inelastic deformation characteristics of the
materials [24]. As seen in Fig. 6, most plastic strains appear
in the wire bond sites on Si; this includes the maximum plastic
strains. Therefore, wire bond sites on Si will potentially face
deterioration.

The normalised equivalent creep strain (εcrN ) results are
shown in Fig. 7. The creep strains are normalised as εcrN =
εcr/εeq , with εcr denoting the observed equivalent creep
strains. The creep is a type of deformation that occurs under
persistent stress over time, most commonly at high temper-
atures [28]. The outcome obtained via the ROM solution
corresponds well with the outcome obtained via the FOM
solution, showing slight differences between the distributions.
It is seen in Fig. 7 that a large part of the wire materials on
Si show a comparatively significant amount of creep stains,
and the wire bond sites on Si show maximum values. The
creep strain distributions are consistent with the temperature
distributions, as shown in Fig. 4a and 4b, where wires on
Si showed maximum temperatures. Considering the plastics
strains, shown in Fig. 6, and creeep strains, shown in Fig. 7,
it is evident that wire bond sites on Si are possible failure sites.

Inelastic behaviours of Solder-2 materials are presented
with normalised equivalent inelastic strain (εinN ) results in
Fig. 8, with the results presenting combined time-independent
and time-dependent material nonlinearities. The equivalent
inelastic strain results are normalised via εinN = εin/εeq , where
εin represents the resulting equivalent inelastic strains. The
results obtained by ROM and FOM show good agreement with
nominal visual differences in the distribution values. From the
results, it is noticeable that Solder-2 faces a distinct amount
of inelastic strains throughout the body, and since this solder

(a) Normalised Equivalent Plastic Strain, by FOM.

(b) Normalised Equivalent Plastic Strain, by ROM.

Fig. 6: Maximum Normalised Equivalent Plastic Strain (εpN )
Over Time in Wire Bodies of the PEM Structure.

(a) Normalised Equivalent Creep Strain, by FOM.

(b) Normalised Equivalent Creep Strain, by ROM.

Fig. 7: Maximum Normalised Equivalent Creep Strain (εcrN )
Over Time in Wire Bodies of the PEM Structure.

is attached to the heat source Si, it is expected. Notably, peak
strains are seen in the region where temperature values were
high and just below the wire bond sites, as shown in Fig. 4a
and 4b, so the heat transfer behaviours of the PEM structure
play a vital role in inelastic strains behaviours of the Solder-2.

Some more insights into inelastic behaviours are presented
with nonlinear inelastic works, displayed in Fig. 9, which
describes the work done during the inelastic deformations. The
nonlinear inelastic works (W in

N ) are normalised by W in
N =

W in/W in
M , where W in is the resultant inelastic works and

W in
M is the maximum detected value in the nonlinear inelastic

works. As seen from the results obtained by the ROM and
FOM solutions, the ROM solutions can produce an excellent

(a) Normalised Equivalent Inelastic Strain, by FOM.

(b) Normalised Equivalent Inelastic Strain, by ROM.

Fig. 8: Maximum Normalised Equivalent Inelastic Strain (εinN )
Over Time in the Solder-2 Body of the PEM Structure.



(a) Normalised Nonlinear Inelastic Work, by FOM.

(b) Normalised Nonlinear Inelastic Work, by ROM.

Fig. 9: Normalised Nonlinear Inelastic Work (W in
N ) in the

Solder-2 Body of the PEM Structure.

approximation for the inelastic works, with some differences
in the distribution values. The distributions of the inelastic
works show most of the inelastic works have taken place in
the area below the wire bond sites where temperatures are
high, which is consistent with the distribution of the inelastic
strains, presented in Fig. 8. The results further confirm the
importance of heat transfer behaviours in the PEM structure.

D. Reliability Assessment - Life Estimation

1) Strain Based: The Coffin-Manson model, defining the
low-cycle fatigues considering inelastic strains, can be in-
scribed as [29]–[31]:

Nf =
1

2
(
1

ε′f

∆εin

2
)

1

c (24)

Here the parameters are: ∆εin/2, which represents the ac-
cumulated equivalent inelastic strain amplitude (in %) with
∆εin/2 = ∆εp/2 + ∆εcr/2, where, ∆εp/2 and ∆εcr/2 are
the accumulated equivalent plastic and creep strain amplitudes,
respectively; ε′f , denoting the fatigue ductility coefficient;
2Nf , describing the number of reversals to satisfy the failure
criterion (with Nf cycles); and c, defining the fatigue ductility
exponent. The constants ε′f and c are determined empirically.

It is essential to establish the failure criteria for estimating
the fatigue life of materials. In the case of the chip-solder
(Solder-2), the failure criteria are the delamination of 20% of
the solder area and considered for volume-weighted averaging.
For wires, failure criteria are 10% of its area degradation,
and this area has been considered for the volume-weighted
averaging process [32, 33]. Table I presents the estimated
fatigue life values of wires and solder-2 in the PEM structure
for ROM and FOM solutions. ε′f = 21.9 and c = −0.93 have
been used for life estimation of 96.5Sn3.5Ag solder, and the

TABLE I: Estimated Fatigue Life of Wires and Solder-2.

PEM Estimated Life in Cycles
Components by FOM Solutions by ROM Solutions
Wires (Al) 890 810

Solder-2 (96.5Sn3.5Ag) 2, 740 2, 760

values are retrieved from [34]. The values of ε′f range from
0.16 to 0.20, and the values of c vary from −0.5 to −0.7 for
metals, with higher values indicating higher ductility. ε′f = 0.2
and c = −0.5 have been selected to estimate life of Al wires
since Al have excellent ductile characteristics [35]–[37].

IV. ERROR ANALYSIS & OPTIMAL ORDER

The ROM presented in (4) exhibits deviations from its
FOM illustrated in (1). The discrepancies in the ROM so-
lutions can be quantified by analysing the transfer functions,
detailed in (5) and (6), as in the following [38, 39]:

ϵ(s) =
||Y (s)− Yr(s)||

||Y (s)|| (25)

Table II details the errors in the ROM for the associated
FOM. Three different reduced orders of the ROM have been
examined to determine the optimal order of the reduced
system. The table illustrates that increasing the reduced order
from 10 to 20 leads to an evident change in the errors.
Adjusting the order to 30 shows a decline in the changes
of errors. Thus, a ROM of order 20 can be considered the
optimal choice for the reduced-order modelling, and this order
has been preferred for the reduced system in the MOR study.

V. CONCLUSION

In the present work, a new reduced-order modelling
method has been proposed investigating a directly coupled
thermal-mechanical PEM model for its time-independent and
time-dependent material nonlinearities in wires and solders. In
addition to these nonlinearities, the wire and solder materials
include temperature-dependent material properties, especially
the coefficient of thermal expansion and Young’s modulus.
In this study, the second-order Arnoldi MOR approach, the
Newmark time integration technique and the Newton-Raphson
method for nonlinear iteration have been coupled to formulate
the presented reduced-order modelling procedure. The MOR
method has been used to address challenges in computing
time, which occurs during the full-order modelling. The
ROM demonstrates an 83% reduction in computational time
requirements, with less than 1% error in DOF results. The
MOR method can drastically minimise the computational time

TABLE II: Error for Reduced-Order vs. Full-Order Modelling.

Order of the ROM Error, ϵ(s)
10 6.8298× 10−13

20 3.9239× 10−13

30 2.5610× 10−13



demands of reliability analysis while achieving the required
nonlinear data for large FEM models. Future investigations
will concentrate on the parametric studies of power electronic
modules with material nonlinearities using the parametric
model order reduction method, which explores the MOR tech-
niques for design point explorations, owing to the necessity of
several local model solutions in parametric analysis.
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[7] S. Feng, Y. Guo, G. Królczyk, X. Han, A. Incecik, and Z. Li, “An En-
gineered Solution to Multi-Physics of Insulated Gate Bipolar Transistor
Module Considering Electrical-Thermal-Mechanical Coupling Effect,”
Advances in Engineering Software, vol. 175, p. 103365, 2023.

[8] J. Choi, M. Cho, and J. Rhim, “Efficient Prediction of the Quality Factors
of Micromechanical Resonators,” Journal of Sound and Vibration, vol.
329, no. 1, pp. 84–95, 2010.

[9] P. Rajaguru, M. Bella, and C. Bailey, “Applying Model Order Reduction
to the Reliability Prediction of Power Electronic Module Wirebond
Structure,” in 2021 27th International Workshop on Thermal Investi-
gations of ICs and Systems (THERMINIC). IEEE, 2021, pp. 1–6.

[10] D. Binion and X. Chen, “Coupled Electrothermal-Mechanical Analysis
for MEMS via Model Order Reduction,” Finite Elements in Analysis
and Design, vol. 46, no. 12, pp. 1068–1076, 2010.

[11] C. Scognamillo, A. P. Catalano, M. Riccio, V. d’Alessandro, L. Code-
casa, A. Borghese, R. N. Tripathi, A. Castellazzi, G. Breglio, and
A. Irace, “Compact Modeling of a 3.3 kV SiC MOSFET Power
Module for Detailed Circuit-Level Electrothermal Simulations Including
Parasitics,” Energies, vol. 14, no. 15, p. 4683, 2021.
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