Muodel analysis and data validation of structured prevention and control
interruptions of emerging infectious diseases
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Abstract

The design of optimived non-pharmaeutical inenentions (MPlx) is critical io the efective control of emengent
cutbe zkx of infections dissases such as SARS, AHI NI and OOV E3-1% and Lo ensum: that numiers of hospitalized
cazmes dio mofl exceed the carying capacity of medical resources. To address this issue, we formulaied a clasic S1R
made] toinclude 2 close contact iracing stralegy and simiciumd peevention and control intermeptions (SPClsL The
impact of the iming of SPCls on the maximum daily number of non-izolated infecied individeals and on the
duration of &n infectious dissase oulside quarantined e (Lo, implementing 2 dynamic wero-case policyh wer
anzhyad remerically and theoretically. These anabyses mvealed thal to minimire the mazimem number of non-
isolated infected individuals, the oplimal Gme o initizte SPCls & when they can congral the peak valee of 2 seoond
mebound of the epidemic to be equal o the fird peak valse More individusls may be infecied a the peak of
the second wave with a smonger iniesvention during $5PCls. The longer the duration of the inervention and the
sronger the contact tracing intensity during 5PCIs, the more effective they am in shorening the duration of 2n
infectious disezse pulkide quamantined amas The dynamic evelation of the number of isolaed and non-isolaed
individuals, incleding bvo prakx and long Lail patiems, have heen confmeed by varicus eal data seix of multple-
wane O -1 % epidemics in Chima. Chr msules provide important theomtical suppon for the adjustment of NPI
draiegies in melation 1o a given camying capacity of medical meourmes.

Keowords: Emerging infoctious dissases, Strectemd prevention and control interreptions, Multiple peaks,
(ptimnal strategy

L Imtrodution

The OCNID-19 pandemmic has bren continuing for moe than o years, and during this period the causative
vinus hax mutaied constanily |1, 2]. From the original strain io the e la stmin, snd then (o the rapidly spreading
(micron sirzin, the imfection rake is inceeasing and the penerafion tme is shrinking [3. 4], adversely impacting
the pmvention and contral of the various vanants. Medical instiutions 2e facing difficelt situations as they must
control secondary waves of transmission with increasing numbers of patienis whilst simultaneousdy reating coriti-
cally ill patient=. The guality of medical cam deterioraies rapidly. especially when the member of infedted patiznix
eneeds the capacity of medical msouroes and the number of medical devices reguised for life seppon maches 2
limit, thereby imomeaxing the famality e |5, 6] To miligale the speesd of sudden outbrraks of infectios dizsesces
including $ARS, ATHINI and OCW 10-19, non-pharmacentical mienventions (8P} [T-10]. including case isola-
tion, volentary home guarantine, case isolafion, voluniary home quarsntine, closmes of schools and eniversities,
wocial distancing, prevention of mass patherings, profective mask wearing and border closmes have 2l played
important rales.
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Hooever, long-iermm implementation of NPl is nof only difficeli io sustain, bul also challenges nommal social
life and economic development | 11]. = it is critically imporiant io design optimized MPIs to effecively oominol an
epidemic [ 12, 13]. O the other hand, simssex oo the capacity of medical msouroes and other factons have led o the
emergence of 2 comple swilching and mix ing mode of difierent HP smegies 1o siengthen the povention and
control of emergent infectiows diseases such = SARS, AMHINI and COWID-19 throushont the world [14]. Such
= iiches in prevention and control modes in fum stimulaie changes in epidemic osioomes (o some eafent. Thus,
two ey questions are (1) how o design smaie gies of structured pevention and contral intermeptions (SPCls) o
implement WP inihe comme of a dynamically evolving epidemic? and (2} how 1o obiain single or malii-chjective
optimal control schemes o delay and mdeor the magnitude of prak numbers of cases, redoce the final overall
sioe 0f an epidemmic, shoren the time for ils eradication and ensane that the member of hospimlized cases does not
exeed the camying capacity of medical msowmes?

Mathematical mode |s can contribuie to ferther endersanding of these phenomena by obtining analyvtical solu-
tions &= well 2 providing memerical simulagions. SPCls offer an aliemative in continuous inemveniion by alternat-
ing between on and off cycles of iniervention inorder o enhance their otility and mlieve the =cial and economic
pressures that they impose. The impacis of 3PClks on diseese conirol ane evaluaied hes a2 discontinuous change
of parameieTs in the mathematical model The simplest case based on the haxic SIE model, in which an intesven-
tion ix implemenied (or siengthened) only once during an epidemic, ie. 2 one-shol inlervention moded, has been
wite ly siudied both nemerically |15, 16] znd theomiizally [17]. For example, Lauro and Kiks o al [15] numeri-
cally investigaied the dependence of the final sioe and the peak fraction of infecied indiy iduals on the timing of 2
one-shot inienvention during an epidemic, and showed that to mimimise the peak fraction of infced indiv idwak,
the optimal time to ntrodeee the inieTvention is when the current peak fraciion i equal 1o the peak fadtion that
would oocur once the disese mhounds Hootema and Fergeson [ 16] shoeed with numerical simulations that the
fma sire of the member of infected individuals depended on the timing of the one-shol intervention, and that it can
ke mimimized for weaker imienventions with larger control reproduction numbers. Naova and Tomokatsu et al [ 17]
fooesed on the quantitative = lationship beteren the sength of a one-shot intervention 2nd the eduction in the
nursber of infecied indiyiduzlk:.

A x the CUATL- 19 epidemic contimmes, a series of sirict prevention and conrol measunes bave been mplement-
e, including close conlact mcing, quarantining of individmis with suspecied imlection, immigrant monitoring,
eic. Chose conlact tracing hax been commonly considered as an e feciive measems o inlermept further ransmission
of the epidemac [18, 1%] For modelfing the implemeniation of close contaci iracing, the SIE epidemiclogical
madels keve heen exiensively deve loped [20-22] For example, the infecied population is further divided into mon.
isalated infecied (1) and isolsied infected () comparimenis. However, in e hasic 1R epidemiclogica] model
[15-17], the popelation is only divided into sesceptible (3), nfecied ) 2nd moovemrd (F) compariments. It is
difficult to analyre e efioct of the close contact fracing straie gy on epidemic pevenlion and control. Une af the
aims of our work is o mestigate the effects of close contact tracing smaegies. (n the olher hand, the sparad af
imfoction is mainly caused by infeced imdividuals who are noi Eaolaied or traced, incleding apmplomalic mfeced
imdnaduzls wiho e less [Tkely 1o be deiected and difficult io treoe. In [25], Fraser and Rikey et al discussad the
e ffect of axympiomalic iremsmission on the oethreak, and mvealed that it i the kev for control. In regulbr epidemia:
prevention and comtral af OOV [D- 19, mmaving non-isclaied infecied indnviduzls meass that the infectious disease
will be eradicaird oulside quarantized ammas, thereby maliving e dynamic zero-case policy [24, 25 The, it is
csential i imvestigaie ihe dynamic evalution of the non-isolaied nfecied mdividuals during the dymamic evolution
of the overall epidemic

In thix sindy, we congider an SIE-type epidemiclogical model with close contact tracing strefegies imvolying
SMCl=. In panticular, we zim to analyre the impact of the timing of SPCls and the intensity of the close conlact
tracing dmaegy on the moximum member of non-isolsed infecied mdividuals and the tme reeded in ealie the
dynamic ero-case. We also mvesligae optimal sirategies for implementing SPCls that minimioe the maximum
nursber of non-iscliled infecied individeals and the time eeded o realize the dynamic rero-came policy. To
confirm the main msulis and their implications, we we mal daa sets on OOV 19 in China to identify the
unknoe n parameiers and eveal the imporance of SPCls during the disease control procedures. 5o, the: muliple



Fa

Figee k D-.Flunl't-m:hl.ldqﬁhuil.-ghlpn b explanatons of daic varsbion ssd peremcen o e doibing
eqmiien (111

?J:ﬁ"‘
#
-

theomEical resalis presenied by the mode | can be evalusted agaimes data on maltiple waves of COAVID- 19 epidemio.

L Mlodel

11 Am SIE mode] with o clore comarcs srocing wraeegy

In order o describe the close contact trecing and isolation measums taen by China for the: prevention and
control of COW L] %, we adopt the haxic model idea proposed by Keeling and Bohani [26], for which the Soo
diagram is given im Fig.1. To formulake the moded, we classify the popalation & susceptible (), quarantined ses-
ceptible (5}, non-isolaed infecied ), isclated infecied ), hospitalized (4} and mcovessd () comparimenis,
where the non-isolaed infecied population (F) includes sympiomatic infecied individeals which ame difficult to
trace and dedect. Fasther, we denote the contact racing retio @ g, which indicaies that the traced population will
ke quarantined or isolated, depending on whether they are infecied or ol Meamwhile, the uniraced popalation (2
ratie | —g) consixting of individuals exposed to the virs who are missed from the contact tracing, will gay in the
& comparment if they are nol infeced or move (o I i they are infecied. The untreced infected individess can
ke defected and then move bo the compertment H' at a rete 8y Lot 8 be the disgnosis rae for individuals inooom-
partment f,, who will become hospitalived. Mote thal non- olated infecied individuals may also moover naturally,
= the mode] reqguines a trameition from § o . 59 is the nalural recovery rate for individuals in compartment [ and
Ty s the removal rate of hospitslived individuslk in compariment . Themfom, the ransmiszion dynamics an
governed by the folbow ing sysiem:
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where we denole the tremsmission probability o be [ and the contact raie as ¢ [ue 1o the shon demation of each
epidemic wave tat oocurmed in mainland Ching afier the Wohan epidemic in 23030-1027 [27). the comesponding
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changes in the behayioer of the meovered indiy iduzls and given that antibodies raised in momvemd indiy idwals
agamst CUAIDL 1Y provide proteciion for al least seversl weeks following infection, immadiae minfection with
the virus is unlikely [28]. In cur model, we do not consider the mium of recovemd mdividuals (K) to the e
msceplible compariment (5

1} Soucsured prevensiog and comorl imamupiiong

How 1o dexign the SPCI strategies in mdem the ma imum member of non-isolaed infedtions and shorien the
perind neaded to realie dymamic yeroocame a@im is crecial for controlling mukiple peaks of nfectious disseses
mch & the COATIL 19 epidemics that hewe oocurmed im mainland Ching and elewhere To address these ey
imsues, we introduce the effect of SPCIk on dizease control into the conlact rabe © and the quarsntine rabe g, ie. @
dizcontinuous change: of the contart rate « and the guarantine raée g in 2 model o mpesent emporal disconfinoites
im the pevention and conirol measmes. Here we also corider the simple case of SPCls, where the intervention is
siwngthened (or implemented) only once during the epidemic. The fmed one-chot imtervention is determined by
the stz time T 2nd the end time T,y 2nd consaquently the prooess of dynamic evalution of the oversll epidemic
situation is divided into three stages (as shown in Fig 1), = follows

# Kegular epidemic prevention and conirol stage @ 2 T
» [inhanced epidemic prewniion and control {ermed the second imiervention)) stage (T = ¢ o€ Toppl;
» Hegular epidemic prevention and control stage & o Torpel

Comspondingly, we ke © = cp and g = gg he the basic values for the contzct and quamaniine rales, mspecive by,
during the regular epidemic prevention and contral. They am switched 1o 0 = ¢ and § = §- onoe the imlenvention is
simngihened {or the sscond inlervention is implemenied) aty = T, and msiomd toc = op and q = go & £ = Tapr,
mexpeciive by. Therefore, a disconlimeoes contral scheme acting on system (2.1 can be formulaied 2= follmees:

[co, 1%Tm, g, 1%Tm,
- i-c,, Tt CTapp, ®nd go ¢ g, Tow o1 = Tayy, 22
e, & >Tapy, go, & > Tayy.



In thix paper, we will focus onithe dependence of the max imum number of non-isclaied infecied individuals z2nd
the time neaded 1o malie the dynamic zemowrase policy on the timing of the scond iniervention and the inensity
of the close contact trecing strategy, and provide guantitative mlationships with no approximation.

L Preliminares

In this seciion, we iniially gve some preliminary wsulis of sysem (210 Noie that the recovered R, hos-
pitalived M, quarsntined smscepiible 5 and isolated imfecied [, compariments 2z decoupled from the find oo
equations in (2.1}, =0 we onby need io consider the following feeo-dirensional sysiem
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where fiy ﬁ":":,'" F'-ﬁli‘:ﬂ; 3 =&+ and i, = iy due o the isolation messures. By using the next
generation matrx method, we can obiain that the basic reproduction number is £, — £ and the effectve =-
!_:l.'l:ldl.l:ljl:'l:l numbeT is Ky = ﬂ_rﬁ—' Solvimg the above eguation with inigial value | S, o) yields the Follow ing first

Ie)+ %sm — gy In(Si ) =lat %Eu -y 32
where gy = il-h Suhstimting il into the fist equation of mode] (3. 1), we o
L -;—1.5[. b+ In 82} + 0+ %En — g%} | = SF(8), a3
where
F (5} = f2501) — B In[S(2)) — Bl — B2 + fapn Im(S5).
Hy a simple calculation, we have

1
FiS)-B—Fim

Sahving FU(8) —ﬂ}'bh:hl]'l!-ﬂ.trr!-'pﬂ'ill.i_i#— EEL'.-HI. Moreover, it is ey (1o soe that if 0. 8o 5
then FU[E) «  IT & 2 §qug then FY{S) = 0, which indicales thal the function (5] maches a minimal value at
§ = Sy Funther, we have lime o (5] = 4o and F(S) = —falz o 0 Thos, the equation F[5) = { has 2 smigue
positive root in the imierval § € (0, 53], denoted 2= §,. This indicaies that these ix 2 unigue non-trivial equilibriom
§, lor systemn (33)

For sysiem (3.3, il is easy o verify that the rero equilibrivm is mnsiable. And we can forther show that the
function F () safisfes the following properiies 5 o 0 forall{l S 5, , and § < 0 forall 8, < § o 55 Themfom,
the uniqee equilibrium of sydem {1.3) i globally asympiotically siabie. It follows from the elsgtion

T+ %5[1 b= Ind 1)) = 4+ I':_I—lh'-'"-:r — o In( 5z

and the formula for 8, tha the Gmitation lim,_, . S[r] = §, mest imply the limitation G, J{) = 0, which
confimes that the discase free equilibrium [(5,,0] of model (11) is globaly siable. Aocording o the equation
F 5] = 0 and the properiies of the [.awbear W function we havwe

[ iy -.-ui:l]
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sr  This meams thai we obixin the analytical formuola for the umique equilibriom 5, Forther, f iz = f 2nd ibe ol
numier of indhviduals in the population is a coresamt ¥, then the final sive safisfies bm, .o K] =N — 5, insydem
(21

Hemark L1 Nour cha for sereem (50 ), & is eaey w0 verdfy ohm Jf+o) =0, Lo shere 5 mo finge vafie T such
shat [ [Tend | = Dif [[2] dencees vhe number of non-isolmed fnfeced mdbvidiarle. fn facz, we lonerer sl i oke number

m o aen-islaed infeceed fadividualy dereases and iy lesy dhian 1, dhen dhe infeoiouy divease will be eradicmed
i Sidr guaranined oreay when rhere iy me infecion remanduced iro tie popeieion. Therefore, we suppose dhe
she ineroious divease will be sradicmed o sdr queranined oreas (Le reglipmp e dvmomic zem-case policy) @
o T providied s ' Tens' ) o2 0 and T g ) = 1.

4 Analyss
Ini this =eciion, we discuss the dynamical behaviour of sysiem (11) with (13), which i= egunalent to the
folbow ing; sysiem
2 msie),
dT{s) 4.1
—5; = FaSu M) - k)
with
ﬁ"‘l JETI'-I=| .ﬂm: JET:-:
ﬁ-{,ﬂg, Tow = 1 "= Tagy, m:l,ﬂ;-! v Tamozy = Toprp,
L By, 12Ty,
where

I- ] - -
po-Bateall B) o fella) 5 Betcadl ) .

Momover, Fin = ., fic = Bz 2nd fon 2 frr. Comespondingly, the mode] has thmee basic reproduction members
Ko = EEEL iy o Bt g iy o S50 g e flective meprodaction members Ky = 2252, ¢ [0, ] u

Tyt and By = B2 4 € [T, T, 1 | Sokving the sbove equation (4. 1) in the interval [0, Tou] with initisl vilue
{8el), we cbezin
B

P} )~ paoln(Sie)) = o, ¢ € 1 Tenl, .

fe(l —4.)
I .

where
pio = o o =t Esu—puh[sa].

For comeenience, we i fr, = 1{Tw) and Sp, = §{Tw ], then

Iy = —Eﬁrﬂ + i wlng Sy | +dhp

Similarly, solving equation (4.1} in the inerval [T, T, ] with initial valee (§;_ J;_},we cbiain

IDJ+%5H — prc IS} = e, ¢ € (Tom,Tarsly i

itk
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Lethy,, = I{Topr) and S5, = S{Tary), then

FlF

] Sra — (Pre — o) i) + 10,

Mgy = — Eﬁrﬂ_,,+puh1|:5m} {g—;’:—gﬁjlir + o Ini $rg ) + e

Farther, sobving equation (4.1} for ¢ = Topr with inifial vabee (57, /x|, we obtain

Ta)+ ::1_:’;.-5[1] — (S} =z, 1 € [Tayy, =), B

P {::f“ ‘;:]urﬂ,, S :I+[.n~.r—ﬁ:.2l|ﬂl:

4.8 The manmom sumber of Ron-tealaed imfeceed indiiidiom!s
Hefom the desoription of our msulix, ket us now infodece the following Lemmes that will be msed in this work.

} tiép.

Lemnma 4.1. For syraem (4.0, shere iv g unigue peak of the number of non-ieolmed imecied individuafy £ and only
if the paramaery T and T, pp smisty one of the fllowiap properies:

(1) Rar(Tew) = 1, Rz = 1, Rez(Tgy) = | aned R == |
) By (T = 0, B = 1, BT} = 1 amd Ry £ 1
(a3) Re(Ton) 2 1, R = 1, Rez(Toyy) 22 | and R =2 1;
f2a) Rer(Tem) = 1, Rz = 1, BeaiTiy) = | and Ry ==

Froof From the second equation of system (4.1 and the propery of P ). it is easy to verify the above conclusions,
we omil the procedess for brevip. O

Lemma 42 For symem (4.1, there are owo peaks of the mumber of pow-isoloed meoed indhidualy i omd only
if the paramaery Ty and Topp smisty one of the fillowiap propesics:

f(ma] Re(Toe) = I, R = 1, Bez(Topy) = | omd Ry = |

(0] Rer(Toe) = 1, Bz € 1, Bez(Topy) oo | and R 2

Froaf It is eaxy 1o verily the show conclusions and we omil the procedees for brevity, which will be illosirated
as folloes |

For cesex (@) )-(aq) im lemma 4.1, it is casy 1o verify that the peak of the number of non-isolated infocied
individuals could appear in the following four cases: afier the second inervention, during the @oond menvenlion,
al the start of the second intervention, and af the end of the second mervention, mspectively. Let T be the tme af
which ghe mumber of non-isclated infeced individuals :EEI'E:IJ:EFLMT‘BH:FE:T‘ :-T,ﬂr T -cT i
Ty, Tg =T and T3 = Toyr for the above four cases (@ }-{a4). mespective y. For cases (as) and [as), Ilrﬁ:nd.p.-i.
dhnuﬂrﬂmhﬁdln&tﬂﬁﬁu&m@'m.h@ﬂﬂtﬂ:ﬂmﬂmamw
second intervention. The second peak of the number of non-isolated infecied individuals appears after the seoomd
imtervention. The peak with a larger number gives the global maximem since there are two peaks of the members
of non-isplated infeded individuals.
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Figem & lrrpact of B teing of e woamd iveetion, wies AT = Ty — Top speeni e drstion of B eond mereplics. (53 The
Swiriuios of e e (0 -] ssd jag-(ag) o lommas 4] and 43 oo the plans of (T, AT |, and the opan daahed corve neopasenis that
rn e fwe idoptes] praks of @ sumber of ma-imbie infoced mdividesde (5 Te Seo-oeclution of ! for cpidmicwithoo 3 moo

imemvention (<1l The Sme-oeolution of ! for epidersioy wilh 3 oo eerention, wiee () [Te AT | = 4, 3), (&) [T, AT ) = @, 5, (=
[T, AT ) = (4,30, [E) (T AT | = [&, 14}, {5 [Tog, &T ) = [RELDE], h} [T AT | = (35, L5} wrd (1) (T AT | = (35,5 (Mwr o
mmolloee W =0, & =ML, g = LB DI, o = 10, @ = DG, o — 438, g — U03F, 37 — 0] and & — 0LTHM

To brifly illustrate the siv cases in Lemmas 4.1 and 4.2, we i N = T63, 5, = T62, Iy = 1§ = 0L155, o = 10,
gp = OLDIS3E, o = 456, g- = (L033, p = 0] and & = 0.2304. In Fig.3 {a), we divide the (T AT ) pammeier
space into e submgions in which the cases (@ )-[22) and {&2]-(as) in Lemmas 4.1 and 42 ame indicated, when
AT = Tapy — Toe Tepmsents the duration of the second imtervention. For case (&), the conditions Rex[Tapp) = 1
and By < Imqﬁﬂﬂuﬁk-h-#‘;-i&. Sent ) . Bel W oy = i amd gy = g, which indicaes
that the intervention was not chanped dening the second imtervention. Thes: foe, we cmit il

Femark AL I'n Lemmar 4.0 and 4.3, we theormically anatyge she number of she pealy for ohe musber of non-
ielared imfersed individumls. Newe rhay (] dfie peak of the number of non- selaed fnfeoad indhrdualy may sppear
before she recomd inervenuion, Le ke mewber of pon-rolaed infeoed mdhidualy reacies Ly marimum before the
repond imervemion Thiv care impéier sha ahe socond fuervenion aoae soe lae and feily o mivipaee owbrealr,
Therefore, we ragppose thar e secomd e veion rhowld be trplemened (or the fuervenion should be crenpah.
enedl before dhe peak of the mowber of nos-isoleed infeged mndividuale [§) Here Rz = | fegelies thar @ weak
terverion [ 17, Le ohe mumber of mon-isolued infecsed individualy may increare during she second ferveniion
pericd, ay showw in Fig 5 iclifl. While B 2 | fvgolies rhay o srong dwervention [17], Le once the second in-
tervendan iy implemened, she memher of mon-icolaed inferzed individuals will decrears, ar rhown in Fig 37 pifil
Funhermore, comparing the oree (o dn [emma 4§ with ohe case (a:) ta Leowme 4 3, we oo find shar shere v 2
serovad peak for she case (ogd o shown mFig 5 (gl(hl Thiv shows il the condiion 8z = | i mecernary for the
exisence afdhe second peok. Thir also mplier thar herd mmuniny iv sor ackioved during she recond inervemion



Mow let ux describe the cases (o) )-(2,] =nd (a,)-(a;) m Lemmas 4.1 and 4.2 with mspect to the maximum
numier of non-isolaied infecied individoals in detail. For comvenienoe, let /2, and T2 be the magimum number
of non-isodated infected individuals and the time at which the number of non-isolated infeced individuals maches
the max imem in sysiem (4.1}, mspectively. By a simple caloulation, we have the following reslis

Theorm L.1. For remem (400, the muorimum number of pos roloed infeceed indididualy iv piven as

I n, for case(a;],
i I, for case(as),
I:'“ - I Tm® _P:I'Ed.!'ﬂ[ﬂ_,.]l
i I'I'h:l:l'lihlf:_]l _||'-I:I'i:.|:l.1'|![d|]|
| maxif, 01}, forcase(as),
. - - STerp
=gy o)+ (o o) s Sra) e —pin (52 ) 4
ared

k- —ﬁ%mrh{ﬁ j|+.|:§: g—“] Srue — (e — o) (50 ) 810,

Froaf For cae (gy) in Lemma 4.1, the number of non-isolaied infecied individuals reaches itx moximem afier
the zecond ineTvention ie To, T, The condilions for the peaks am given in terms of the number of se=-
ceptible individuals as S(s) = 35 without the second iniervention, and 5t ) = 3= with the =oond miervention.
Comesponding by, we have Spg,, = ,.37. From equation (4.3], we have

i) +§—;’;-‘-'IZ-'J—F-:—|H[5[-'!IJ = du2, 1€ [Tapr, +=). 14.5)

Swhetituting Spg -éhm&mmudma-Tﬁm“:ﬁm

T _ N
et g ‘""'J"{.ﬁn-} #uz
e the maximum member of noo-ischibed mfeced mdividuals is

m.-—ﬁi+m1n|:ﬂm}+(§f: g:jl[&.,,, sr.J+[p1r—mn:an[%_ﬂ}+m. 6

which is eguivaieni iof giving the maximum number of non-isslaied infrcied indiy ideals for case (o | The others
cam be proved similarty, and we omit the proedums for beviey. The proof’ i completed. A

Bemark 42 For svsem (401 shere ore owo dmdcal pegby of vhe number of Ros- iFelued infraed indndduns
whem Iy = I3 for case (ox) Similerdy shere abvo enn neo idemiog! pealr of the number of non- sodared infereed
tndividualy whem fry = [y for cace (g, or shown m Fig 5 fal

InTheomm 4.1, we mummarize the analytical forms of the ma imom number of non- olsed nfected individu-
als for cases (m (2] and (o )-(a;) with mespect io the number of seceplible mdividuals al the start and end of the
woond inervention, 3p and &, - We cannot direcily anahvse the impact of the tming of the second mienvention
on the maximum numbet of non-isolaied imfecied individuals since it is difficult io obiain the Gme etes of the
gysiem (4. 1) analytically withoot amy approvimations. Mol that thes: ex ixis a one-io-one cormespondence betaeen
(Tam. Topy) and (5. 57, 1 1 folioers from the find equation of sysiem (4.1) that 5, and 57, am monclonically

ary

q



de-cm axing with mspect to Ty and T gy, mspectively, Le. % o ﬂ.l.nd%'}m o> I Therefore, we can analyse the
impact of the timing of the soond imtervention on the ma imum number n-ll:nnn-m:hlﬂ-d:nfﬁrbdn:]nﬂu.hh}'
uxing this method. See Appendin A for details of the derivation.

4.1 The ame peeded wo realize the dwaesc pero-oore

I:I.T:d ire ZTﬂﬂjbhhMﬁt‘dmmﬂji&h‘#“ﬂt rero-came aim im sysem (0L Comespond-
ingly. we have the followring m=olis
Theorm 4.E For rymem (4,00, she dme needed s realize the dymamic zerm-case aim i piven ar

L [ 1
Tt T“”*JC:, St Fropra 5]~ Pl

S = Cttemten W |0, pocer(508) | < 5
Froof For equation {4 3], we have
) = -';—::5[11 tewnini§i ) +daz, @€ Tapr, ), .1
and it follows from frz, = 1 and FITL) < 0ot time ¢ = T2, tha
! +§%5..; — paln(Srz,) = gz ()

a.rI:II,-;_ al ile' By wsing the Lambest W function [29], solving eguation (4 2} wigh respedd in E,.-‘r__-'l'e obizin

_ _Bupuw (o _B= P e
I".ﬂr _:mmw_n, B F{ }_

fiao nP1 ]
Sohslituting equation (4.7) into the firsl equation of sysem (4. ]} yields
Tt} = 5[BnT — P n(5) — faopiz], 1 € Mory, +). 4.9

Fariher, we integraie: equation (4.9 from time Topr o TS a0

15 1 &
A5 = dr.
JIL," & [Fac — Figmp In[ 3] — fapdu| -i:;.-
Then, the time needed bo ealioe the dy namic rerourase 2im is

L 1
T, =Tt | ™ 5.
=t J'L,,, ST — Fiopa (3] — Fodua

Thix completes the prooi |
Remark 43, For rymem (4.0] noe shar @ Smer = Topy, f'ru._,.E I, wihich ir equaivalens ie

B s e o a2 )| t
k. T Fo 03] — o]

Tty < T + FLE

1]



Chhereise, 'u:l'l.r.uT,H o T_'J.'?. then we have Irﬂ-,. o I, wihich indicmes thar obe second imervendon will no be
wopped unil she infeaiouy diseare iv eradioued cuxide queroained ooz, Le reqling e dweamic gem.case
policy.

i Nomerical investigntions and resalis

In the pevious sction, we obiained the maximem number of non-isslaled inkeced ndividuals 02 ) and
the time (TZ ) needed io realive the dynamic mro-case aim for all cases in Lemmas 4.1 and 4.2 by theomtical
anzlysis It shows that [E depends on the nember of suseptible individeals & the siar and end of the seoond
imtervention, S, and 5r,.. and Toy depends on Topp, S, and Sr, - However, although there exisix 2 one-to-
one conespondence betueen (T, Topr) and (S, S, 0 it is diffscult bo analyse the impact of the timing of the
second infervention on the manimum numbet of non-isolaied infecied imdividuals and the time needed bo realse
the dynamic rero-case aim, which will he further addwsmed in the coming sections by numenical imvestigations.
Farthermom, we inmdee close contect racng inlo the claskical SIR model To hetier undesiand the ok of
conirnl measures on the mamimum numsber of non-isolaied infecied individuals and the time needed to realse
the dynamic remo-case @m, we camy oul the numerical analyses with mspect o the o key parameiers g and
r,., Which alloe = io compam the mam wsulis with those obtained for the classical SIE model with one-shot
imtervention [15-1T]

11 Impacy afshe siming ofvhe recond imervenson (T amd Toprd

Heed on the methods proposed in [ IT7], we sddmss the impact of the timing of the second imtervention on the
max imum memhber of non-isolaied infeced individeals @nd the tme needed bo realie the dynamic ero-case aim
undeT sirong intervention (fz « 1) 2nd weak inervention (R = | imspedively.

Yrr. The srong secomd inervereion (Roz o 1)

Here i, and TL; am numerically caloolsed with different st and end times for the second miesvenlion,
Tow @l Topyp (Topy = Toe + AT To betier illestrate the impact of the second intervention, I, is normalized in
the absence of the second inerwention by [, and TT , is normalized in the absence of the second miervention
by T T /o and T /T, quamtify the effectiveness of the second inervention. As [T, /155, decw e, the
second inieTvention shies more sucoes in minimizing the maximum nember of non-isolaied infecied individels.
Similarly, as TS5 Ty deoresmes, the seoond imiervention shows more success in shoriening the time needed 1o
malize the dynamic aero-case aim.

In Figd, we bt & = T3, 55 = Ta2, I = I, § = 0155, op = 10, gig = COU01526, oy = 25, e =021, 35 = D1
and &, = [.2504. Omoe the seoond inlervention is implemented (or the imtervention is smngihened), the number
of non-isolated infecied individuals will decrease. Thete are one and ftwo peaks in the mgions (0] 2nd (az),
mxpecively. The maximum number of non-isolaed infecied imdividuals is smaller than that withow! the seoond
intervention, appearing al the =it of the second iniervention and afier the second imtervention. Mos: precisely, il
appears al the star of the seoond imienvention in the mgion to the right of the ovan dashed curve, afier the soond
intervention in the mgion o the kefi of the cyan dashed curve, as showm in Figd (ol The dependence of the bme
meeded 1o realize the dynamic rero-came aim on the timing of the second intesvention is plotied in Figd (b Mot
that them exisis & ome-io-one comespondene hefween Figd (2) and (b

# More individmls may be infecied al the peak of ihe second wave with a sironper intervenfion during the
cpidemic. Ax shirem in Fig4 e, once the second inkervention is implemenied, the member of non-isolated
infeded individuals will decnrase. However, there is 2 larper second peak afier the second inkervention even
if the sacomd inieTvention is bonger. Thiswould effectively discand the efforis that had been made dening the
second intervention, provoking a critical failee of the health care sysiem. Ther{om, it will he necezsay 1o
be alesi for a larget second wave thai may coour afier the second inienveniion in such cases.
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Figee & Iavpmct off the Bning of B strong woond intorvengon (B < 1) on e momew e el an-bolsied @kcod individeals smd
B b moded o malbe the dyranic ec-ow sim. Hew we i all clther prercien s oleee 8 =783, 5 =ML L5 =1L 8 =015
oy = I qp = 0OLE, o = 13 g0 = 02, 35 = 0L and & = 0250, dad The mex o monber of oos- i d infocied deeidods (T 1
with negrd o Tap ard AT, wies the cpan danbed crrvm wpeenb el bee bl bwo desbicsl praks of te unber of son- ol sied nfecod
inchrichnds, e prpks solid carve i e bossdery of piem (g and (o] (b The S (7541 raedod i ralie the dysenic sm-coc =m
with nepuct o T and AT (=), {F) and (5 reprecal te pek of S nenber of s bobicd mkced ndividalbe. (08, (g asd () apross) the
e mied i el e dy narec nevs-cams i (2, (B asd (k) Tene aeries of g mumber of son- ol sicd mfocis d indeidulin

= Ax shoorn in Fig 4 (a) and (h}, the max imum number of non-iolated infeced ndividuals is minimized in the
iniemmediale gar of the seoond mervention To, when the peaks & the start of the second inesvention znd
afier the seoond mervention are identical This implies that early implementation of the scond imienweniion
dioes niot necesarily minimie the member of non-isolaied infecied individuals Intuitie by, sarly initisbion of
the second intervention has largely curbed the spread of the diseecee Hoaever, the early onsed of the seoond



iniervention alsy profeces a lange number of susceptibie individeals, which could resek in a brge seoomd
wave &ieT the second inkervention. Thes, the early second iniervention may he not effectve, as showm in
Figd el

s [ /I 15 always less than unity and TC /T, & always larger than unity in the pesence of the soond
inierventicn, 2 shiremn in Fig 4 {a) and (bl This means that implermenting the s-oond intervention does not
shorien the Gme that it t2kes to realive the dynamic sero-case aim. In particolar, if the max imem numbser of
mam-isolaied infecied individusk occurs inthe region [2:). TS, i=s monolonically inceexing which depends
om AT for any fined T, ax shiem in Fig 4 (bl (db and {gl. This implies that ex lending the duration of the
second ineTvention may prolong the time that it @kes o ealize the dynamic zero-cese policy even if the
gecond inbervention siarts sarty. Mok that il takes longer io malize the dy mamic rero-case palicy doe o then
being a s-oond wave cansed by the strong intervention

# [ the maximem number of non-Eolaied infeced individuals occurs in the egion (26), TSy is 2n upeand
comves fundtion of AT, & shoen i Figd (jb In this case, there is mo seoond wave, and the maximum
member of non-isolaied infected mdividuals only depends on T This implies that. in this case, o tending
the demation of the scond inemnention not caly does not mduce the maimum member of non-isolased
infeced individualsbut it alsy may prolong the time needed 1o realive the dynamic sero-ceee aim [ is worth
mengioning that (i) then: ix a critical valee AT which safisfies (77 V'(AT") = (L When AT = AT, TZ,
decreases o AT contimses i incresse. This means that only if the seoond imiervention =i long enowgh,
il may e effiective in shortening the time needed (o e alire the dymamic 2ero-case. (&) [ is clear thal then:
is a “long txil” of ). ax shown in Fig 4 (kL In this case, the nember of non-isolaied infeded indiy iduals
declines sloevhy, and it takes longer to real e the dy namic xero-case policy even if there a2 few non-isolated
infectied individeals afier the second intervention

511 The weak second imervention (R, = 1)

In Fig.5, we ket . = 4.58 and g, = 0,033, and fix 20l other parsmeter values as those in Figd. In this situation,
the number of non-isolaied nfected individuals will continue (o incmase afier the stand of the second miervention.
Therefore, the maximum number of non-isslated infecied individuals sppears: dering the second intervention or
after il, ax shiem in Fig 5 (e} and (hL It follores From Fig 5 {a) that I is quexi-monotoniclly decreasing with
mspect bo AT for any ixed T, Le. &= AT inceeses, [o, will decrezs: and then be mamtzined. This implies that
a longer sacond inlervention dursfion does nof reduce the marximem number of non-isslated infected individealc
Thue, For the purpose: of mdecing the max imm number of the non-isolaied infecied mdividuals and shomening the
duration of the second inkervention (AT ), the optimal Gme o end the second imenvention i when they can controd
the peak value of 2 seoond rebound of the epidemic io he egual po the first peak value. Furthemmom, the eardier the
weoond imerventions, the more effective they am and the smaller the maximum number of non-isolaied infeced

In terme of the Gme meeded o malive the dynamic rero-case xim. il is clear thas TS ; /TRy is also larper than
unify in the presence of the second inketvention, as shown in Fig 5 (k)L 'I'I:l.-:iﬂ':mn:eﬁmlig.dl_'h]'um:T:-.
i= an upwand comves function of AT for any fmed T, in Fig.5 (b). which implies that mgardless of whether the
wond intervention startc earliet or later, only if the second imtervention leds long enosgh, i@ may be effectie in
shaortening the Gme neaded io malize the dynamic sero-cese. Similerly, thes is al= a “long tail”™ of i), = shoam
im Fig. 5 fe ) and (hiL

11 Impacr afres conrol megsurer §- and o

Ta better mwveal the impact of the teo control mezcmes g and ¢ on the maximum member of non-isolased
imfe-cied individuals (f5_ ) nﬂllrlhtl]';d]n:thdutlﬁult:d}nnirumur am, we denole Ag =g — gy
and Ar = o3 — 5 with g = qo and & « op. This indicales that the bigger the valwe of Ay, the stonger the closs
contact tracing during the se-cond inlerention and the bigger the value of A, the fewer the number of contacts per
imfe-cied individual The main msuolis are shiem in Fige and 7.
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Figee & bevpac of the imingef e wober soond micrentes (R = 1o e ;e semher off - il focied ndividesk md
b e el e nalb the dyremic wec-cw sn. Hes we i all elther parercien ax Dleee 8 =78, 5 =ML =1L 8 = 0I5
oy = L, gy = O3S, o = 858, g — WIBS, 7 — 0.1 sl § — 0LES04. (0] The mocciren pember of oon-iebyied indcied i ok Q5§
with nepect o Ty nd AT, whes the purple mnd cyas il coree divide tie (T AT | porencier soe oo S subrogioss comesposding
i e iy [, (i) e (g i o Lo A 0 wed 4.2 Th copan dashed. coree nopaee niy i e oo wo deniesl ek of e onber of
rem- besiied. indcied sdividesbe (bl The Boe 72 0 nocderd e realie e dyroreee: xom-com aim with respord e T s AT () and (5
Epreel de gk of te menber of oo-iedied i idividaale [d) and () mpressi the L e dod 1o ealins e dy neree oe-tas
aim i) ared (hi Tiee seres of b nember of ren-nised nkecied oy s

In Fig i, we consider the impact of the o controd measures separaiely. As shown im Fig 6 (2), it is dear
that fior small AT, IZ iz almost independent of Ag, which implies that the contact racing siraiegy cannol make
much difference in a shoreT second inkeTvention. For inermediaie AT, [T s guas-monotonically decmasing
with mspect o Ag, ie. & AT increases, I7,, will deowaee uniil 8z = | 2nd then be maint@ined. When AT is lape
enough, [, is monolonically decmaxing with m=pect to Ag. Therefore, for a longer s2cond imtervention demation,
a higher quamaniine rate is oplimal o minimize the ma mom number of non-isolited infecied individmals In ferms
of the time needed to malie the dy namic yero-case aim, 2= shroem in Fig 6 (bl we find that T, = complicaied =
A vanies for fined AT . This showx that only when AT (AT & 12,23 davs) is large enoughe T ; i=s monotonically
decm awing with respect to Ag. Inthis case, TZ T 2% i lews than unity. Thew fow, & seggesied in Fig 6 (2) and (b,
while exiending the durstion of the second iniervention, it is also neorssary io strengthen the iniensity of conlact

14
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Figee & bpmct of fwe sl seamres (5 338 o on e mo o nember of soe-iscleiod nibcrd ndivelaalb ard de e nedod i
palbn ke Smene oo ®m, wyedio k. (1) e (b The reesct of inorasia g copisc reding oo (or bolaied i) wil Bl amisct
ik iy = o = 0L =) sed £4) The Ermsct of nefudng oocisd i wilk oed onsc inchag oie o = g7 = L0339 T open deke
e ek e thoro i fws idea bl sk of the aemher of me-iwhicd mbced indrrdlasls. Oiher paramcicmn o Dllorese § = 703
=T L= Bk = S = My = 0L, & = (25 md Ty — 3

tracing. Fxpecially, when the duration of the: second inieTvention is long enough, the strongeT ihe conlact tracing
imtensity, the mome e fective it is o minimioe the maximom nember of non- ol sted infected indiy idwals and shorten
the time that il lakes 1o ralie the dynamic 2ero-cese aim.

From Fig 6 (c], it is alsy shoorn that educing the contacl rafe has Fitle impact on the elated indices in 2
shorter second imenvention. The maximem member of the non-isolaed infeced individuzals & minimized in the
imterme-diale contact raie (-} and longer second inlervention duration (AT ), which implies that it not necessary Lo
mdeor the contact e sufficiently. Compamed with the msulis in Fig 6 (a), it is worth mentioning that the contact
rate neads o be reduced 1o a very low level 1o pet the same I 2% in Fig 6 (a). This implies that strengthening
the contact racing intensity = mom sffective than mdecing the contact rale in minimiring the magimum number
of infected individuals That is, strengthening the contact tracing inkensity can oot ofT the suree of infection mom
effectively, but reducing the contact rate does not. Ax shownin Fig 6 (), TZ , /T, is sheays larger than unity. The
parameieT space w here the value of T, is magimized is the parameder space whene the valoe of I, is minimired.
Thix seggests that only reducing the contact raie can nod shorien the time needed o realie the dynamical rero-case
aim even i the demation of the seoond inlervention is long enoagh

In Fig T, we fix the garis and ends of the secondary imlenvention bo explos the impact of implementing the o
control measuws simulaneoudy. Fig T (a) and (o) show that the mas imum number of the non-isolaied infected
individuals 07 ) & minimired in the inlermediste or lrge contact rate (c.) and larpe quarantine raie (5 ). This
also implies that simngthening the conlac tracing inensity is mom important than mdecing the conlact raie in
reducing the max imum number of non-izolated nfeced ndividuals, and reducing the contact raie seffciently may
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he ineffectve, which further verifies the mesults in Fig 6 (2) and (c). In terms of the time noeded to realiae the
dynamic A ro-case aim, compared with the resalts in Fig7 (b) and (d), it is worth mentioning that with 2 loager
imtervention, an optimal parameter space of Ag and Ac can be found, where both [T, and T, are minimzred. This
means that when the duration of the second intervention is not long enough, it may not shorten the time that it takes
to malize the dynamic zero-case policy and achieve our goal of minimizing both 7 and TZ, even if both control
measures zre imple me nied simaltancousty

& The optimal intervention
Cracial and interesting questions 2= when and how to implement the second intervention such that both the
max imum namber of non-isolaked infected individeals and the time needed to realze the dynamic aro-case aim
are mmimiaed. To do this, we define 2 multi-objectve optimal control problem as follows:
mr G(Tan,Torr,Ccsc) = Uaal T Torr,Cc\qe), T&(T-Jall:"ﬁ‘knr: (C Y
Tow Toor FrAx
st
OcTa<Tm s Tm<Topr<Toyy.
=g <, Do <q, (a2)
eguation (2.1) with {2.2).

&



T

EH]

Lh} [, = Canstant]

ri—

L4

Ty

1.8 v i fkvpul

Jue fe] 47 om Canstal |

i | |

L

i} £ m M e
Time -:||.|_|.l|:|

Figex & The opttnel o of #e sirooy scoed. nicreestios hlhmd’mhﬂuf['q.lhlldiﬂ whzre i dack jreen
ore P ek T h:tt:i.rd-:l.d:d-ddhd.nrr:ﬁ:nh l_'l!l'l"'- ) = =) T merics of the
mhufmuhh&mnnﬁnmdﬂ‘l T B3R D), O lj“'ll:ﬂ'ldll

It is difficult to find specid paameier spaes for Toe, Tory. € @nd g such that both §2_ and TL, an minimmized
hecause we cannol obiain the time series of sysiem (2 1) with (22} smlytically  For simplicity, we disowes the
fiolboey ing o simple senarios.

k). Miaimigag To, wish comsan [D
LetfZ be a consiant., e choosing parameers Toe, Tory, o and g along a contour of 72, and we discuss the
fiolboey ing feo soenarios:

= Wy assume thai the conlact reie o and quaraniine mie g- during the second inlervention are constanis,
and Toy &nd Topyr are varied Minimiring the ome (T5) needed to malive the dymamic yeroocase aim by
choosing T and Topr abong a conlour of [T, This case & studied in Fig & In Fig 8 (a), ket [T, — D350
Comespondingly, 2 contour crosses poinis B, A and [, ax shoen in Fig 8 (2l As we have discexed inthe
pevious srction, shorer second iniervention dursfions are optimal bo shoren the time needed to realee the
dhymamic zero-case aim. Mamely, TS ; is minimized near the point A, 2= shoen in Fig. 8 (2l Comesponding by,
the ime series of the member of non-isslated infected individusls o the paint A is shoarn in Fig 8 (b In this
cae, the opfimal time io initisie the soond inkervention is when they can controd the peak value of @ seoond
mhound of the epidemic to he equal to the first peak value.

# fsxeming thal Toe and Topp 2z constanis, and c- and g are vared. Minimiring the time (T2 00 neaded to
maire the dymamic rero-case aim by choming o and g along 2 conlour of [5. This case is swedied in
Fig% fAs shown im Fig ¥ (ah et [5, = DLIGRES , comespondingly. a conbowr crosmes points A, 8, O and [2.
In this case, along the contoar of [2 , il is easy to obiain that T2, is minimired near the point 2. The Gme
series of the numbet of non-isolated infeded individeals at the point 2 is shoen in Fig 9 (bL

il Mimimigng [T, wihooonman TE

A nother poessible consimaint i 10 minimze the mazimum number of non-solated imeded individeals (751,
keeping the time (15,0 comstent, ie choosing parameiers along the contour of TS ;. In Fig-B, ket the confact rae
r- &nd quarantine raie g- during the second mtervention be constanis, and zwume that Tay and Ty me varied, 2nd
we fix TS, = 1.55T 7%, and mark the crossing poinis ax B. C and [ Along the contour of TZ, in Fig 8 (), we find
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that I, is minimized near the poimt C. The time series of the number of non-isolated infeced individuals at the
point C is shown in Fig 8 (c). The oplimal parameter spaces for ¢ and g can he determined by simitar methods,
as shown in Fig 9 (2) and (c).

7. Special case T,/ ~ T2,

Under China's dymamic zero-case policy, onae the prevestion and control strage gy is launched, it will last antil
the end of the epidemic, that ix, sntil the dynamic asro-case goal is achieved. From the mathe magical point of view,
we have T rp = Ty in system {(4.1), and there exists 2 unigoe peak for non-guarantined infected individeals. It
may sppear at the start of the second interve ntion or during the second inkervention. Cormsponding ly, we have the
following msults.

Theorem 7.L For syssem (414 when Topp = T2y the maximum number of now isolased infeced individuals &

given as
1 ’z, Rm)l,
| ey Rm=l
The 1ime needed o realize the dyvnamic gero-case aim is piven as

_ L. Bl o~ ) ;
Tog = Tont Iy, TR AT
Proog 'The proof is similar to those in Theorems 4.1 and 4.2, so we omit the procedures for brevity. )

For this case, to undenstand the effect of the timing of the second intervention and close conlact tracing siregy
on the maximem nember of non-isclaed infeced individzals and the time needed 10 realzre the dynamic zero-case
aim, we also camry oul the numencal mmalyseswith the key parametens T, g- and ¢, as shown in Appendix B The
resaits suggest that to munimoe the maximem nemnber of nen-isolated infecked individuals and shorten the time
mneeded to realoe the dyvnemic aro-case aim, the hest s gy is 1o stenvene early and Fully strengthen 1he vontact
Iracing inknsity. See Appendix B for details.
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R Examination of dais Giting for epidemics of COVID-19

The proposed mode] (2.1} with disconlineoss contact and quarantine rates provide us with an effective swilch-
ing srae gy to mitigate 2nd contain infedtious diseases, which can he validaied by the mreal dala seix of various
wanes af ALY epidemics in China. The newly mpored cases from 9 December 3021 1o 20 January HIZF2
im Xi'an wem obiained from the Shami Menicipal Health Commission [3]]. which can br separsted imto the
mewly reporied mases from the guarantined population, and the new by mporied cases from commemities (which am
deiected in entraced infecied individuals)l. Data collecied are shiem in Fig. 11, where the black cirdes repmsent
the mported dala.

To calibraie the model, we s the imilial seweplible popalation as the total number of the population in Xian
(Xi'an Siatistics Busraw and Population, 2021}, 2= shiem in Table L The time to stengthen the interventions can
be determined by the timing of important events during the 3021 CUAD- 19 epidemic in Xi'an city. By using the
leax) sqmares method, the estimaled valees of enknmen paramedterns in model (2,10 with (2.2) 2 lisied in Table 1,
and the data filting msulix 2 gven im Fig 10 (2l{d). And we cen obtain that ife mitial reprodection sember af
Xian is 3172 kv usimg the nexl pemeration matris method. This shooes thal the simple model can well fit the number
of mpored cases by the controlled area and the uncontrolled area, providing 2 model method for evaluating the
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control & fHoacy.

Moz that there are (oo peaks and a “long iail™ of the model oetpul undet different mierventions and parame et
spaces, 35 shown in Figsd and 5, which could also be validaied by the epidemics which accured inthe Tibet
Auionomous Begion and the Xinjiang Uy gur & stonomous Region in 2022, China, a= shown in Fig. 1112} and (bl
The mpored OOV 1% s o Tiket Astonomoss Begion from 8 August 1o 17 Sepember have been used o
it the e peaks, and the mpored CUAVITE Y cases i Xinjizng Uy gur A utonomous Begion from 30 kaly o 23
September have been used (o reveal the fitting of the “long f@ils™ [31, 32]. The various dala validations shoarn in the
ahove further reveal that various chamoeristics of epidemic evolution can be maiched by the dynamic behaviour
of the mode L

9 Comnduson amd DiEcusson

Undersianding the transmission charaderistics of imlections diseasrs in communities, & gions and cowntries
can lead i beiter approaches for mitigating the fransmisson of emeTging infectious disemes  Infections discas
meodels hielp nx i depict, analyse and rveal the intemal mechamism of fransmisson chemcenstos |14, 21, 22, 24).
Motably, motivated by the moent COWID-19 outber sk, compartmenial models sech = the SIE mode | have been
cxiended o evaluaie the efficacy of NMs on the liming and imtemsity of epidermics, and opiimal smiegies have
been dizoussed in the coniext of minimizing the peek vale or Gnal e [15-17]. Inonder o ocoid mukiple sdvers:
e ffects cansad by continuous high-inbensity MPlx, in thix paper, $PCls have bren fomulaied and introdoced inko
the clzmical SIE mode] with a clos contact tracing smiegy. Furihet, non-smoath dynamical behay ioers have been
addremeed and analysed amming to reveal the effecis of the timing of $PC]s and the conlac tracing simtegy on the
ek imum: number of non-isolated infecied individosls and the Gme needed (o ealive the dymamic ero-cee aim.
In practice, the model can pedict the dynamic evolution of the number of isolated 2nd noo-isslated individwalk,
and pent single pesk, mali-peak and bong il patterns, which provides a very imporiant mode] mierence for
anzlysing and fting mone than | 00w aves of OOV I |9 epidemics im China in the pasi thoee years.

We initizlly imvestigaied the peak member of non-isolaed infecied cases and the time needed (1o malioe the
dy namic yeTo-case zim, and the effects of key paameiers incleding the timing of SPCls and contact tracing stmie gy
imtensity on those o indices (see Figsd-HB.12 and A ppendic A L The main mxalis mveal that in order io mimimie
the mawimum number of the non-isclaied infeced individuals, the optimal Gme for indtiating the SPCls i when
they can control the prak value of a second mhound of the epidemic to be egual io the Grd peak value. The
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impact of the timing of 5PCls and conlact acing Smabegy on e lime needed to ealie the dynamic yero-cass
iz comples.  Fven if the 3/1s 2 initiated early, this may not shoren the Gme needed o eealive the dynamic
remoecase palicy. As sugpesied in Figsd and 7, a longer second intervention duration and high guarsntine raie
are optimal o minimire te time needed (o ealice the dynamic remoecase aim. When the durstion of the =oond
infervention is long encegh, the stronger the conlact tacng méensity, the mome effectie they 2= for shoriening
the time meeded o realiEe the dynamic ero-ceee aim

Ini particular, we anzhyzed the impact of 5Pl oo the indices concemed, provided imporiant guantitative
indices for the design and optimiration of SPC] draegies with the goals of minimizing the maximem number
of nom-isnlaed infecied individoals and the time needed o malie the dynamic ero-cese xim We imvestigated
mmlli-objactive optimal conbrol schemes wlaed to the may mum number of non-solated infeded indiy iduals =nd
the time needed o malte the dynamic ro-ceee 2im numerially Moe imporantly, the dymamic =voletion of
the mamber of isolaed znd non-isclaied individuals, multi-peak and “dong @il™ pattemns have been confirmed by
variows wal daia seis of multple -wave COAT- 19 epidemics in China. Moie thal the “long tzil™ phenomenon in our
meode] has bern verified by the data of the confmed cases during the OOV 19 epidemic in the Xinjizng Uygur
Aulcnomous Begion, China. In this case, the number of mfeded individuals declined slowly, znd il ook longer
to malire the dy mamic rero-case zim even i thenr weme w infecied indiyvideals afier the second iméervention (see
Fig.11 (bjk This dymamic behaviour nol only provides an important paradigm for the: ransition from pandemic bo
endemic under SPCT sirafegies. it alsy provides important theontical suppon for the adjustment of KNP siraie gies
under the given camying capacity of medical resommes.

Framer and Sieven et al [23] dixoesed teo main faciors in controlling the outbreak of an infeoious disease (1)
isalation of symptomatic imdividuals and (@) coniact trecing 2md quaraniining of sy mptomatic individuals They
clzimed thal asympiomatic infecied individuzls cem 2fTect 1be spread of e mfectious disszse and ane the critical
facior for control Heme we clasified asympiomatic infecied individuals who aa less Bkely to be detecled and
difficult i trame as non-isolaied infecied mdividuals The sporad of infection ouiside quarantined aneas is mainly
camed by non-isolaled infecled individeals. Bemoving non-isolaied infecied indniduzls ame the key in regular
epidemic prewntion amd cositol, w hich means maliring 1he dyveamic sero-case policy [24, 25| We anahred the
effect of 3PCls and close contart racing sirategies on non-Eolaed infrcied individosls, and focused on 2malyvring
e dependemar of the maximum number of mos-isolaed infeced individmls and the time needed to maloe the
it namic arro-case palicy on the timing of the sscond inervention and the intessaty of the close contact tracing
siraiegy, and providing quaniitzinve melaBonships with no approximatice. The msulls of o siedy eriber shoe the
immporizoe of the close contacl racing simiegy in controlling outbreaks and eorch lbe esolis m [15-17, 25

(ur mode | also has limitations caused by the assumptions we have made to prodece a tadable problem. Fir,
compared with the model in [22], we do nol consider the oxpossd individuals (£ 1t may be difficult b provide
the gmantitative relatiorship in a SEIE-fype mode |, which is 2 very challenging and inietesting problem and will
le Fmther amabyzed in the fofure Second, as an ideafralion, our mathemetical mode] aseemes that recovend
individnals have compliete immenity. Tang and Wang et al [ 37 ] collecied dats from | 0 cethreaks in China, when
tvnamic meming for each wave could e achieved in about £ days. The secific immunity agaired e vimess will
rise firdly afier infection, and then decline, which provides shor-ierm profection agamst COWID-190 Theme fom,
immedizie reinfectionwith the virus & unlike by for a shor pericd [28] Cormespondamighy, achieving Berd imenumily
cam effecively delay the arival of the seoond wave of infection. In praciase, the rocovened individual may be
me-infecied 2gain alter 2 long ime dee io the Immematy declime These complex stuations need (o be anabzed
in deiail by inimodecing the impact of immemity decline inlo our model  |m this case, our mode]l may be not
applicable. [t may be mom applicable io model the shorl-term sparad of infectices diseases (see Fig 10) or those
tal induce |ong-term immesaly, sech as chickenpos 2nd messkes.  Mext, the model i based om 2 delerministic
dynamical sysem of 2n isolaied popolation and does nol consider imemctions among different sub-population
and varicux siochastic infuenes. A malisiic populalion consizis of several sub-populalion with heterngeneous
chamacerisics. Comespondingly. the interventions can he divided imto those that rget the entie: popalation at
the same time iz synchromous interventions] and those thatl rget diflerent sob-popalation al different limes
(ie. synchronous inkenentions). These compiex sitmations need io be analyeed in detail by exiending the model



proposed 1o coupled meapopulation models [15, 33] and stochastic epidemic models [34]. Furhermaore, our
simdy ix 2 cme-shot iniervenlion mode |, in which the contact and quarantine rabes wium o the oniginal value afier
the scond intervention. Pradtically, each new ootbmak requires multipls infermigient inierventions, making the
imtervention proces: mech moe complex. Un the other hand, the conlact =nd guarsniine mies in our mode] chanpe
immediaiely with the intervention. Inmality, time delay s are prevalent in many controlled sysiems [35, 36], which
ke the sysiematic anahy i more complicaied and difficult and have a very imporiant impact in the prevention 2nd
conirol of dissase. Delailed stedies ax necesary for the implementzgion of SPCls in the complicated real-worid
emviromment. W leave this problem = fubee work
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The dats meix were chained from the National Health Commission of the Peoples Republic of China and
Frovime Municipal Health Commissions and & available from their welsies (mefexnoes [30-32], kpdfaeje.
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Appendix A. Analysis of the maxcimum mumber of non-isolated infected individuads with resped to Tay amd
L
In Theomem 4.1, we summarnze the anaby ol forms of the: max imam number of non-isolaied infecied ndivid-

ualx for cases (@ J-(g: ) end (&)-{a: ) with mspect to the member of susceptible individesls ab the omset S, 2nd the

eru:ljrwrn:l'lt::cnnd.'l:l:nminn. It fodlores from the: fret equation of sysiem (4. 1) that 57 and gy A2 TR

. . . . . o .
tomically decreasing with mspect to Ty, and T, ;. mspectively, ie. f_ﬁ:— o i and :%:}L o (L In the fodlowing, we
anahyse the impact of the stari and end timimgs of the eoond inieTvention on the maximum nusber of non-isolsed
imfecied individuals in detail.

(£} The mmximam member of non-isolated infected individuals oooars in the region (a, ), ie. oase (g,
For casme (g ), the max imum number of non-isnlaied infecied ndividuals is given as

[ —ﬁ +puln {E’:} + {g—: - i—“] Sty — Srea) + (P2 —pan) In {%it]l tow,  GADD



which depends on 3, and '5"':.'1" It implies that I7 depends not only on T, but also on T, .. Taking the deriv ative
of eqmbion (A with respedt o Typp, vields

- _ Py, (R — 1) (o —Fc) (R — Uy,

T = Ty [RexlTagr) 1] - < = (A2
Comezponding by, laking the derivative of equation (A hwith respedt o 5y, viekds
ar Puirg (Rm—1) | fSralra(fon—1)  PuoySraln. (Kol — 1] | 3%,
ﬂfﬂ Rﬂl.-'rl'-":l I ﬁl..: El'p_r.. lﬂl-jl'p_r,- _a.jrﬂ r
(A3
= -rhm% -f;%}%i = 0 I fallows from equation (A.2) that if B > fun, then 338 < 0L Thus, whe

B = Fin, [fyy = monotonically deceaxing with mspect io Ty, However, i is difficult to calculaie the sign of
equation (A3, 50 we carmot determine the monolonicity of [Z, with respect 10T, for case (g, L

(i) The maximum namber of mon-islsied infected individuals ocours im tbe region {o2), e oase (02
For came (a1 ), the mamimum number of non-isolaied infecied individuoals is given as

fom - ﬁ—f+p..ln{h}+{§{ ;‘:f:jxr — e —P) S5, ) + g (A4)

which anly depends on 5, This implies that I only depends on T for case (g2 Taking the derivative of
equation (A_4) with resped 1o T, vields

— | e (Tom) = 1] ﬁuﬂrﬂih—” [.Flc—.ﬂlu:ll'ﬂm l]':rfrﬂ_ (AS)
B | B

Thus, if - == flo, then 258 . 0 Thenfoar, when e > fha. 15 is monotonically increasing with mespect 16 T
an forcase (gl

e -
i

(i1} The maodmum numsbe r of mon-olated infecied mdividuals socurs im the region (0], e oase (@)
Foor case (ay ), the maximum numiber of non-isolaied infecied indnviduoals is given as

T = —::—:-Fr. tewehnSn, ) +#o (A6)

which anly depends on 3r,,. This implies that I, slso only depends on T Taking the dervative of the shove
equation [A6) with respect 1o T, we have

T i Ralle) 1] =0 ATy

Thus, L & monoiomically inoreasing with mspect to T for mase {2l
(7] The mancimum mumber of non-solabed infecied individunls ccowrs i the region (0, ), Le. come 2]
For came (as ), the mamimum number of non-isnlaied infecied individuals is given as
= {1, 02} (AR}
Wi = hn}t—-ﬂ.mﬂtmﬁraﬂm-* = 0 Thess, when fiu: = fiig, [5., i monotomically increas-
ax  img with mespedt (0 T IFJ"'.l-J'|.i.|::|'|:\IJ|:|'||:i’l.'l:l|11i:~qu.l:i|:v|:|.-[.|'||_'.'-!_I|l:|.|.|.;'r'.|.'f|'llilI o2 {L Thus, in this case, [T s
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Fgze BI2 The frpact of the gearsstioss rale g, comtact rale o sad the dan o Tay of e Dervestios on e ms szen s of
rem- beclald infoctod individuads and the e nosdad o redee the dy ramic nav-cae xxz wive () and (b) o = 10 &) and (d) o = Q05525
€)ad{NTg -1 Dcrpresan svasfolves § - 76 5 -T@Q S5 LE Ui - Mg 00IS26 y - (L] aed & - D250

monotonically decreasing with respect o T, . T!rtl'u.fctcacfn,),p- = 0 and I, & quasi-monctonically

decmasing with mspect o T,pr. However, nsdd'ﬁcukmcdcnln:ﬂtwlm of eguation (A_3), and we cannot
defermine the monotomicity of Jo,, with mspect o Toe for case (as)

(v) The maximum nambe r of non-isolated infected individuals occurs in the region (g, ). e cse (a L
For case (ag), the maximum number of non-isolaked infected individuals is given as

I [y = Frg, then 79 = 0 and 575 0. Thus, IS, is monotonically increasing with respect 10 Ton. /g = 1,
nfolloufrmcqnmwb\l)um—ﬁ--u'l‘lm.mthnscur is monotonically decreasing with respect Lo

Torp Themfom, -fl- Dand g umm»mmmnci}y&cmsmg‘uhmqrctml',” for case (g, ). However,

nudfﬁcnkmcak{il:th:ngnofeqmnnh\_}) %0 we cannol delermine the monotomicey of I with mspect
10 Tom for case (a,)

Appendix B Analysis of the special case Ty ~ T2 in model (1) with (221

In the following, we carry ot the numencal analyses to undenand the effect of the timing of the second
imervention and close contact tracing strategy on the maximum number of nom-isolated infected individuals and
the time needed o realize the dynamic zero-case am. Herewe et N = 763, 5 =762, Iy = 1, 8 = 0,155, op = 10,
go = 0.01526, p ~ 0.1 and & ~ 0.2504, and produce the contour plots of the maximem number of non-solated
imfected individuals, and the time needed to malize the dynamic zerocase with mspect 1o T and Ag, T, and Ac,
Ag and Ac, mspective ly, 2 shown in Fig B.12 (a)(f). In Fig B 12 (a) and (b), we let ¢ = 10, ie. the contact rae
during the second inkervention is the same a5 that without the second inkervention. It follows from Fig B.12 (a)
that the earlier the second inkervention, the stromger the contact tracking intensity during the second miervention,
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the smaller the maximem number of non-isolated mfeded individuals. In Fig .12 (b, il is worth mentioning that
T 5y is non-monatonically dependent on Ay for a fined small Ta., which implies that even if a second imervention
i= implemenied early, it may ke longer o malve the dynamic zerocase policy dee o the contact racing inkensity
not being sirong enough.  Therefore, in this ceee, to mimimize the maximum member of non-olated nfacied
individuals and shoren the duration, the best sraie gy is i intervene sarty and folly strengthen the contact tracing
imtensity. As shown in Fig B |2 {a) and (B, il is clear thal when (T, Ag) nears the point (1, 0.85), both IS, =nd
T g am minimired,

Comparing thiswith the msulis shoen in Fig B.12 {2}, we can conclude that the contacd raie showkd be reduced
to a very low evel 1o et the same I i Fig B.12 {cl. This implies thai sengihening the contact racng inensity
i= mome effective than mducing the contact rale in minimicng the ma mum oumber of infecied individeal. It fol-
boww s from: Fig B 12 (k) and {d) that sengthening the coniact acing imtensity is also more e fedive than mdecing
the conlact rake in shorening the lime needed 1o malize the dynamic aero-cese aime

The msules from Fig B 12 (e} with Ty = 3 reveal that the stromger the coniact tracing iniensity, the smaller
the coniact rate during the sscond imiervention, the mos effecive they are to minimire the ma imum number of
non- olated infected individuzls. Inietms of the time reeded 1o ealice the dy namic rero-case aim, it follows from
Fig B.12 (M) thai T, ; is monoionically decw asing with respedt iodg for any fmed Ac. It is worth mentioning, that
for small and iniermediaie Ag, TL, = an spoard fenction of Ac. This means that when the quarsntine raie () i=
not larpe enough. in order io shoren the time neaded to ealive the dynamic sero-cece Zim. it s neoessary (o redouoe
the coniact mie 1o a very low evel {ie Ac is large enoagh).
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