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Abstract

A discrete hormetic Ricker model (HEM) of a populstion with instant puls perberbation between -
wo consacutive penerations can penerate hommetic effects. For example, analysis of complex three-
parameter spaces with the inminsic grawth rate. Inervention strength, and dose tming as parameters
mvealad harmetic biphasic dose and dose timing esponss. These esponses exhibiied either a J-shaped
or an imveried U-shaped patiern, yielding a homeostatic change or a catsstrophic shift and hometic ef-
fzcls in many parameter regions. However, w hether it i pest control or the effectvensss of eatments
of tumos with radiotherapy andior chemotherapy, the phenomenon is lnked 1o the sime of the space in
which the parameters am located Thus, the occurmence of hometic effects is associated with spatiotem-
poral heterope peity. To show this, we have developed an ine gro-difSemnce equation basd on the HRM
that can describe the complex dynamics and hormetic efMects in pest populations in two-dimensional
space. Our indings indicate that factors such as the spatial domain, spatial grid, the dosage, and timing
of conirol applications, and the intrinsic growth rate of the pest can significantly affect the spatial and
temporal characeristics of pest populations and divers biological phenomena in two-dimensional spae.
In particular, under the same siwe of spatial domains (or the same number of spatial grids), the smaller
the spatial grids jor the larper the spatial domain), the stronger the hormetic effects of kow dos stimuls-
tion amd high dose mbibition will be. These factors inchede larper max imum responses and higher ook
theeshodds. Therefore, oplimal pest controd mezsures should not only rely on the effickency of a pesticide
and its application time but should also be based on the spatial domain and the designing of rezsonahi
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grid-basd comtrol strategies to avold hormetic effzcts.
Keywords: Hormetic effects; Iniegro-diffiernce equation; Exiendsd Ricker model; Spatial

beferopene iy ; Fest manzpement

1. Introdwction

Proper usz of pesticides or integrated pest management measums can efectively curb the growth o
pest populations and even eradicate them. However, 1t is known that incomect us of pesticides may ot
comtral pests effectively and can also lead to rapid increases in the nember of pests, thus inducing big-
gt outhrzaks, so-calbad hommesis or hormetic effiects [1-3]. The phenomenon of hormesis is apparent
when exposure 1o high levels of stessors is inhibitory bet kow doses are stimalatory [4-6]. Horme-
sls mot only has short-erm practical impact on agricubiural production bet also affects the mteractions
betw een speches and the ecological stucture and function of agriculiural scosy sems [7-9]. Similarly.
the phepomenon zls0 @xists in the eatment of wmours. The comect design of individual-based hemowr
trezstment schemes, combimed with the use of synergistic effects such as radiotherzpy, chemotherapy, and
mmunotherapy, can effectively inhibit the growth of fwmour cells [10, 11). However, If the doses of
radintherapy and chemotherapy. cytokines and effector cells are not ussd property, they can also lead o
a rapid Increase in tumour cells rather than curb their growth [12-17).

Reently, hormetic effects have been found in many studies, prw iding signifcant challenges for
decision-making i the manapement of tumoers [18-21], various other diszases [22], nutrition [23] and
m ecoloicology [24]. Thus, how to avoid and apply bormetic effects has become the focus of stiention
and resarch in many felds Sirategic applications of hommetic effects have shown promis n oplimizmg
the management of agro-ecologlcal systems with pesticides [25. 26] and harvesting [27-29] in relation o
variations in endogenmes regulstory mechanisms, inkervention dmings and dose-response specifics. For
example. repeatad applications of pesticides have umexpected consequences due to Vollema's principie,
when an application of pesticides in a predator-prey sy stem that kills predator and prey in proportion to

their population sives incrzases the prey population [30]
These is abig pap separsting & perimental designs and feld observations from mathematical models

that can be parameterized by @ perimental data sets, and which alsoexhibit hormetic effects. Themior.
bow b eveal the mechanism of hormetic effacts and provide a decision-making basis for efMecively
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avolding hormetic effects during pest control and temour restment is of considerable imponance. To
bridpe the gap. we not only need to constrect multiple facior interaction mode ks that can depict both the
naturzl growth of pest populstions or umowr cells, bul slso model the impact of human interventions
on them. Dwue o the relatively short implementation tme of buman inteTvention measures, comparsd
to the time scake of pest population growth of tumour evolution. it can be assumed that the inerven-
tion measEres OCcour instantaneously. hMomover. impalsive diffetential equations can provide a natural
characterization of these pulsad inerventions [31]. such as periodically spray ing pesticides to curb the
growth of pest populations, and periodically wsing radiotherapy, chemotherapy. and iImmunotherapy o
suppress the growth of hemowr celks.

Based on 2 continuous growth Logistic model with observation intervals inerrupied by an extemal
dosz &t a particular time between the observations [32), Tang er of derived a cormesponding discete
bometic Bicker model by employing the plecewise contimuous method. The proposed mode] has thres
critical parameters: the intrinsic growth rate, the dos -mspons and the tming of dos interventions [33]
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whene N, is the population density of pests (or umour cells) in generation n, r is the mirinsic growth rate

{LI)

and K demotes the carmying capacity, the pammeter p = 1 — g denoies the survival rake after the pesticide
hias been sprayed at n + 8 within each pemeration

Thez inferesting m=sults obtained in [34] evealed through equilibrivm stzbility comditions and bifencz-
tion analyses that these three parameters completely determine the dynamic behaviowr of the hormetic
Ricker model (HRM), and defermine the paramefer spaces and occurmences of hormetic effects 1T the
Lzg Tactor Is taken into account in HEM, 1t is penerzalized to an HEM model with time delays [32], and
the main results proposad in [34] show that the HRM with time delay is universal and can nt U-shaped
or iveried U-shaped data sets obtained in many different experiments and fiebds.

Himwever, due o the obvious spatial heeropeneity imvolved In pesticide spraying, the factors that
determine the success or fallume of pest contrel pot only depend on the growth rate of the pest [iseir, but



also depend on the spatial area where the pest population grows. In particular, the sie of the spatial
area determmines the spread range of individual pests and even the spread speed. Similarly. the design
of sirakegizs such 25 radintherapy and chemotherapy for tumoers has also been relaied o the sime of the
tumour, especially the spread rate of tumour cells. Therefore, how to consider spatial factors in the HRM
midel and address the impact of spatiolzmporal heterogensity on the occurmnce of bommetic effects,
especlialy the iImpact of spatizl stz on the complex parameer spaces in which hormetic e ffecls oo, 1s
the main kssue to be considerd in this paper.

Integro-difference equations are often usad to describe the spatial and Eemporal characteristics of
biclogical populations. In 2008, Li & af. [35-38] usad the infegro-difernce equation o describe the
growth and dispersal prcesss of single and mubtiple populations, and explored the spatial pattemns of
travelling wave solutions. They also considerad a compe titien model in the case of tvo specles invading
a habital consecutively [3%]. Within the 1ast two years, Liv and Zhang e o [40-42] combined the
mtegro-difference equation with miections disease models to analyze the exisience of avelling wave
solutions fior vaross types of models, and recently introdsced the distribution tme delay o describe the
existence and mon-ax Isence of iravelling wave solublons [43]. Liang & af [44] analyzed the exisence
of travelling wave salutions of the sy siem by constructing integm-difeence equations, and the complex
kimztic hehav iour and bometic efects of a single popalation of organisms were describad numerically.

Themzfore, based on the thee parameter HEM, in the present paper we propos a two-dimensional
spatial diffusion discrete HRM using the modziling bdea of inte gro-diffe rence equations, focusing on the
effiecis of spatisl domain, intrinsic growth raie, dose-response and dose timing responsa an the ocour-
mnce of hommetic efiects. In Section 4, we Ivestigate how thes four parameters affect the dy namic
characteristics and hormetic efecls on pest populations in two-dimensional space. Wi also consider how
the deve bopment of the pest population ks affected when different conce ntrations of pestickdes ar sprayed
at different locations, Le. we focus on the imfluence s of spatiodemporzl heterogeneity, the inirinsic growth
rate of the pest populations, the msecticide eMciency and insecticide application timings on the complex
dymamécs and the occemence of hormetic efizcts. Fimally, In Secton 5, we summartze the significance
and Hmitations of this stedy.



1 Modelling spatio-temporal hormetic effects

In order to address the efSects of spatial-temporal factors on the hormesis, we propose a discree pest
population growth modzl with population dispersion described by an inie gro-diffes noe equation bassd
om the hormetic Ricker model (HRM) of Tang [34], in which a single imgulsive chemical comiro tactic
is implemenied within each pest peneration. To address this, we assume that the pest papulation has two
stages im WS life cycle: a growth stage and 2 dispersal stage. Moreover, puls conirol messues inchsding
spraying pesticide are impemented during the growth stage, which have stromg spatial and temporal
heteropene iy, and the pest population cannol increase when i 15 in the dispersal stape. The order of thess
twi steps (reproduction/dispersal or dispersalreproduction) is not important mathematically, aithosgh it
can have significant biclegical repercusstons for & discussion in the coniext of plants [45]. As mentioned
im the Intmodisction, the main purpose of this paper is io addess the effecs of space and time on hormesis
during pest contmol operations.

21 Fes growth model during the prowth sage

Using a similar mode] deduction method a5 was used by Tang e @l [34) and considering the sbove
spativdemporal factors, we ket N [x, v) be the density of the pest population & position (x,¥) (Le.. 8 fxed
ohsarvation point) of generation », and e =0,1,2,---.

Pest control such as spraying pesticide often occurs 3t A certzin time 8 hetween two penerations of
pest population growth and 8 = [0, 1]. Le. the control measus: oocurs at Hme -+ 8. Al the same tme, 2
propartion of pests with a ratio of g is kiled  Due o spatioiemporal heterogenaity of the spraying, the
killing rate g depends on the spatisl position (x,¥). Le. g = g(x,¥). and consquently the survival rake
r2 pix,y)=1—glx,¥) &5 also space-dependent. Thus, after spraying pestickdes, the number of pests at
tme r -+ & has been redsced b

Nys [":3"} .=Nl|"l:'":y} = F[“: y}hll |"':"|::J'} (21

and the sign + mpresents the lime after the pesticide spraying. Acconding ko the HEM model proposed



by Tang e al [34], we have the following mode] during the growth stape
Wustfe) = plxWateylenp - (1- 252 (0.4 1 - gjpenp - (1- 222 ) ) )|

Mo that there are two special cases in model (2.2), Le. when 8 = D and 8 = 1, when the model

depenerates o
Nast(x,¥) = pix, iN. &p ’r([—@)] ki)
or
Nop1lx, ¥l = plx, ¥V, (x,¥] exp ’r (l - @)] . (24

Thiz the oretical analysis and dynamic behavioar of the shove fwo cases with spatial homogeneity have
been exiensively 1mvestigatad [46-48). If we demote that the stable spatisl homogeneity ficed point with
spatial homogeneity of model (2.2) 1s &*, which can be determined by the follow ing e quation:

(E ol (B e

and we demabe the function ¥ (N*) as follows

el (F oo (R e

and farther ket F(N*) = 0. we can get

pERp

K K
NP = (1-WA)], Nf=—{1-W(-14)],

where A = I_—_.'I_Tr amd W(-,-) indicates the Lambert W Tfunction., for which mos concepts and prop-
erties are given in refeences[49, 50).

Unider the condition of spaitsl homogeneity, the aisience and stbility of equilibria of model (1.1
have been addressad by Tang e ol [34], and the dynamics of the proposed modisl can be determimed by
three parameter (growth rate, doss -response and doss iming fesponss) spaes. Theoretical analyses and
mumerical inve stigations showed that the model with three critical paremeters exhibited hormetic biphasic



dosz and dos timing responses, either in a J-shape or zn invenied U-shape, yielding 8 homeost atic change
or a catastrophic shift and hormetic effects in many parameter egions. Moreover, the main & sulis can
be comtrmed by ntting the proposed model i both hormetic and non-hormetic data sets.

LI Fes growth mode in ihe dispersal sape
Wiz gmsume that the pest population can dispers from one kocation to others in the plane and that the
totz] scope of the populstion is iov ariabde in this stage. This letting

FMNalxy)) = pl.¥iNocxp [r(l e (ﬂ +(1- 8)p(x,vlexp (r(l - @] ﬂ)))] :
then it fodlows from model (2.7) that -

Nastlx,¥) = F (Nalx,¥)] - (2E)

Takimg spatial heerogeneity mbo account, the density of the pest populstion should depend on is
position (x,y¥) , L. N,(x,¥) epresents the density of the pest popelation of generation n at position (x, ).
Therefore. it falkows from prey ious research [51] that the growth and dispersal of the pest population can
be modellid as follows:

b riem
Noerle) = [ [ L F (N, ) 29

Thez basic form of dispersals for any species will be 2 form of dispersal keme ) derived from the heat
equation (For random diffusion in a plame):

(2.10)

=

1
Lty T) = gomep |- |

dnuT

whene T represents the dispersal time of 3 species and w is 8 species-specific parameter describing the
“diffusivity " or rate of dispersal We assume that there are two distinct stxpes that denine the e cyclke of

the modelied organism: a sadentary stage and a dispersal stage. Al growth occurs during the sedentary
stage and a1l movement occurs during the dispersal stape. These assumplions allew us to regard the



dispersal stage as the combination of a linear operator and a nonlinear operstor for the sedentary stage
[52]. Thus, the mathematical blseprint for the integro-difference model 1s organtred as follows.
Stepl: Calculate the number of pests based on the last popalation values:

N7 (x5} = FiNalx.¥))

(O e (O D)) S
5ep: Disperse the population using convolutions & described shove:
Nastlx.3) =_Jlr_l_w_||'-_I_W1-[J=->*:l*!"'..4 x,¥)dedy. (212

Based on the above two steps, we can nmmerically deduce the fsture populstion kvel from the cument

population kvel in the follow ing way:

Nawsle) = [ 7 [ 230 Wt
=J'[::J'[::u+:r"" [' Ji:rr}; ] FlxyWalzy) 213)
exp [r(l—@(ﬂ+[l—ﬂ]p{x,_¥]ﬂp (r(l_ - @) ﬂ)))] dedy

A Bilurcation analyses without spatial diffusion

Thi analysis of the full model (20 with spatial diffusion and heterogeneity is quite chalkenging.
This s=ction hegins with the analysis of the model withowt spatis] diffusion, Le., assuming that p(x, ¥}
5 3 constant p We study the dynamic behavior of the model, incheding Mip bifurcation and chaotic
dymamics Im the next saction, we primarily explos: the spatial iInAuence throwgh numerical simulations.

I, Flip Bifwrca ion

As mentioned In the previous sction, ther are o nonzero fxed points of the mode] (211 Ac-
cording ko Lemma 2 in the suppleme ntary material of @ ience [34]. the moded (2 1) has a positive fied
poimt E* = N° if p” = 1. Afier & simple analysis, there exists an elpenvalue 4 = —1 If the following



conditions hotds
CIN") = B [rpB1 BaN® + K)p+ K2 =10, {31y

where B —e™ 2 g, — MU ENHE b o b AN*rand By =8 — 1.

Theomem L1. For sygem (1.1} if pe” = 1 and CIN*) = @ @ flip bifurcation scocrs af the jived point
E*=N"

Progf The proal for flip bifurcation can be found In the Appendix A

3.1 Chaaic dwamics
Thi value of the Lyapunov @oponent is considered to be one of the characteristics implying the ex-
Istence of cheaos [53, 54] The calculation of the Lyapunov exponent s performed in the Appendix B

To further Miustraie the chaotic dynamics for model (1.1), we choose the parameters g and 8 a5 the
bifwrcation parameter and fix all other parameters. The max imem Ly apenoy exponent A s calculaed
and the bifurcation diagrams zre plotied in Fig. 1. As shown in Fig. 1. the maximem Lyapunoy exponent
A may be larper or less than 0 as parameters g and & vary. Comespondingly. the trajectory tends o 2
chaotic splution when A = 0; the rajectory ends 10 a mued point or periodic solution when A < 0. For
example, we observe that the system is stable for g & [0.489, 1] im Fig. 1(a), and the periodic solution
changes from £ to 2, and at 1 becomes the solution of period 1. The maximem Lyapunoy & ponents ane
positive, indicating the exisience of chaotic atiraciors when g & [0,0.488). Wi can see that them exists a
stable imterval for @ < [(L0&1,0.867) from Fig. 1{b), meanwhile a psewdo-periodic solution appears. It1s
warth mentioning that we can also s from Fig. | that thes are fip bifurcation phenomena

When considering spatial diffusion, the population density chanpes folkow model (2,131 For such
a one-dimensional ntegral difference equation. there has not been amy theoretical research on 2 bifer-
cation analysis of i so 121, 50 we e unable to conduct such an analysis Insiead, we will axplor the
dynamécs of model (213) using the numerical simulation mesults. Our parpose is o address how spatial
heteropeneity affects the hormetic effzcts and determines the parame ter spaces. In the next saction, we
present the binsrcation diagrams for sysiem (2 13) 1o confimm that model (2.13) inherits the dynamical
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behavior that moded (1.1) possesses and to show the new interesting complex dynamical behavior by
1ssing numerical simulations.

4. Spativtemporal hormetic effects and bifurcation analyses

Wode that it is theomtically dimcult to sbedy and anslyse the exisence of plane waves and the come-
sponding sedutions of model (2,133 in twe-dimensional space dise o the complexity of runclion F [Nz, ¥,
sowe choose an altemative way to rveal the influences of the space dependent control measures on the
hometic effiecls during the pest growth stage. To do this, we nead o solve the integro-difizence equs-
Heom (2 13) numerically. Thus, without loss of generality we assume that the space s a square zpion with
length = and the number of grids =7 in the two-dimensional plane, and we will wse the Dirbchiet bound-
ary condition to reat the boundaries of the space. assuming that the numbser of pests at the boandary is
reduced ko half at the end of the cwment generation.

W will reveal the influences of spatial domain fx and its spatial grid sd, the Intrinsic growth rae - and
the: factors related o the control measwres Including the killing rate g (& parameter e lated to the pesticide
dosz) and the time of spraying insecticide 8 on the dynamics and hormetic effecds. Momover, we ako
focus on the effects of spatial homopeneity and heterogeneity of controd measures on the hormesis, Le.
the killing rae g is & comstant or it depends on the space position (x, ). which allows us to design the
space-basad optimal prevention and controd straiegy.
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4.1. The dynamic complexity and hormetic effects under the constant killing rate g
4.1.1. The solutions of the model (213} with some key parameters chanpe

We nrst address the effects of spatial homogeneity of control measums on the dynamics. 1et the
mstant killing rak g(x,y) = g be a constant that does not depend the spatial position (x.y) Throughout
the paper we denote the inermediake location x /2 (or y/2) asx* (or y*). 1f we nx the parameter set as
In Fig. 2, we can get the three types of classical solutions of Na(x,y) over 100 gererations a a med
observation position (x*.y(:)) of model (2.13): the spatial bomogeneous equilibrium (Fig. 2(2)). the
spatial heterogeneous periodic solstion with a period of 4 (Fig. 2(b)); and spatial heterogeneous chaotic
solutions (Fig. 2(c)), s shown in the first column of Fig. 2.

L T T T T
L)

: u

HT
108
L " N L "

e x - “ - »w

@ r-449-036-072

byr-554-02,0 066

€ r-359~-0206 ~03

Figue 2 The kefl columes shows throe types of classical solutions of Ny (x, ¥) over 100 peneratsons a2 fiwed chsenation position
" ¥(2)) of model (2.13), and the right colunm & the spatial serage solution cunves of e thay typicl solations shown in
the lert colamn with mspect 1o the spatial wariabic ¥ The oder perameers are fiwed as follows: sd -~ 12505 - 20K~ Ly
07T ~0L



In order to mose clearty show the effects of spatial locations on the solutbons, we mbuitively Eveal
the impact of spatial location on diffzrent types of solutions through numerical investigations in Fig. 2
Therefor. we fix the spatial location x*, and focus on the changes in the solutions in the ¥ space and the
changes in the solution curves averaped over the y space. The lent column shows the spatial distribation
of populstion density at spatial location (x*,y(:}). and the right column is the spatisl avereps sohstion
curves of three typical solutions shown in the ke column with respect to the spatial variable .

In particislar, Fig. 2(a) with iued parameters (r = 4, = 0.3, = 0.72) reveals that the pest population
eveniuzlly stabilises a the spatial bomogeneous equilibriem (Le. N (x,¥) = L.09. In this case. due o
the homogeneity of population distribution, spatially consisient pest control strategies can be adopied io
achieve umified controd abjectives without incuming hormetic effects. The periodic solution with unifomm
spatial distribution and tme period is provided In Fig. 2(b) with parameters r = 5.5, = 0.2, 8 = (.66,
this Indscate s that it is very Important i monior the population size of generations and design pevention
and control strake gies basad on the dynamic changes of the population siwe of generations. In Fig. 2{c).
we ®t the parameter values as r = 55,9 = 0.2,0 = 0.3, and this type of solution not only presnis
cheotic Hme series, ut also has strong hetempeneity in spatial distribution. Therefore, it s necessary io
design space -lime basad pevention znd contmol measupes ki e duce the parameer spaces w her hormetic

affatts DCCur

412 The occurrence of harmetic effects under differen spatial grid

W first focus on how the spatial grid sd afects the solution N(x,¥) of the model (2.13), and con-
saquently on the hormetic efects. Hem we fix r = 1.9 and i = 20 for diffesnt spatizl grids to explone
biow the factors related to the control measures affect the evalstion of pest populations. Time average
spady-stale solsthons N(x*, ") of modeld (2.13) over the last 50-100 penerations at a ixed ohsarvation
poimt (x*,¥*) for different g and & valses are shown In Fig. 3(a)-Flg. 3(c). Fig. 3 clearly demonsiraies the
effacts of spatial grid =4, insecticikde dose g and time @ on the dynamical be hay lour and hormetic effects
of populations, where (x*,y*) Epresents the central point of the two-dimensional space.

From Fig. 3{3), we can ®e that when the spatial grid =d is 32, the pest population increases sharply
and then decreases as the appication tme @ Inceases. When the spatial grid sd Is mlatively large (see
Fig. 3(b) and Flg. 3c)), the evolution of the population exhibis an mveried U-shape (ocowmence of

12
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Figee 3 Hormetic e N ds for spatial grid. The sieady-stsie solutions #(x", 7" ) al a feed obseration point (x°, " | and time-
mverage over e last 0100 generasions for different g and 8 valoes. The other pemameiers are ed @ follows: £~ 19,03
K = g =0T =0
hormetic effects) as the killing raie g Increass, e the epenerative capacity could be enhanced 1f a low
dose of pesticide |5 applied. and inhibited mversely if the concentration of pesticide exceeds a the shodd
Mote that the smaller the spatial grid =4 the more insecticide g is eguired for keeping the population
within & certain level, as shown in Fig. 3{d) and Fig- 3. However, when the Inmcticide g exceeds
a certain threshold such as a toxic threshold, the population density spproaches 0, im which case the
population becomes extinct

The spalial surfaces shown i Fig. 3ic) and curves shown in Fig. 30 and Flg. 30g) almost coinclde
when the spatisl grid sd is larpe enough (sd = 256 0f =4 = 5120 It indicates that the changes in the grid
have very little impact on the stable population evels, hommetic effscts. As shown in Fig. 30d)-Fia. 3ig).
it Is interesting that increases in the stwe of the spatial grid can signifcanily reduce the ok the shold
Im addition. ot only can the dosage of pesticide induce low dose stimulation and high dos imhibition,
bt diferent usage times & fned doss can also casss hormetic effects (=e the intersection of the black
Hme (the density of pest s equals to 1) and other colound 1ine). Momover, we can see that the stronger
the Infensity of popalation growth stimulsed by low doss with 8 muitiple mmered U-shape curve (as
shown in Fig. 3d) and Fig- %)) and J-shape carve (a5 shown in Fig. 300
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The occumence of hormetic effects and their parameter spaces sirictly depend on the spatial grid.
which indicates that spatially dependent control measures should be designed. For a given space sime
(L. [s = 20 here), the fewer spatial grids that ther: am. the larper the parameter space: for the occurence
of hometic effects. Specincally, prevention and control strategies implemented based on segmented
spatial aras can effectively avoid the occumence of hormetic efects, which 1s bemefnicial for pest control

413 Bifurcation analysis wnder different spatial prid

In order bo meveal the impact of spatial grid on the dynemic behaviour of the model (2.13), especially
the mechanisms of occumence of hormetic effedts, we draw one-parameter bitarcation diagrams of the
killing raie g, the intrinsic growth rate - and the dosape time response @ a5 shown In Fig. 4 - Flg. 6, re-
spectively. From Fig 4i8) and Fig. 4ib). we can see that the density increased nstly and then decreas as
g Increase when the spatial grid sd = 256 and &d = 128 They present one commeon & ature s of hormesis:
hormetic biphasic dose-responses (Imveried U-shape) of ke dose stimulation and high-dos inhibition
A large stable Mred point s gemerated under low dose stimalation, which revesls the homeostatic change s
cawsed by external stimulation. The plecewise continuoas Inveried U-shape curves demonstrake the sig-
mificance of catastrophic shints [12] and the robuastness of the stabifty Indwced by extemal stimulations in
homeostatic alterations in producing & hormetic-like biphasic dose-response curve[55). From Fig 44c).
the fiip bifurcation and chaotic phenomenon occurs when the spatial grid s¢ = 64. By comparing the
bifurcation diagrams of the parameter g with different vabues of sd, we can find that the smaller the
s, the greater the density of the population, which means that the regeneration ability of the sysiem is
further enhanced., resulting In the more obw lous hormetic efMects. In addition, the sy stem become more
stable with the spatial grid increas. Thus, we can design effective prvention and contro] srategies
while avoiding the cccurmence of hormetic effects hasd on 8 asonable grid sgmentation

In order o mveal how the intrinsic growth rate r affects the dynamic behavior of the population,
we draw a bifurcation diagram shown in Fig. 5 It can be seen from Fig 5 that when the intrinsic
growth rate r increases, not only does it Increa= the complex dynamic behaviour of the system, but
It &lso significantly incrzases the likedhood of the system experiencing low-dose stimulation and high-
dosz Inhibition, revesling two mechanisms of hormetic effeds: homeostatic chanpe and catastrophic

shift It is worth noting that the pest population transitioning from the monostable stale or coisting
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bistable/multistable states to chaos with respect to = We can s that them exists a threshold r that
cawses the system io transition from a stable st to an another stable stale (see Fig. 508) and Fig. S(bj
The dosage time response & may also be closzly related to the hommetic effects. In Fig 6, weflxg =02,
a slight change in & can cause the system o transition from one sable state w another stable or unstable
stabe with & larger peak. The low lkevel of stimulation redwces the competition within the population,
imgproves the regeneration shility of the population, and makes population density exceed the origimal

v Ironmental Carmy ing capacity.

1 az as . o4& ol 1 a a1 a4 _ a8 a1 i
9 L3

{a) sd =236 (b ad = 128

Figee 4 Bifurcation diagrems of panmre fer g with different s 2 & Ased chsrration poin {o*, ") orer 100 penerations. The
other parme ters e fieed as foflows: I = 3008 = 0155 = 45K = 1Ly = LI T - 0L

(2} sd =256 {hy xd — 128

Figee 5 Bifurcation diagrans of parameter r wigh diffeeni 54 21 2 ixed chservation point (x*, ¥ ) over 100 penemsions. The
other parme ters ane feed as follows: Iy = 0.9 = 028 = LI5K = Ly = 002,77 =0

?:A._ i J\f

a ai a4 [ [T [ a ai a4 i ai i B B3 B, s ]

i L]
() s =356 iby xd = 128 ic) sd = &4

dermry

Figee & Bilwcation diagrms of paame ier 8 with difeeni 51 a2 ieed oheenasion point (x°, ) ower 100 pereatioms. The
rthier e ters are dreed as folkows: 07 = 200 = 02r = 4K = g =002, 7 = 0L



d. L4 Chmamic compleniciy revealed by Lyaprurmov exponert mmoder differend spaticl prid
In this section, we choos the key paramefers (g, 1, 8) to explor the cheotic dynamics of the system,
and calculate the (g,r) and (6 r]-<ependence two-parameter Lyapunoy exponents with the different
vales of sd. The occwmence of cheos when the Lyapunov exponents A larper than 0. In Fig. 7, we
fix the value of parameter 8, and g &nd r ae changing In Fig. 748 it can be seen from the color
distribution of the (g, r) parameter plane that the sy stem I stable(A < ) In most parameter areas, while
the emergence of chaos (A = 0) in only small area when the valwe of sd 15 256 The distribution of the
(g.r) parameter plane when the valwe of sd 15 128 and 64 are shown in Fig. 7(b) and Fig. 7{c). We can
s that the sie of the parameter reglon where chacs occurs Increass 35 sd decreases. This indicates that
the smaller spatial grid =4, the ke ss stablie the system will be. However, when the value of g Is fmed as
2, we change the parameter 8 and r (22 Fig B). The (@, r) parameter plane ex hibits a more widespread
and inense chaos phenomenon. Simitarly, we nnd that the st of the paremeter region in which chaos

ocours Is larper &s sd decreases, which means that a suMciently larpe spatial grid =d needs o be s o

ensure that pests do not beeak out
i "
5 H
43 1 R
¥ a
L] + 4
" B
23
-1 &3
L3 —— - -
B OEE a5 oam | & oz & &TF @ o ax a3 om |
¥ q L]
) 5 = 256 by o = 128 i) 5 = 54
Figme 7- (g, r}-dependenae of the Lyapumos exp A with the diflemni valwes of s ai & ixed cherration point

ir® ") and time -aemged mer 100 genersions. The ciber paameters are iced 2 follows: @ - 208 - 005K = Ly
LT =01

4.1.5. The effect of spatial damain on the dyaamic and hormetic effeds

We addressed the effects of the spatial grid =4 on the evolstion of pest populations and hormesis in the
Saction 4.1.2-5z2ction 4. 1.4, and in this ssction we foces on the effects of the spatial domain fs. Todo this,
we fix the spatial grid as sd = 256 and explore how the different space domain /s infisence: the occurme nce
of hormelic effects. Similarly, we choose the killing rate g and dos time @ as the key parameters, and



ars 1

A

T
§ §
(x) sd - 256 (b) sd ~ 128 () sd - 54
Figue & (8, r)-dependence of the Ly apma e xp A with e differat valoes of o o 2 fwd observation potnt

(x".¥") md Ume-seraged oer 100 peneraions. The ofer perameters a fixed a5 follows: I3 — 2,9 ~ 02K ~ 1y ~
00T - 0L

plot the solustions of N(x*,y*) of model (2.13) at a fxed obervation point (x*,y*) and tme-averaged
over 50-100 geperations for different s, as shown In Fig. %a). The curves shown in Fig. 9(b) rveal
that under the same number of spatial grids, the karger the spatial area. the more obvious of hormetic
effects of low dose stimulation and high dose inhibition, Inclsding larper maximum = sponses and larger
tox i thresholds. All these results indicak that if the spatial grid Is of the pest’s habitat 1s larper, the pest
s mom 1dkely to survive. This will result in a number of pest population Increases, and the population
mgeneration ability will be improved, such that the pest poputation breaks out of its original low steady
state and transfers to a higher stable (or unstzble) state. Similarty. the dose ime @ can generake the same
effects for 2 given spatial domain, Le the larger the domaln, the stronger the hormetic eflects will be, as
shown in Fig. %c).

"

= W oen T A o ox ey am 3 o s a5 e |
. - e=l-p

(a) is ~ 30,15 ~ 60.Is ~ &0 ® 8 - 008 rg-028

Flgue 2 Hormetic efiects for deferent spatial domans. The sieady-state solations of N{x', ) & 2 fowed observation point
x* ") and time-neraged oner 50-100 penerasons for diffemat s valoes. The other pamameiers s fwed 2 follows: =4 -
2%67 « 19K ~ 1L, g~ 07T ~0.1.

Fig. 10 and Fig. 11 ferther mveal the spatial heerogeneity of hormetic effects, by showing how the
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i) in = E iy Iy = 6

Figme 1 The sieady-saie soluions ai 2 ixed chsenation position (x°, v:)) with mspect i § and S -avemged over 100
penerasions for difierent iy values. The olber mameiens ae fned as follow s 5 — 236,80 =015, = 1L.9,K = Ly - Q0z,7T
oI

spatial hommesis of the population am afected by the spatial domsin fs, the killing rate g and dose
tme 8. espectively, whene the pink plane rpresents the cmss-section of Nalx,¥) = 1. It folkows from
Fig. 10 that with the change of {5 = 40 to !5 = &0 (the spatial domain increases), the hommetic efect
of the populstion in the space |s more iniense. and the mgion of the hometic effects Is larger, at this
time the sysiem iransitions from a stable stsie to an another stshle staie. In the case of fixed spatial
domain !, the population density showed a trend of 1ow dose stimulation and Mgh doss imhibition. 1t 1s
chear from Fig. 11 that &t 2 ficed the killing rate g = 0.2, the pest populstion density mcreases with the
mcreas of spatial domain, and the density of the population will zlso increass first and then dece:ase
or momotonicaly decrzasing with the mceease of 8 with fxed spatial domaim (. Apother Intersting
phenomenom is that in Fig. 10 and Fig. 11. it i obvious that the Darichiet boundary condition is used to
de:zl with the boundary, which means that w hat makes the popalation develop 2t the boundary is different
from its camsation at other positions.

ikinily

i) in = E iy Iy = 6 [ ]

Figmm 11: The seady-siaie solulions 2 2 fxed ohservation position (x°, ¥(:}} with =spect io 8 and time-sveraged over 100
penerations for difernt [y vales. The other pameme iors are feed as follows: s - 296, = 0.2,K = Lr = 19,0 = 0027
oI



416 Parameier space analysis of the coourrerce of hormesis effecis

From the Ssction 4.1.2 and Section 4.1.5, we know that the paramefers g and 8 can signincantly
affect the occwmence of the hormesis effects. To farther explom the parame ter region where the horme sis
occurs, we draw two-parameter g — @ plane diagrams that mark whether the paadox effect occurs or
not under different values of xd and (s Firdly, we fx s as 30 and ket sd change in Fig. 1202-C), and it
can clearly see that as the spatial grid = decreass, the size of the parameter rgion where the horme sis
oCours also increases, which means that the lower the spatial heterogeneity, the sronper the mgeneration
ability of the pest population The main reason is that the population switches from kow sieady staies
to high steady states, or the population explodes in 2 cerlaim paramefer space, and the population is
more suscepiible ko environmental impacts Including spatial grids. Secondly, we fix sd 35 256 and let /s
change in Fig 1%z-c) It can be seen from Flg. 13 that a5 the spatial domain /s decrease s, the proportion
of pesticide induced hormetic reglon decre ases significanthy. All these resulis confirm that the optimal
pest prevention and control me asure s not only ely on the efclency of pesticide and its application tme,
bt also depend on the spatial domain and & reasonsble grid desipn. The parameter spaces associaed
with hormetic effects oocumence are helpiul to design implementation of 2 multi-siraiegy mtegraed
management of the pest population

0 @28 a4 AT 1 [ - K il ] 1 [i] 0% 0% k] 1
g=l-p y=1-p g=1l=gp

{a) 5 = 356 by d — 128 o) 5d — 64

Fpgme 1T (4.0 -dependene of hormesis emerpenae with e difiemenl valoes of = o 3 ied observasion point (0*, ) and
lime-me mped over 100 jenorations. The ofer pammelers ae ixed as follows 15— 3l - LK = Ly = 0027 - L1

4.1 The dmamics and hormelic gffeds wnder fie spatial dependent killing rae
Under the assumption of constant killing rae g, the above Section 4.1 sysematically analymed the
mfluence of spatisl grid and spatisl domain on the dynamic behaviour of the model. especially on the
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Figme 13 (g, 8)-dependmoe of te | rpence Wit different values of i 3l a fxed cheeration point (x*,7* ) and
Lime ped ower 100 g The otherp are fxed & lollows: sd ~ 236,r = 19K = L,y = OET =L

parameter space of occumend: of hormetic efizcts. The mein conclusion reveals that the sime of the space
and the mumber of grids have a signincant impact on It and consquently It s very important i consider
the kilking rafe function g{x,y) 85 a fumction of space, |2 spatial heterogeneity of pesticide eMcency.
T do this, we assume that the gix,v) oheys a wo-dimensional Gaussian distribution in two-dimensional
space, 50 &5 o explor s influence on the spatial dynamics and hormetic effects on the pest population

Define the gfx, ) as follews:
27

5, = T @an
wheme x,y & 15,15

Thi comesponding distribution of equation (4. 1) in the fwo-dimensional space is shown inFig. 14 with
different spatial domaims {s and spatial grids = Comparing each row with fixed s = 256 In Fig. 14,
i can be seen that 25 the spatial domain [s dacreases, the number of pesticide sprays at the boundary 15
mlatively small, and the change of pesticide conce niration is relatively show in the nekphbourhood, which
I5 also consistent with practical applications. and the spatial heterogeneity 15 enhanced At the same
time, in the case of the same spatial stz s, becass of the different spatial grids sd, the concentration of
sprayed pesticides will also be different in a certzin nelghboerhood range. The tarper the spatial grid =4,
the weaker the spatial heterogeneity, & shown in each colemn of Fig. 14,

Comparing the rsults shown in Flg. 2, It i clear that for the same parameter set fined & in Flg. 15,
the spatial heterogencity of the populstions is incrzased and the density of the population is e istvely
mduced for the three types of fypical solstiors. Mok that on the spatial verape the pest population
evenisally stabilises 3t the fxed point (Le. Naix,¥) = 0.83 which Is less than the valse in Fig. 2) when
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Figee 14 Gaussan distribation gix, v) for different spatial domasns and spatial prids.

we fed the parameter vales as r = 4,6 = 0.72in Fig. 15(a). In Fig. 15(b) with med parametersr = 5.5
and 6 = 0.66, we note that the amplstude of the solution is relatively smalker than in Fig. 2(b), which
indicaies that the spatial dependent control measures ae beneficial for pest coatrol. Another interesting
conclusion Is that in the central eglon of space, the population size exhibits more regular changes, while
m the adjacent boundary regions, & exhibits complex dynamic behaviour. Based on the dennition of
glx,y), the pesticide dosage in the middle area is high and this results in better and eflective control
effects, whie the density of the pests on the border Is complicated. with strong spatial heterogeneity due
to tow dosage. which could result In an increasing occurrence of hormetic efiects at the border region.
Since the amount of pesticide sprayed depends on the spatial location (x,y). the spatial heterogene-
¥y is enhanced, and there exist discrepancies between the densities of the pest popalation at different
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Figee 15 The left column shows thee types of classical sodations of Net,¥) over 100 genermations at 2 fwed chservation
posdtson (x*, (-} ), and the right column & the spetal merape soluion curves of thae brpical solutions shown in S e Nt codumn
with respeat o the spettal variabiie ¥ The other parameters are ftwd & follows: sd - 128, ~ 20K ~ Lg ~ 0027 - 0.1
locations, which is not completely consistent with the phenomena described in Section 4.1.2 and Sec-
tion 4.1.3, as shown in Fig. 16, where the pink piane represents the ction of N (x,¥) = 1. Fig. 16(a),
Fig. 16(d) and Fig. 16(g) represent the spatial grid of sd = 256, sd = 128, sd = 64 mspectively for the
pest population 2t the spatial location (x*,¥(:)). (Le In the middie of the x direction) with mspect to
parameter 6. Fig 16(b), Fig. 16@), and Fig. 16¢h) mpresent their curves at some given positions with
mspect to 6. and Fig. 16(c), Fig. 1&(1), and Fig. 16(1) represent their curves at centain fixed umes 6.
Under the condition of nxed spatial domain is = 20 and r = 1.9, the pest population density presents
symmetry sbout the central positton, and differences also exist in diffesent spatial positions, as shown



Im Fig. 16. Al the same location. as the dose time 8 Increases, the pest population also shows a patiem
of inceasing and then dacreasing. and evenhsally stabilizes at 2 certzin level, as shown in Flg. 16(h).
Fig. 1662) and Fg. 16(h). By comparing each row. we can see that as the spatial grid decresses, the fmal
pest population density also incresses. For a Moed 6, the concentration of pesticides in space follows 2
one-dimensional CGaussian distribution, gix®,v) fallews a pattern of increasing and then decreasing, as
can be szen from Fig. 16ic), Flg. 167) and Fg 16(1), wher the pest population density also Increases
and then decreases.

Fig. 17 represents the variation i the pest population density af different positions in space w ith dose
timz & under diffzrent spatial domains is. In Fig. 17, we set the spatial grid o sd = 256, and we can see
that as the space decreases, the final population ske decreases. Al the same Jocation (Le., some fixed v).
the pest population increasad nrst and then decreased with the increas of dose time 8, ocoarming with
hometic efMects. Similarty, for the fxed 8, the pest population desnily In difkerent locations also showed
some diffeences. The msults shown im Fig. 16 and Fig. 17 all reveal that the ocowmence of hormetic
effects Is spatially dependent e to the gradual decressing of pesticide dose from the centre io the
bowndary ara, differznt degrees of hometic effects ocoer in the boundary area The earlier the control
&5 implemenied or the smaller number of grids, the grester the mtensity of the hormetic eflacts.

5. Conclusion and Discnssion

In actual agricultural pest control, the spraying intensity of pesticides depends on the distribution
of spatial aras. Typically, the central area of fammiand is sprayed with high doses of pesticides, whike
in the semounding areas the dosages gradusily decresse. This inevitably leads o an incresse in the
dispersal rée of pest populations in fammland, posing 8 hepe challenpe for their controd.  Specincally,
the spativemporal hetermogenzity of pesticide dosage mevitably Incresses the possibility of hormetic
effects such &5 low dos stimulation of pest populastion growth and high dose inhibition of ®s growth
Thereforz. in order i reveal the effects of spatiotemporal heterogenzity, the intmnsic grmwih rate of the
pest populations, pesticide efMclency and lis application time on the complex. dynamics, occurence of
borme sis in pest populations, we developed an integro-difference e quation. This was basad on the HRM
and describes the associated compler dynamics and hormetic effects in two-dimensional space.



@) sd - 64 th) sd - 64

Figee 1& (¥, 6)dependmee of the tme-aversged population stes over 100 geaerations for the moded (2131 (adgr de
steady -state solusions 2 a fwed cbservation postson (3, ¥(-)) with 2pect 0 @ for differnt s4; (behy: the change cunves with
resect 0 8 under some ixed y; 661k the change canes with 2spect o ¥ wnder some fiwed 8. The other parameters s ied
s follows: (5~ 20,7« 19K~ Ly « 0027 -~ QL

Our pumerical analysis results are mainly refieced in two aspects. On the one hand, we investigate the
effect of the intrinsic growth rake r, the application time @ and the application dose g on the populsion
dynamics As shown In Fig. 3e)and Fig. 3(g). spraying inecticides does not compietely reduce the pest
population density, and only within & contatn concentration can it inhibi pest increases From Fig. 3 and
Flg. 4 we can see that one parameter bifurcation analyses further reveal ome of the mest comeman Rature s
of hommests: hometic biphasic dose-responses (inveried U-shape or J-shape) of low dose stimulation and
high-dose inhibition. An excessive intrinsic rae growth r will kead to the outhreak of the pest popalation.
as shown in Fig. 5. The time of spraving Inecticide & has an effect on the pest population density, and
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Figue 17 (¥,8 -dependoce of the Lmx-averaged population stes over 100 geaerations for the model (213 (adgr e
sieady -state soluions 2 3 fwed chservation position (x*,¥(:)) with mapect 1o @ foe differnt s2; (he by the change curves with
regect o 6 under some Mxed ¥, (045 the change cunes with apect 1o ¥ tader some fiwed 8. The other paramelens am fixed
s follows: sd - 256,75 = 1.9.K = 1L g ~ 0027 ~ 0.1,

snall values of & will lead to increases of the pest popalation density (see Fig 6). On the other hand,
we reveal the impact of the charactenistics of spatial egions including spatial gril and spatial domain on
the dynamics of system. The numencal results wem compared and anatyzed under ditfernt valaes of
sd or e The spatial prid =4 and the spatial domain Is ne¢ only affect the dynamics of pests, but also are
sensitive 1o the hormetic effects. As sd changes. the system appears multiple types of hormesis effect
curves, and the stability of the sysiem will also change. The conclusion is that the smaber the spatial
gnid =d, the smamer the parameter mpion whem chaos occurs of the sysem, the stromger egeneration

ability of the population. In addition, When the spatial grid sd is small, and the hommetic efiect is more
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obwiows, a5 shown in Fig. 3 However, when the spatial grid sd maches a certaln theshold (s = 256
in this paper), it has Hile effect on the population and hommetic effect As (s increaes, the number of
pest popalation Increase, the horme sis effect becomes more prominent curves, and the system stability
becomes weaker.

11 we wanl bo coniral 2 pest popalation at 2 lower evel than i was at the outset by spraying pesticides
unider the conditions modelled herz, the smaller the spatial domain, the larper the amount of pesticides
required (Larger g) and the Lster s the oplimal tme Tor spraying pesticides (larper 81 Al the same tme,
we Can see from Fig. ) and Fig. 9ib) that. under the current parameter space, the popalation size of
the pest increased frst znd then decrzased with the increasing of pesticide dos g when 8 = 0005, and the
density of the pest population incressad in a Larpe spatial domain (is = B0 or ix = &), (blue and rd lmes
In Fig. Ya)-Flg. Sc)). It also shows 2 irend of increasing st and then decreasing with a med g = 0.25.
Comgparing Fig. 3f) and Fig. %b), we cam sae that in the case of i = 40 or & = 20, and the amoent of
pesticide g equired is slso less, the pest population density can be well controfled, which can also reduce
costs and ecological harands Therfore, another oplimal ok in determining the parameter space where
bometic effects occur is @0 avosd their ococurmence and achieve successiul of optimal pest controd.

In Saction 4.1 @nd Section 4.2, we conslder spraying different concentratioms of pesticides at different
locations im space to enhance spatial heterogeneity, which makes the stedy harther im line with practical
applications. Understanding the mechanisms imvatved znd the main factors mfuencing pest population
growth will help o develop mos effective pest controd strategies and guide fammers to mplement come-
sponding counier measures according (o actual prodsction conditions. AN these results further confmm
that optimal pest prevention and control measares not only Ely on the eMckensy of 2 pesticide and s
application time, bt akso shoudd be basad on the spatial domain and with a reasonabiie grid, designed for
effactive pevention and control strategles while avosding the occumence of hormetic efiacts.

In this paper, we nEmerically investigated hormetic phenomena in an ecological population in fwo-
dimensional space. The msulls ohtzined from mumerical experiments show that the synergistic efect
of multiple factors mcheding killing rate g, dose time 6, spalial domain Is, spatial grid sd and other
factors can significaptly affect the dynamic behaviowr and occumence of hormetic effects. Thus we have
provided insight into the systiem's complex dynamics and how Lo improve experimental designs and



anzlysis methods The results preenied her can be usad o design and implement targeted pest control
straleg ies 1o educe unnecessary environmental damage. as well as providing a deeper understanding of
the hormetic @fMects imvolved However, ther 2= many factors affcting the growth of pest popalations.,
such as environmenta] emperatuse, natural @ pemies, rEsistance o pesticides and other extemal factors,
which are also important for the process of inegrated pest management At the same time, our mode ]
has some shoricomings. For example. the diffesion of 3 popalation in space will be more complicaed
than a5 modened here with the kemel function.

Appendix A. Proof of Theorem 1.1

Proof 115 easy toverily that a nique positive ixed point £* arsesw hen pe” > 1. ALE", the elgenvalse
BA=—10CIN) =0

In onder o analyze the Aip bifurcation arownd the fived point E* = N°, we choose p as the bifurcation
parameter and ket p = py as the critical value, which sstisnes O(N*) = 0 and poe” = 1. Letu = N — N*
and v = p— p;. where v Is the pew variable and is sufficiently small We transform the fived point £* o
the origin and expand the right-hand side of system (1. 1) around the origin Then system (1.1) becomes

Fluv) =Au+Azv 44 ;u! + A+ rl:.v! + .4.51:!' +.4.',|u!v + .l.g.l.n'1 +.4.5|'r1: (Al
where
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Afer a simple calculation, we can get
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It 15 eagy 1o verisy that #(0,0) =0, 25 (0,00 = —1, ££ (0,0) £ 0, and 4 {ﬁ{u:u]}z +425(0,0) #
0. Hy the theory of fiip bifsrcation in [361. 1f pe = 1 and C{N*) = 0, a fip biercation oocurs at £°. The

prood is compheted. m]

Appendix B. The cabeulation of Lyapunoy exponent

First, we kL

o< mon (- 5o -aven ({1 2)1))|

and denose N, = F(Mo) = FolFal-- (Fo{¥o))---)). Then we have
IEEl A IR _IF
TN |y~ W IN TN
! Np-1 &

According bo the formmula for the Ly apenov exponents in [53], we can get the Lyapanov exponents of

model (1.1}, given by
e Dl (M 80
“-l‘E‘.;:fﬁ'“|T,.|~

where ¢ |5 any parameter in the mode] (1.1 Discriminating the presence of chaotic motion in a nonlinear
sysiem Imvolves checking whether iis maximem Lyapenov exponential entry i positive [57] The chantic
motion is Identified &5 follows:

(Iywhen A = 0, the rajctory Eends 1o a chaotic sohstion;

(Zywhen A < 0, the rajectory Ends 0 a ixed point or pertodic solution.
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