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Abstract

Shear flow is ubiquitous. Not only is it arguably the most widely-used deformation type to
characterise complex fluids in rheological studies but also, in practice, the deformation most
likely to occur in the great majority of flows, e.g. involving fluid transport through pipes or
conduits. In steady simple shear flow the rheological properties of a complex fluid are
completely characterised in just three material functions; the variation with shear rate of the
shear viscosity and the so-called first and second normal-stress differences. Despite requiring
only three material functions to be completely characterised, most shear-flow rheological
characterisations are usually restricted simply to the shear viscosity and, at best, the variation
of the first normal-stress difference N1 with shear rate. The second normal-stress difference
N2 remains very much neglected. For dilute polymer solutions where this quantity may be
negligibly small in comparison to the first normal-stress difference, such neglect is justified
but for a whole range of complex fluids — indeed even polymer solutions outside of the dilute
regime and especially melts — it is not clear that N> may be safely disregarded. Indeed, in
this review article we spotlight a number of flows where second normal-stress differences are
of importance and potentially major consequence. Following this attention, we review the
many experimental techniques which have been proposed for its measurement and survey the
available literature for measurements of this quantity for various complex fluids including
the aforementioned polymeric solutions, melts, liquid crystals, dense non-Brownian
suspensions (both with Newtonian and complex fluid bases), semi-dilute wormlike micellar
fluids and magnetorheological fluids. Theoretical predictions for N, from various
commonly-used continuum constitutive equations — primarily from the polymer literature —
are also given and their asymptotic predictions at low and high shear rates compared. Finally,

we end with a brief summary and outlook.
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1. Introduction

Knowledge of a material’s rheological properties is essential in understanding how such
a material will respond under flow. Given the potential complexity of the material response,
understanding of the rheological behaviour is usually built up via exposure to different types
of kinematics, e.g. steady, transient and/or oscillatory, for different types of deformation. By
far the most prevalent rheological characterisation is so-called “steady simple shear flow”
where the resulting material response is then characterised completely by just three steady-
state material functions; the shear viscosity ([J) and the so-called first (N1) and second (N2)
normalstress differences. Note, for an incompressible fluid it is not possible to measure all
three total normal stresses (i.e. T + p, T + p and t + p) because the pressure (p) is an undefined
dynamical variable and therefore that is why only two normal-stress differences are required

in which case the pressure cancels and then Ny=7—7and No=7 — 1. These

quantities are defined in Figure 1 which provides a schematic of these stresses acting on
streamlines in a homogeneous shear flow in a Cartesian coordinate system for various
contributions of N1 and N2. For example materials which exhibit positive N1 and negligible
N2 the resulting normal stress distribution is equivalent to an extra tension along the
streamlines (i.e. lines everywhere parallel to the velocity vector), with an isotropic state of
stress in planes normal to the streamlines (Barnes, Hutton, and Walters, 1989, p59). Despite
this ubiquity of steady shearing in the rheological canon, often the material characterisation
is restricted to a simple determination of the variation of the shear viscosity with shear rate
and, far less frequently, the variation of the first normal-stress difference with shear rate. In
comparison, the second normal-stress difference has received far less attention and is rarely
measured. One may conjecture the reasons for this neglect but a primary reason may be that
for one of the most studied viscoelastic fluids — namely polymer solutions — it is well known
that N2 is much smaller than N; and is therefore often “safely” neglected for most problems:
in fact, in the dilute limit, most theoretical predictions give precisely N> = 0 yet, as we shall
show, for polymeric melts and solutions in the concentrated and/or entangled regimes No~ —
0.1 — 0.3 N1. A secondary reason is undoubtedly that experimental measurements of N are
nontrivial. Finally, we note that the recent intense interest in dense suspensions of non-
colloidal particles, where it is has been found that N is the significant normal-stress
difference and larger than N1, has, to a degree, reinvigorated the techniques to measure N2

that were originally proposed for polymeric systems. In so doing, these studies have shown
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the importance, and value, of not simply neglecting this property based on results for other
complex fluid systems where it is indeed negligible (namely dilute polymeric solutions). We
believe there are many other complex fluids, for example emulsions, foams, surfactant
solutions in different phases outside of wormlike etc, where a knowledge of the second-
normal stress difference is limited or non-existent, which could equally benefit from

measurements of this property.

Despite this neglect, there are numerous situations when the second normal-stress
difference can give rise to interesting fluid dynamic behaviour which can, in turn, lead to
important effects. For example in laminar fully-developed axisymmetric duct flow with a
constant cross-sectional area — such as in circular pipe flow or annular flow between two
concentric circles — in the governing momentum equation only the shear viscosity is
important and the normal-stress differences play no role aside from modifying the pressure —
with, as highlighted in Figure 1, N; forming a tension along streamlines and N> forming a
tension along vortex lines in the cross-sectional plane (i.e. tangential to the velocity vector).
As soon as axisymmetry is broken however, for example by making the duct elliptic in cross-
section (Green and Rivlin, 1956), square (Townsend, Walters, and Waterhouse, 1976),
triangular or even more complex tear-duct shaped (Letelier, Acosta, Cordova, et al., 2002)
extended to arbitrary domain shapes in (Siginer and Letelier, 2011) or through an eccentric
annulus (Letelier, Siginer, Almendra, et al., 2019; Mollica and Rajagopal, 1999), gradients
of N2 then may drive a secondary motion which is entirely absent for Newtonian fluids under
the same conditions (for the unconvinced reader this is nicely explained in the short paper by
Speziale, 1984). Figure 2 highlights various results from the literature which show the
complex forms these secondary flows may take for different cross-sections/boundary
conditions. This secondary motion, although significantly weaker in magnitude than the
streamwise velocity, nevertheless has important applications in enhancing mixing and heat
transfer significantly above the equivalent rectilinear flow (Gao and Hartnett, 1996; Siginer
and Letelier, 2010) and in certain polymer processing such as wire coating (Tadmor and Bird,
1974). Such secondaryflow effects have been well studied numerically (Debbaut, Avalosse,
Dooley, et al., 1997; Gervang and Larsen, 1991; Townsend et al., 1976; Xue, Phan-Thien,
and Tanner, 1995; Yue, Dooley, and Feng, 2008) and, to a lesser extent, experimentally
(Debbaut et al., 1997; Gervang and Larsen, 1991). Although most works on this topic
consider polymeric flows, such Nodriven secondary flows have also been observed for dense

non-colloidal suspensions (A. Ramachandran and Leighton, 2008; Zrehen and
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Ramachandran, 2013). The topic of secondary flows driven by second normal-stress
difference in polymeric systems is nicely reviewed in Siginer, 2011.

The secondary flows just discussed in fully-developed duct flow arise due to a breaking
of axisymmetry in the geometry: they are absent in pipe flow (i.e. circular cross section) or
axial flow through a concentric annulus (i.e. flow in the circular space between two circles)
and necessarily in flow in an infinitely wide channel (i.e. pressure-driven flow between
parallel plates). Even in these geometries second normal-stress difference effects can be
observed by essentially breaking the symmetry of the boundary conditions and “cutting” the
geometry in half, thus making the flow “open” to the atmosphere i.e. gravity driven open
channel flow or through a semi-circular trough (Tanner, 1970; Wineman and Pipkin, 1966).
The resulting free surface deforms due to the variation in N2 caused by the tension along
vortex lines in the perpendicular cross-sectional plane, as the shear rate at the free surface
varies from a maximum at the wall (due to the no-slip condition) to zero at the centreline of
the duct (due to symmetry). A concave surface should be observed when N is positive, while
a negative N leads to a convex shape similar to that shown in Figure 3 for a polymer solution.
Put simply, a negative N> leads to compression in the vortex lines in a plane perpendicular to
the flow direction. This compressive stress is maximum at the wall where the shear rate is
maximum and zero at the centreline due to symmetry. At equilibrium, the stress component
normal to the surface must be equal to the atmospheric pressure. Thus, the surface lifts at the
centre to provide a hydrostatic pressure to balance this difference and takes on a convex
shape. For positive N the rationale is opposite and the free surface dips at the centre as the
height of the fluid at the wall is pinned by the contact line. Under the assumption that the free
surface deflection is small and no secondary flow occurs such that the base flow remains
viscometric, this “tilted trough” approach has been proposed to measure N. and has been
successfully used to determine that N> is negative and linearly proportional to the modulus
of the shear stress for dense noncolloidal suspensions of spheres for example (Couturier,
Boyer, Pouliquen, et al., 2011; Dai, Bertevas, Qi, et al., 2013). Full non-linear simulations of
such tilted trough experiments would be interesting to determine how significant the
secondary flow driven by N2 is in these cases and its effect on the use of the free surface as a
“pressure gauge”. Study of the related pressuredriven flow in “partially full” pipe flows,
hitherto restricted solely to Newtonian fluids (Guo and Meroney, 2013; Ng, Cregan, Dodds,

et al., 2018), would also prove fruitful in this regard as the second normal-stress difference



will drive secondary flows in such flows much as has been observed for “full” non

axisymmetric duct flows (discussed above).

Another situation where the second normal-stress difference is of vital importance is in
limiting accurate rheological measurements using cone-and-plate and parallel-plate devices
where, beyond a certain shear rate, the free surface where the fluid sample meets the outside
air destabilizes. This is now commonly referred to as “edge facture” (or shear fracture) and
results in the normally curved meniscus of the free surface splitting into two, one enclosing
a collar of liquid on the rotating cone or plate and the other enclosing a bank on the stationary
plate as shown in Figure 4 (Hutton, 1963). The problem has been well studied for a variety
of fluid systems, primarily polymeric (Inn, Wissbrun, and Denn, 2005; Lee, Tripp, and
Magda, 1992) but also in suspensions of dense non-colloidal spheres (Sui and McKenna,
2007; Tanner and Dai, 2019; Zarraga, Hill, and Leighton, 2000) and more complex fluids
such as commercial toothpastes (Keentok and Xue, 1999). Recognising the importance of
the second normal-stress difference on this instability Tanner and co-workers (Tanner and
Keentok, 1983 and Keentok and Xue, 1999) predicted it to occur for a critical magnitude |N
()| > o/ of the second normal-stress difference N in the fluid, given a surface tension o of
the fluid-air interface and an assumed geometrical length scale "' (often taken to be the gap).
Although this criterion has been shown to be correct from a phenomenological point-of-view
(Huilgol, Panizza, and Payne, 1993), it was not until the recent work of Fielding and co-
workers (Hemingway and Fielding, 2019; Hemingway, Kusumaatmaja, and Fielding, 2017)
that a better understanding of the instability was provided, see Figure 4(c). The role of the
second normal-stress difference — more precisely the rate of change of N, with shear rate —

remains key to the edge fracture phenomena.

One of the most unexpected effects in non-Newtonian fluid mechanics is the so-called
“rod climbing” or Weissenberg effect where, when a rotating rod is placed in a container of
an elastic fluid such as a viscous dilute polymeric solution, the liquid climbs the rod as shown
in Figure 5(a). The driving mechanism for the effect is usually explained as being driven via
a tension from N1 in the curved streamlines near to the rod which produces a hoop stress
squeezing the liquid inwards. As a consequence, the free surface rises until the additional
hydrostatic pressure pushing outwards balances the hoop stress squeezing inwards. However,
as the classic analysis of Beavers and Joseph, 1975 for a second order fluid shows, the effect
is actually proportional to a combination of both normal-stress differences (for a second order

fluid: N2+ 0.25 N3). For dilute polymeric solutions, where Ny is positive and N2 negligible,
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this produces a positive value of this quantity and the fluid climbs the rod. In contrast for
dense suspensions of noncolloidal spheres, N2 is negative and significantly larger than N
(which is also negative) leading to “rod dipping” as shown in Figure 5(b) (Boyer, Pouliquen,
and Guazzelli, 2011; Hinch, 2011). As we will discuss in Section 2, much like the tilted
trough, some researchers have made use of this rod-climbing (or rod dipping) experiment to
measure No.

Although it is well known that for a variety of viscoelastic constitutive models that a jump
in the first normal stress difference N1 across an interface drives an interfacial instability in,
for example two-layer Couette flow (Renardy, 1988) or co-extrusion channel flows (Wilson
and Rallison, 1997), it is also the case that the second normal-stress difference may drive
related instabilities. For such “layered” fluids, Renardy and Renardy, 1998 demonstrated that
when material properties of the layer fluids are chosen such that there is no N1 jump at the
interface (i.e. the flow should be stable), that a jump in the second normal-stress difference
across the interface can lead to 3D instabilities. Brady and Carpen, 2002 showed that, more
generally, fluids with a negative second normal stress difference can be unstable with respect
to transverse or spanwise perturbations and illustrated this general result for two-layer
Couette and falling film flows of viscous suspensions of noncolloidal particles. A similar N2
effect could also be responsible for fibre coating instabilities (Hinch, 2020), and there is an

obvious link to the driving mechanisms for edge fracture discussed above.

In microfluidic flows, second normal-stress differences may also be important. For
example, in the important area of “particle focusing” using viscoelastic fluids to induce
particle separations in microfluidic devices, Villone, D’Avino, Hulsen, et al., 2013 predicted
numerically that the secondary-flow known to occur in square duct flow alters the migration
scenario for spherical particles as shown in Figure 6(a). Feng, Magda, and Gale, 2019 showed
experimentally that N> may induce multiple stream focusing phenomenon and enable an
approach for manipulating the particle trajectory and separation of particles in a

microchannel, see Figure 6(b).

In creeping flows of viscoelastic liquids in curved pipes, where it is known that the first
normal-stress difference can induce a secondary flow, it has been shown that the second
normal stress difference can drastically suppress the secondary flow and, in the case of small
curvature ratios, make the flow approximate the corresponding Poiseuille flow in a straight
pipe (Fan, Tanner, and Phan-Thien, 2001)



Finally, a negative second normal-stress difference has been shown theoretically
(Avagliano and Phan-Thien, 1998; Beris, Avgousti, and Souvaliotis, 1992; Shagfeh and
Larson, 1992) to have a strong stabilisation regarding the onset of so-called purely elastic
instabilities in flows of viscoelastic fluids with streamline curvature (McKinley, Pakdel, and
Oztekin, 1996; Shagfeh, 1996).

Having demonstrated in this introduction the wide range of flows where the second
normalstress difference is of importance, the subject of the remainder of this current review
is as follows. In section 2 we survey the different approaches — some already alluded to —
that have been proposed in the literature for the experimental determination of N.. We follow
this in section 3 by collecting together reliable data available in the literature for N»: primarily
this is for polymeric solutions and melts, but also includes liquid crystals, dense non-
Brownian suspensions (both with Newtonian and complex fluid bases), semi-dilute wormlike
micellar fluids and magnetorheological fluids. In section 4 theoretical predictions for N
from various commonly-used continuum constitutive equations — from the polymer literature
— are also given and their asymptotic predictions at low and high shear rates compared.
Finally, in section 5, we end with a brief summary and outlook.

2. Methods of measuring the second normal-stress difference N

In this section, the different techniques that have been proposed in the literature for
measuring N2 will be discussed in detail supported by schematic diagrams to illustrate the
technique used and the resulting equations necessary to determine N2 from the measured
quantities. In the following section this is complemented with some previous results from the
literature to highlight the sign, magnitude and scaling with shear rate/stress of this quantity.
The various measurement methods have been developed in the last five decades or so and,
although consistent trends can be observed among the different fluid systems, such
measurements are still far from routine and each approach has its own limitations. Therefore,
one of the main purposes of this work is to gather all the methods in one place together with
a succinct description of their practical implementation. Given the well-known problems, and
incorrect data obtained, when using pressure tappings to measure the pressure in viscoelastic
fluids (the so-called “hole pressure error” (Broadbent, Kaye, Lodge, et al., 1968; Tanner and

Pipkin, 1969)) — to be explained in detail in Section 2.10 — we will largely restrict our



overview to papers that do not use such pressure tappings and avoid discussion of many early

papers which did not recognise the importance of this effect.

2.1 Cone-and-plate & parallel-plate thrust (CP-PPy)

The variation of the first normal-stress difference with shear rate (i.e. N1(y)) can usually
(Barnes et al., 1989; Whorlow, 1992) be measured directly with any standard rheometer
fitted with a force rebalance transducer with high normal-force sensitivity and resolution,
using the normal thrust on the cone (or the plate) in a standard small angle cone-and-plate

geometry, shown schematically in Figure 7(a), according to:

2Fcp (v)

N1(y)= 2 1)

nR
where Fcp is the axial thrust on a cone of radius R and y = _ is the homogeneous shear rate,
where w is the angular velocity and « is the cone angle. Although deceptively simple, we
note the derivation, and the attendant assumptions inherent in this derivation, are rather subtle
and we refer the interested reader to the excellent discussion in Morozov and Spagnolie, 2015
for a detailed description of the derivation of Egn. 1. For viscometric flow between parallel
plates, shown in Figure 7(b), the axial thrust on either of the plates is related to the difference

between the first and second normal-stress differences according to:

2FPP(y'R)( 1d InFPP(y'R))

Ni(y)-No(yr)=" 7Rz \1+2  dlinym )

where F is the axial thrust on a plate of radius R and yr= ®R__; is the shear rate at the edge

and h is the plate separation. The second normal-stress difference - at a given shear rate - can
then be obtained by subtracting the two results. It was assumed in the derivation of the last
two equations that the sample at the free surface is either perfectly spherical (Egn. 1) or
cylindrical (Egn. 2) with no edge fracture and the radial normal-stress component t is equal
to the ambient pressure (Bird, Armstrong, and Hassager, 1987; Ginn and Metzner, 1969;
Kotaka, Michio, and Mikio, 1959). It should also be noted that, practically, subtracting two

values which have nearly equal values leads to significant uncertainty in the value of N (and,



potentially, even the sign of this quantity). There is also a fundamental difference between
the cone-and-plate geometry, where the shear rate is uniform and the flow-field
homogeneous, and the parallel-plate geometry where the flow field is non-homogenous and
the shear rate varies from zero at the axis of rotation to a maximum at the rim (yr). Thus,
caution is necessary when using this method to measure small values of N.. In experimental
practice, inertia and/or secondary flows reduce the measured axial thrust and several
analytical studies have attempted to take this effect into consideration in the following closed
form (Barnes et al., 1989):

AF=0.075 npw’R* (3)
where AF (N) is the correction to the thrust measurement required at a specific shear rate, p
is the fluid density in kg/m3, w is the rotational velocity of the cone or the plate in rad/s and
R is radius of the cone or the plate in m. By reducing the plate separation (h) it is possible
to obtain the same shear rate at lower rotation speeds and this approach can be used to
reduce inertial effects (subject to care being taken to avoid errors in the gap height (Davies
and Stokes, 2005)). In addition to the inertia correction, normal-force transducer “drift”
can also be problematic in obtaining accurate data, although protocols can be developed to
attempt to “correct” such effects via post processing, see e.g. Casanellas, Alves, Poole, et
al., 2016 or Poole, 2016. Surface tension and the wetting characteristics of materials used
for the surfaces (i.e. the contact angle of the free surface makes with solid surfaces) have
also been shown to have potentially important effects on the measurement of the total thrust
in parallel-plate devices (Hutton, 1972). Thus, although the combination of cone-and-plate
and parallel-plate measurements for the determination of N> appears relatively
straightforward via Eqns. 1 and 2, the practical challenges in determining repeatable
quantitative data are significant. For relatively dilute polymeric solutions for example, the
forces associated with the inertia corrections used to determine N1 can often be larger in

magnitude than the actual measurement, see e.g. Zilz, Schéfer, Wagner, et al., 2014.

2.2 Cone-and-plate with distance adjustment (CPD1)

In this method a cone-plate geometry is used but, in contrast to the classical situation

where the apex of the cone should just (not) physically contact the plate, the gap h is
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systematically varied (in practice even in classical cone-plate flow the cone is often
“truncated” to avoid potential damage). As in the previous method, the first normal-stress
difference is measured from the axial thrust on the cone at the truncation gap (h~0) according
to Eq. (4):

2F (v)

Na(y)=
where F (y) is the axial thrust at a given apparent shear rate y = y = which needs to be varied

,  ath~0 () 7R

such that the rate of change of Ni(y) with shear rate can be accurately determined, w is the
angular velocity of the rotating cone and « is the angle of the gap (it is an “apparent” shear
rate as the shear rate is only truly this in the limit h = 0). Following these initial measurements,
a number of additional measurements of the axial thrust, at constant apparent shear rate, are
made for the cone raised to different heights h, which allow the calculation of the “apparent”
normal-stress difference Nz and its change with the adjusted height, Figure 7(c):

2F (h)

Nap= 2 at h#0 (5) =R

where F (h) is the axial thrust when varying the cone-plate distance (at constant apparent
shear rate). Knowledge of the rate of change of first normal-stress difference with shear rate
coupled with the rate of change of the apparent normal-stress difference with distance h, the

second normal-stress difference can then be calculated accordingly:

Na(y)=.dN dy'( ) -R tana2.dNdh®(h) yas=constant & at the limit
h=0 (6)

This method was first presented by Jackson and Kaye, 1966 and then was further developed
by Marsh and Pearson, 1968 and Rautenbach, Schiimmer, and Petersen, 1975 — with the
improvement shown in Eq. (7) — in order to avoid error amplification involved with

differentiation of both N1 and Nap:

N1yr- 1- yyapR N2(y)=Nap yR,yap X 1+ 1-yyapR -2
-00logNlogyRap(yap=yRconstant,yap ) @)
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where yr= n+r—_R is the shear rate at the rim of the cone (i.e. at the sample edge). The

variable gap cone/plate does not appear to have been used much, most likely due to the

sensitivity to the differentiation needed in Eq. (7).

2.3 Cone-and-plate or parallel-plate with pressure gradient (CPg or PPg)

In contrast to the previous methods discussed, which involve taking numerous
measurements with different geometries or gap heights, if not just the total thrust on the plate
can be measured but also the pressure gradient in the set up then measurements of N> can be
made more reliably. This method relies on measuring the local pressure distribution on the
plate in the shear flow of the cone-and-plate or the parallel-plate geometry, Figure 7(d)
(Christiansen and Leppard, 1974; Magda, Lou, Baek, et al., 1991; Ohl and Gleissle, 1992).
From the angular momentum conservation in a cone-and-plate geometry, a relationship

between N2 and the pressure distribution on the cone can be derived (Bird et al., 1987):

—Ige (r) — P =—(N1+2 N2) - log(r/R)- N2 (8)
where IToo(r) is the local pressure acting on the plate and P is the atmospheric pressure and

their sum is the net pressure force exerted by the sample on the cone at a specific radial
position r (where R is again the radius of the cone). This relationship predicts a linear
relationship between the local pressure on the cone and the logarithm of radial position ratio.
Thus if the local pressure is plotted against this logarithm the data should be a straight line of
slope (N1+2N) and, if this straight line is extrapolated to the rim of the cone (r=R), the local
net pressure should equal -N as shown in the inset of Figure 8(a) (Magda, Lou, et al., 1991).
To obtain the most reliable data, it appears to be better to avoid this extrapolation to estimate
N2 but rather to use the slope of the data. In this case, N1 needs to be calculated first e.g. from
the total axial thrust on the cone using Eq. (1). The same assumptions of the sample being
spherical at the edges with no edge fracture and the radial normal stress equal to the ambient
pressure P, still apply to this method and therefore the same practical difficulties as mentioned
previously hold. However, the benefits of this single-measurement approach over the

approaches outlined in Sections 2.1 and 2.2 cannot be overstated. The downside is that current
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commercial rheometers do not provide local pressure measurement capability and therefore
bespoke devices (Baek and Magda, 2003) need to be made using flush-mounted pressure
transducers (as already noted, pressure tappings usually used for such purposes in Newtonian

fluids are not suitable for viscoelastic fluids).

In the case of the shear flow between parallel plates the equivalent relationships are (Ohl and
Gleissle, 1992; Singh and Nott, 2003):
d Tee(r=0)

N1(yR)+N2(yR)=—d 9)
Iny

—N2(y )=ITgs(r=R) — P (10)
2.4 Cone-and-partitioned-plate (CPP)

The study of Meissner, Garbella, and Hostettler, 1989 following Pollett, 1955
developed a “cone-and-partitioned-plate” method to avoid the experimental obstacles in
measuring the local pressure distribution and to reduce the effect of edge fracture and other
potential instabilities. The plate in the cone-and-plate geometry is replaced by a smaller
central stem of radius R;j and surrounded by an outer ring of outer radius R, which is equal to
the cone radius, as shown in Figure 7(e). The normal force is only detected on the inner stem
and the outer ring is fixed to the rheometer. The annular gap between the stem and the ring
is designed to be very small (typically ~0.05 mm) (Meissner et al., 1989). By using samples
with different radii R, where Ri < R < Ro, the radial variation of the pressure can be deduced
and the ratio of the normal force on the stem to the total force exerted by the whole sample
Fi/F can be calculated. This enables N> to be calculated from Eq. (11) after obtaining N1 on
the full sample

in a separate cone-and-plate measurement with R <R, using Eq. (1):

Fi R2
FR

N2 R
2=1+2 l+7&|1 - InRi (11)

Bird et al., 1987; Schweizer, 2002; Snijkers and Vlassopoulos, 2011 developed Eqg. (11) into
another form to calculate the apparent normal-stress difference Napp as shown in Eq. (12),

such
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that Napp: N1 |f R: R

2F (v) R

Napp 7R 2=Ni+ 2 (N1+2N2) - M R_ (12)

where Napp is the apparent value of Ny calculated from the axial thrust on the inner stem of
radius R, and R is the radius of the sample which is estimated from the mass (m), density (p)

of the sample and the cone angle (0) as follows:

3pM
R=|— (13)
2mpH

From the linear relationship implied in Eq. (12), plotting Napp against In r_", N1 is obtained

from the intercept and N2 from the slope (i.e. 2 (N1+2N2)), an example is shown in Figure
8(b), where — N_ = 0.06 (Schweizer, 2002). Unfortunately, this procedure has to be
undertaken for

N every shear rate involving multiple measurements and multiple samples. On the
other hand, using different stems on the same sample with radius R, enables measurements
over a wide temperature range and on samples with different volumes which is important for
measurements for some fluids e.g. polymer melts (Costanzo, lanniruberto, Marrucci, et al.,
2018). In this way, two apparent normal stresses are measured for every stem as shown in
Egs. (14), (15):

2F1 ('Y) R
Napp,1= 12=N1+ 2 (N1+2Ny) - In R (14)
—17mR
2(F1+F2) (v) R
Nappe=— 7wR22=N1+ 2 (N1+2N2) - In R (15)

The only two unknowns in these two equations are Ni and N, which therefore can be
obtained when both apparent forces are known at a given shear rate. This method also requires
two different samples to perform the measurement for each stem. Schweizer and
Schmidheiny, 2013 have presented the design of a cone-and-plate with three partitions
(CPP3) to avoid the requirement to use different samples. In this design, an inner partition

with radius Ry to measure F1, a middle partition with radius Rz to measure F, and the outer
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partition is fixed to the rheometer to prevent edge fracture at high shear rates. The calculations

follow the exact same procedure following Eqgs. (14), (15).

2.5 Cone-and-ring or plate-and-ring (CR or PR)

In this “ring” method, an air bubble is trapped between a cone or a plate and a narrow
ring as shown in Figures 7(f), (g). The air bubble internal pressure P and the axial thrust Fcr
or Fpr On the ring is measured to calculate N directly from Eq. (16) or (17) (Harris, 1968;
Ohl and Gleissle, 1992; van Es, 1974):

P Fer
) Nz=— Cone-and-ring (16)
2In(RR2)  mRe —Ru
1 0FprR10 P
N=-P-____ ____+ Plate-and-ring (17)
T OR; 2 0Ry

where R; and Ry are the internal and external radii of the ring. As can be seen, the analysis
when using the plate is much more complicated than the cone approach and multiple
measurements must be taken using rings with different internal radii Rz . It is essential, in
using both methods, to ensure that no edge fracture happens at the inner or outer edges of the
ring (Ohl and Gleissle, 1992).

One can see that generally using these various cone or plate approaches using a rheometer
(i.e. those detailed in Sections 2.1-2.5) one faces a dilemma: a “simple” integral measurement
technique to obtain, e.g. a “thrust”, often requires multiple independent experiments followed
up subtraction of two quantities of nearly equal magnitude, or differentiation of this
experimental data with respect to various other parameters, or one makes recourse to a much
more complicated experimental arrangement where pressure gradients (or numerous thrust
measurements) can directly be measured. As Section 3 will show, where we discuss
experimental results for various systems, the pressure gradient approach seems the most
robust and user-friendly method but outside of a few groups (Magda and Baek, 1994; Magda,
Baek, DeVries, et al., 1991; Magda, Lou, et al., 1991) does not seem to have been more

broadly adopted.
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2.6 Rod climbing (Weissenberg effect) (RC)

As already discussed in the introduction, one of the famous and most convincing
illustrations of the elasticity of polymeric fluids is the rod-climbing experiment, where the
free surface climbs a thin rotating rod in a cylindrical container. This observation is
commonly referred to as the “Weissenberg effect” following his early pioneering work on
the topic (Weissenberg, 1947). In general, the free surface deflection in a rod-climbing
experiment is sensitive to elasticity, inertia and normal stresses in the fluid and by analysing
the equations of motion for a second order fluid, the free surface deflection can be
approximately related to the fluid material functions in shear flow (Bird et al., 1987; Joseph
and Beavers, 1977; Magda, Lou, et al., 1991). By taking into account surface tension and
fluid inertia, Eq. (18) relates the height of the fluid free surface at the rod %(w) and the rod
angular velocity o considering the rod diameter to be small enough compared to the diameter

of the container to reduce inertial effects, Figure 9(a):

4R B w?
h(w) = hs+

— (18)
2 pg (4\/0 + Rpg) ‘/_

where /4 is the static free surface height at ® = 0, R is the rod radius, B is the so-called
N N

“climbing constant” (equal to™2%F 2 ,);p is the fluid density, o is the fluid surface tension, vy
v

and g is the acceleration due to gravity. From this equation the climbing constant  can be
calculated if the change of the free surface height with the angular speed can be accurately
measured and, by measuring N independently e.g. using a different rheometric technique, N
can be determined accordingly. This method appears to be simple, however care should be
taken to the assumptions made when deriving Eq. (18). It was assumed that the measurements
are in the “second order fluid” flow regime which strictly restricts measurements to low
rotation/shear rates and the use of a different geometry and separate measurement to
determine N is another strong limitation, since it may involve extrapolation to shear rates that
could not be measured in either of the two geometries. The use of exact relationships between
the storage modulus (G') measured in small amplitude oscillatory shear (SAOS) flow as the
angular velocity (/1) tends to zero and the limiting behaviour of N; at vanishing shear rates
) N()
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- =___ could be useful in this regard given the high accuracy with which SAOS

— —

measurements can usually be conducted. Another approach would be to use an intriguing
empirical rule which seems to show that for some concentrated polymeric solutions and melts
the first normal stress difference can be determined from the steady shear viscosity (Sharma
and McKinley, 2012).

Joseph and Beavers, 1977 also discuss the ideal of a “normal stress amplifier” for the
rodclimbing experiment where a layer of viscoelastic liquid is floated on top of another
immiscible Newtonian liquid of different density. The normal stresses push the viscoelastic
fluid up into the air and down into the less dense fluid. Hence, inertia and normal stresses are
in conflict at the viscoelastic-air interface and in concert at the Newtonian-viscoelastic
interface. This configuration can be regarded as a “normal stress amplifier” because the
down-climb can be arbitrarily amplified by making the density difference at the lower

interface very small and such differences can be “spectacular”.

In contrast to the above approach, Boyer et al., 2011 derived the relation of the free surface
deflection in a different manner for dense non colloidal suspensions. By solving the mass and
momentum equations of a suspension with a Newtonian matrix, they developed Egs. (19) &

(20) assuming no inertia or surface tension effects:

R12

h(r)=— ho—_r2 +h; (19)
1

pgho = — op+2_o1 T (20)

where h(r) is the free surface deflection at a specific radius r from the centre of the rod, R is
the rod radius, ho is obtained from fitting the experimental free surface profiles of the change
of the free surface height with the radial position, and h; is a constant that can be determined

from the mass conservation equation as shown in Figure 8(c). By using ho in Eq. (20), the
1 linear combination of

normal-stress differences coefficients az+ - a1 can be measured, where o =N_ and op=N_

. As noted by Hinch, 2011, this differs from the classical perturbation analysis of rod-
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climbing by Beavers and Joseph, 1975 discussed above who found the free surface is
displaced upwards proportional to a certain combination of normal stresses (i.e. the “climbing
constant” B referred to above) and varies in the radial direction as r*. This is the radial
variation of the normal stresses, which are proportional to the square of the shear rate, which
is the radial derivative of the 1/r flow. In contrast, suspensions of non-colloidal rigid spheres
have normal stresses linearly proportional to the shear rate (rather than quadratically), and so
the displacement of the free surface now varies as r2. There is therefore also a consequential
change in the combination of the normal stresses to N2+ 0.5 N1. Boyer et al., 2011 provided
also surface tension and inertial correction terms to account for their effects. This method
was proposed as being particularly suitable for dense noncolloidal suspensions where it is
difficult to use rotational rheometry with small gaps due to the finite size of the particles as
we will discuss more in Section 3. We note, however, that particle migration from regions
of high shear rate to regions of low shear rate do affect rod climbing experiments for

suspensions (see e.g. Boyer et al., 2011).

2.7 Tilted trough (TT)

As already discussed in the introduction, Wineman and Pipkin, 1966 studied the
equations governing the flow down a straight tilted trough of arbitrary cross-section. In
laminar fully-developed Newtonian flows, the free surface remains flat, while in viscoelastic
flows, they postulated that the second normal-stress difference causes the free surface to
either bulge upwards or deflect downwards in a concave or convex shape respectively
depending on the sign of N2. Without knowing of this analysis, the bulging of the surface in
a rectangular channel was found experimentally (Tanner, 1970). Further work showed that
much improved results could be obtained with a semi-circular trough filled to the brim (Fig
9b). This avoids the secondary flows in the rectangular trough and the cumbersome surface
analysis of Couturier et al., 2011 needed to deal with the free surface (Dai et al., 2013; Dali,
Qi, and Tanner, 2014). In this semi-circular trough the inclination angle can be used to

determine the shear stress (via a force balance):

1
7(X) = —pgxsina
2 (21)
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and the second normal-stress difference by measuring the free surface deflection h(x)
pg °
N (tw)=——  sin 6 d(hwcos 0)
sino. (22)

where p is the fluid density, g is the gravitational acceleration, x is the horizontal coordinate
measured from the centre of the channel, o is the channel tilt angle as shown in Figure 9(b),
Tw IS the shear stress at the channel wall (i.e. Tw=0.5pgR sina), and hy is the fluid free surface
deflection at the wall where x= Ro. An experiment is then undertaken with fixed values of
p, g and R but the angle a is altered, so that the results are given as a table of hy, versus sina.
Eq. (22) avoids subtraction between two values which is important for measuring small
values of N and it involves integration not differentiation which prevents unavoidable
measurement error amplification, an example is shown in Figure 8(d) with the measurement
error shown in grey (Tanner, 1970). The free surface was found to be concave and hy is
positive when N is positive, while the free surface is convex and hy is negative when N is
negative and this gives a clear indication on the sign of N without recourse to any calculation.
The analysis is correct to O(hw/R) if either the centre of the channel (as assumed in the
analysis described above) or the edges are brought up to the diametral line. The latter is more
convenient from an experimental perspective and then hy needs to be replaced by ho (i.e. the
height change at the channel centre rather than at the wall). The drawbacks of the trough
technique are the (relatively) large volume of fluid required — being on the order of ~1 litre —

and the range of shear stresses which can be probed being quite limited.

2.8 Cylindrical Couette shear cell

With the aim to measure first and second normal differences of small to moderate
concentrated non colloidal suspensions, Singh and Nott, 2003 developed a cylindrical
Couette shear cell method to overcome some of the difficulties using other techniques. In this
method, the sample is sheared at a rate which is sinusoidal in time with constant frequency.
Figure 10(a) shows a schematic diagram of the cylindrical Couette shear cell, it consists of
an outer cup and an inner rotor with the sample being sheared in between. The radial normal
stress 7 is measured on the outer stationary cup using a flush-mounted transducer located
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roughly midway between the base and the sample surface to avoid any end effects (see
Davoodi, Lerouge, Norouzi, et al., 2018 for a detailed discussion of the effects of finite depth
aspect ratio in cylindrical Couette flow;). The component of the stress which has the same
frequency is then recorded using a lock-in amplifier eliminating error and signal noise (Singh
and Nott, 2003). On the other hand, the axial normal stress t is measured on an identical
sample but in a separate experiment using a parallel-plate and flush mounted transducer
located at three radial positions on a stationary bottom plate as shown in Figure 10(b), i.e. a
similar setup explained to that in section 2.3. To prevent sample drainage, the top plate rotates
over a pool containing the sample which may result in a non-viscometric flow near the rim
(Bird etal., 1987). Using the radial and the axial components of the stress, the second normal-

stress difference can be estimated from its definition (i.e. N = 7 —  in this coordinate system).

2.9 Flow birefringence

In the flow birefringence method, the full refractive index tensor is measured by
projecting light beams along a number of intermediate paths oriented at independent angles
between the normal and the shear flow directions as shown in Figure 10(c) (Brown,
Burghardt, Kahvand, et al., 1995; Hongladarom and Burghardt, 1993). The sample is held
between two prisms with faces cut at the same independent light path angles improving the
ability to resolve the three independent stress components. A shear flow is imposed by
translation of one of the prisms relative to the other. Subsequently, the birefringence is
measured by a polarisation modulation technique (Frattini and Fuller, 1984; Olson, Brown,
and Burghardt, 1998). This method is also sometimes referred to as “full tensor optical
rheometry” (FTOR) which can also determine the time-dependent behaviour of N which has
not been widely reported because of the experimental difficulties with the various methods
already discussed above (Kalogrianitis and van Egmond, 1997; Takahashi, Shirakashi,
Miyamoto, et al., 2002).

2.10  Hole pressure error

As already discussed, any method which relies on measuring pressure via a hole in a
bounding surface gives an incorrect result for viscoelastic fluids owing to the stretching of

the streamlines as they pass over the hole. Where the streamlines are curved the normal
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stresses tend to “lift” the fluid out of the hole. This causes the pressure, pn, measured by a
transducer in the bottom of the hole to be lower than the pressure, p1, measured by a flush-
mounted transducer on the opposite wall. The resulting reduction in pressure (I 'p=p1-px) has
been shown theoretically — using a second-order fluid valid in the limit of slow and slowly
varying flow — to be linearly related to the first normal stress difference and equal to (Tanner
and Pipkin, 1969):

Ap= (23)

In general, as shown by Baird, 1975 or Malkus, Pritchard, and Yao, 1992 the relationship
between the measured pressure difference and the normal stress differences can be used to
determine both N1 and N if the “tapping”(slot) can be aligned transverse to the flow direction
(Jensen and Christiansen, 2008; Kearsley, 1970):

N =2mAp (24)

and a separate tapping/slot can be aligned parallel to the flow direction:

—N =-mAp (25)
where

d In(Ap) d In (1)
m=____ (26)

The method does not seem to have been widely adopted — potentially due to unwanted flow
being driven inside the tapping/slot in the flow-aligned/parallel case as highlighted by Baird
(1976) — but has been used by Jensen and Christiansen, 2008 to estimate N for a polymer
melt. The topic is also nicely discussed in Tanner, 1988.

3. Second normal-stress difference results for various fluid systems

Section 3 will focus on the consistency of measurements of N in general and the ratio —N_
N

in particular for the various different fluid systems that are available in the literature. We will

discuss results for dilute (Boger fluids), semi-dilute and concentrated polymer solutions
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together with polymeric melts and also limited results for different polymeric structure.
Furthermore, “dense” suspensions of non-colloidal (i.e. unaffected by Brownian motion)
particles in both Newtonian and viscoelastic base-fluid matrices will be discussed and how
N measurements vary with changes with particle concentration. Following discussion of
these relatively well-studied systems, limited results for semi-dilute wormlike micellar
solutions, liquid crystals and magnetorheological fluids will also be briefly addressed. An

overview of data for all these systems is provided in Table 1.

3.1 Polymeric solutions and melts

Values of the normal-stress differences can be expected to change with the polymer
concentration and solutions are classified into dilute, semi-dilute, and concentrated or, more
generally, polymers can be studied in their melt form. Larson, 1988, p33 gives a nice
explanation for the molecular origin of normal-stress differences in polymeric fluids as arsing
from the distributions of polymer configuration. A positive N1 implying more molecules are
orientated in the flow direction in shear flow, whereas a negative N, implies that the
orientation perpendicular to the shearing plane is depleted of polymer configurations relative

to the orientation in the neutral direction.

A. Boger fluids/dilute polymer solutions

So-called “Boger” fluids are essentially solutions of dilute polymers in viscous
solvents which then produce highly elastic fluids with nearly constant viscosity (as the
polymeric contribution to the viscosity remains small any shear thinning therefore remains
negligible Boger, 1977). In these model fluids in complex flows, elastic effects can then be
separated from any viscous effects due to, for example, shear-thinning and these fluids have
therefore found many important uses such as in studying purely elastic instabilities (James,
2009). Itis usually assumed that second normal-stress differences in such Boger fluids, and
dilute polymeric solutions in general, remain negligibly small. As a consequence, there are
very few papers available in the literature which provide measurements of N for Boger fluids
and dilute solutions, in general, since such small values are typically below the resolution of
many measurement techniques outlined in Section 2. Although limited to a maximum shear
rate of ~60 s (corresponding to a shear stress of 10 Pa) for their Boger fluid of a

polyacrylamide (140 ppm) dissolved in maltose and water, Keentok, Georgescu, Sherwood,
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et al., 1980 did indeed report N values close to zero using a tilted-trough approach. More
recently, Dai et al., 2014, also using the tilted trough technique, found that N> was too small
to measure for a Boger fluid comprised of corn syrup (by weight 79.42%), glycerin (19.8%),
water (0.75%), and a small amount (300ppm) of a 5x10° molecular weight polyacrylamide.
Keentok and Tanner, 1982; Magda, Lou, et al., 1991 and Hu, Riccius, Chen, et al., 1990
studied an organic Boger fluid - the so-called ‘M 1” fluid - which consists of polyisobutylene
dissolved in oligomeric polybutene with concentrations 0.1 and 0.24%, respectively. They
reported —N_=0.01 and 0.11 + 0.01, N

respectively, with this difference being attributed to polymer concentration effects which
most likely pushed the higher concentration solution out of the dilute regime and into the so-
called concentrated un-entangled regime, as shown schematically in Figure 11(a). Thus, the
scant available data for dilute polymeric solutions (Boger fluids) indicates that, indeed, the
second normal-stress difference in steady shear does seem to be negligibly small at roughly

1% of the value of the first normal-stress difference.

B. Semi-dilute and concentrated entangled solutions

To distinguish different concentration regimes, following Magda and Baek, 1994, we
plot in Figure 11(a) a “phase diagram” for various concentrations and molecular weights
using monodisperse polystyrene (PS) as an exemplar. To determine the extent of the dilute
regime the so-called “critical overlap concentration” —which here we donate with the symbol
c* - is determined from intrinsic viscosity measurements (Bird et al., 1987). In this regime
the polymer chains are separated from each other and behave more or less independently,
interacting primarily with the solvent molecules. Above c* the solutions are said to be semi
dilute. At a higher concentration still, denoted c**, the solution enters a so- called
concentrated regime in which each segment of the polymer chain does not have sufficient
space available and separates semi-dilute from concentrated solutions based on the
concentration and molecular weight of the polymer. Finally both semi dilute and concentrated
solutions may be entangled or unentangled and ce is used to demarcate unentangled from
fully entangled solutions (Graessley, 1980; Magda and Baek, 1994). Magda and Baek
measured the steady shear flow values of — N_ for monodisperse PS solutions in the

semidilute and concentrated
N
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entangled regimes and reported the same zero-shear rate value of 0.275 + 0.005: they also
reported that this ratio may shear thin to smaller values at higher shear rates. S.
Ramachandran, Gao, and Christiansen, 1985 and Keentok and Tanner, 1982 observed a
similar value of 0.29 and 0.31, respectively, for the ratio of — N_ for a range of linear

polymers but did not observe
N
any shear thinning of this quantity at higher rates (potentially due to edge fracture restricting

values of the maximum shear rate).

N2 data for commonly-used commercial polymers in ageuous solutions — such as a
polyacrylamide (PAA) and polyethylene oxides (PEO) — appear to be quite rare. Keentok et
al report values of N2> =-0.065 - 0.1 N1 with increasing concentrations (0.2-0.8% by weight)
of a PAA (“Separan AP 30”) using the tilted-trough technique and similar values for PEO
(WSR301) at 0.7 and 1% concentration. Assuming WSR301 has a molecular weight of 4 x
108 and following the approach outlined in Zilz et al., 2014 we get c*~550 ppm which would
put these concentrations potentially into the concentrated regime. Christiansen and Leppard,
1974 using a cone-and-plate pressure gradient (CPg) method for both a 3% PEO and a 2.5%
PAA solution in more viscous water/glycerol solvents measured similiarly small values for
N2 being on the order of -0.1 Ns. It is somewhat surprising that there is so little second normal
stress difference data for PEO and PAA fluids given their ubiquity in non-Newtonian fluid
mechanics research but the limited data available suggests smaller values of N> than those
measured for PS solutions in non-ageuous solution. Limited data for polyisobuylene in

various solvents — most like in the semi-dilute regime — also shows N2=-0.1-0.15 Ni.

This limited data for polymeric solutions would suggest that the second normal-stress
difference - outside of the dilute regime - may be potentially significant and can be up to 30%
of the first normal-stress difference. Despite such fluids being the most widely studied from
a second normal-stress difference perspective, it is arguably the case that more data on
ageuous solutions would be welcome where molecular weight and concentration effects

could be systematically investigated.

C. Polymer melts

23



Polymer melts are similar in many ways to concentrated entangled polymer solutions,

but the difference between them being they are, so to speak, their “own” solvent. As a
consequence, measurements for polymer melts have to occur at elevated temperatures
(typically >50 °C). The second normal-stress differences in polymer melts has been found to
be important to understand the onset of surface instability in rotational flows (“edge fracture”
discussed in the introduction) and to reduce extrudate swell and sharkskin in extrusion flows
(Costanzo et al., 2018; Schweizer, 2002). The most commonly used method to measure N in
polymer melts — virtually all data is for polystyrenes - is the cone-and-partitioned plate
method (CPP) (described in Section 2.4) which was originally developed to overcome edge
fracture instabilities and limited temperature measurement range (Costanzo, Huang,
lanniruberto, et al., 2016; Meissner et al., 1989; Schweizer, 2002; Snijkers and Vlassopoulos,
2011). The ratio of — N__ for these polystyrene systems exhibits a shear-thinning behaviour,
as also seen for a

N polyisoprene (Olson et al., 1998), it decreases from ~0.3 to ~0.1 at high shear rate
(Costanzo et al., 2018; Olson et al., 1998; Schweizer, Hostettler, and Mettler, 2008). This
data for polystyrene melts is broadly consistent with data for concentrated polystyrene
solutions.

D. Effect of polymer architecture

The study of S. Ramachandran et al., 1985 performed measurements on both linear
concentrated polystyrene and branched “star” polybutadiene solutions to ascertain if polymer
branching increase entanglement and hence affect N values. They reported —N__ ~0.29 for

N linear
concentrated polymer solutions and 0.214 for all branched polymers studied with standard
deviation of less than 2%. However, Lee, Magda, DeVries, et al., 1992 have also performed
measurements on both linear and star polymer solutions and reported that star polymers with
long and entangled branches enhances the value of —N__ from 0.21 + 0.01, for

N linear polymers, t0 0.3
+ 0.01 for star polymers. Thus, the limited data available is not clear if polymer architecture
has a significant effect, but once again highlights the significant uncertainty associated with

measurements of Na.
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3.2 Liquid crystals

Liquid crystals may flow in a fluid-like manner, but also have the molecular alignment
characteristics of a solid crystal and interesting optical properties. They consist of rod-like
polymer solutions which align in parallel and exhibit crystallinity (Glowinska, Parcheta, and
Datta, 2019; Wissbrun, 1981). These fluids can be isotropic solutions and their behaviour is
broadly consistent with concentrated polymer solutions and — N_ = 0.29 + 0.01 (Baek,
Magda,

N
and Larson, 1993; Hongladarom and Burghardt, 1993; Magda, Baek, et al., 1991). However,
the fully liquid-crystalline phase does exhibit some unique rheological behaviour. Magda,
Baek, et al., 1991 found that the fluid pressure is below atmospheric at most locations in
coneand-plate shear flow with the lowest pressure happening at the cone tip. N was found to
be an oscillatory function of shear rate and its magnitude close to N values with —N__ > 0.5,
N Moreover, N was found to be positive in magnitude for a narrow shear rate range for specific
polymer concentrations as shown in Figure 11(b). The two methods used to measure N for
fully liquid crystalline fluids in the literature were CP¢ and flow birefringence (Baek et al.,
1993; Hongladarom and Burghardt, 1993; Magda, Baek, et al., 1991). Applying the
rodclimbing method on these fluids would be interesting as, if N2 ~0.5 Ny, this should result

in rod dipping rather than rod climbing.

3.3 Non-Brownian suspensions

Suspensions, i.e. complex fluids composed of a mixture of solid particles and
suspended in either Newtonian or non-Newtonian base fluids (referred to as the suspending
“matrix” hereafter), exist in many natural and industrial applications. Non-Brownian
suspensions refer to suspensions with particles typically much larger than a micron in radius
therefore allowing thermal fluctuations to be neglected (Denn and Morris, 2014; Guazzelli
and Pouliquen, 2018). Of course, it is not the particle size per se which is important in
determining the relative importance of Brownian effects but rather the Péclet number — i.e.
the characteristic rate for advection to that for diffusion and some of the data for such systems

shown in Table 1 is for smaller particles in more viscous solvents. Due to the relatively large
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particle size, standard cone-and-plate measurements are challenging due to particle jamming,
potential noncontinuum effects if the characteristic size of the geometry is on the same order
as the particle and, additionally, edge fracture. As a consequence, most researchers studying
suspensions prefer other methods over cone-and-plate, such as the rod-climbing method,
cylindrical Couette, tilted trough, parallel-plates with pressure gradient or cone-and-plate
with distance adjustment, as documented in Table 1.

A. Newtonian matrix suspensions

The available data is nicely reviewed in Guazzelli and Pouliquen, 2018 (see also
Tanner, 2018) who demonstrate that, despite uncertainties and scatter across the various data
sets, some concrete information for N2 in such systems can be gleaned. Unlike polymeric
solutions and melts where, as we have discussed, N is positive and higher than N which is
negative, suspensions of spherical particles with a Newtonian matrix have been shown to
exhibit the opposite behaviour with N (still negative) but much higher than N which in one
study was found to be slightly positive Dbouk, Lobry, and Lemaire, 2013 and in others was
found to be slightly negative (Denn and Morris, 2014). As already highlighted in the
introduction, such “flipped” behaviour in comparison to polymers was clearly reported by
Zarraga et al., 2000 and Boyer et al., 2011 using the rod-climbing method, instead of the free
surface climbing up the rod, the suspension dips down near the rod. Both normal-stresses
differences have been shown to be linear in the modulus of the shear stress. The magnitude
of the negative second normal-stress difference is seen to increase with increasing volume
faction, growing especially quickly for volume concentrations (' ') greater than about 20% to
reach a magnitude of roughly 40% of the shear stress at 1=50%. As discussed above, the
properties of the first normal-stress difference have been the subject of more debate. The
magnitude of N1 seems unquestionably to be much smaller than that of N2, but there was
uncertainty regarding the sign. Most experiments found that N; was quite small and negative
(Dai et al., 2013; Singh and Nott, 2003; Zarraga et al., 2000), while others report positive
values (Dbouk et al., 2013; Gamonpilas, Morris, and Denn, 2016), and other studies that the
value is too small to determine whether it is negative, positive or zero within experimental
accuracy (Boyer etal., 2011; Couturier et al., 2011). The corrigendum of Gamonpilas, Morris,
and Denn, 2018 which corrects an error in data reduction of their earlier study (Gamonpilas

et al., 2016) and clarifies that N1 is negative for their data leaves the study of Dbouk et al.,
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2013 as the only paper showing N1 as positive: the consensus now seems to be that N is
indeed negative (Tanner, 2018). Table 1 provides details for the actual ratios of -N2/Ng, fluids

and methods used in each of these studies.

B. Viscoelastic matrix suspensions

In contrast to Newtonian matrix suspensions, normal stresses for suspensions in a
viscoelastic matrix appear at particle concentrations as low as 5% (Mall-Gleissle, Gleissle,
McKinley, et al., 2002) and the rheology of such systems has recently been reviewed (Tanner,
2019). The ratio of —N__ is seen to vary substantially between 0.1 and 1.6 and is potentially

an

N

effect of the viscoelastic matrix on the values of N, which was agreed to be positive among
the different studies, unlike Newtonian suspensions where the sign of N is still debated as
discussed above (Aral and Kalyon, 1997; Haleem and Nott, 2009; Lin, Phan-Thien, and
Cheong Khoo, 2014; Mall-Gleissle et al., 2002; Ohl and Gleissle, 1992; Zarraga, Hill, and
Leighton, 2001), and highlighted in Table 1. Zarraga et al., 2001 performed rod climbing
measurements for suspensions in a Boger fluid matrix and observed pure rod-climbing at low
particle concentrations <30%, fluid dipping near the rod at high concentrations >50% and
combined behaviour for intermediate concentrations with an upward climb near the rod and
a downward deflection further away from the rod.

3.4 Wormlike micellar fluids

Micelles are formed by the self-assembly of surfactants in solution. Wormlike
micelles or “living polymers” — so-called due to their rheological response being similar in
many ways to polymer solutions — are a particularly interesting fluids because their long
flexible cylindrical geometry can lead to entanglement even at relatively low concentrations
(Rehage and Hoffmann, 1991). In semi-dilute solutions, wormlike micelles show remarkably
simple rheological behaviour; their linear rheology measured in small amplitude oscillatory
shear flow is often well described by a single-element Maxwell model with a single relaxation
time. The non-linear rheological and flow response of wormlike micelles has proven to be
incredibly rich and complex (Rothstein and Mohammadigoushki, 2020) and there are a large
number of studies which investigate their shear rheological properties (e.g. Wheeler, 1zu, and
Fuller, 1996). Only two studies seem to have measured N> directly. J.-Y. Lee, Magda, Hu, et
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al., 2002 reported data for dilute surfactant solutions containing long, thin, wormlike micelles
which undergo a shearthickening transition at which the apparent viscosity jumps to a much
higher value due to the formation of shear-induced structures. By averaging over a number
of the dilute solution data sets and all the shear rates for which reliable data was obtained
(using the CPg technique where linear pressure profiles were observed), they obtained —N_
=0.16 £ 0.005. In contrast, Pipe, N

Kim, Vasquez, et al., 2010, using an identical technique, but for a semi-dilute entangled
wormlike micelle, found — N_~0.4 but with significant uncertainty as the data is susceptibe

to
N
small variations in the fitted slope. Finally, Kim, Mewis, Clasen, et al., 2013 used a
superposition of an oscillatory motion onto a steady-state shear flow to probe a semi dilute
wormlike micellar solution. In this case the values for the normal stress components can also
be obtained directly, without complex fitting procedures, from the in-phase superposition
moduli. The data is consistent with a Giesekus model - to be described in the following
section - such that — N__~0.25 in the low shear rate range. This the limited data obtained for
semi
N
dilute wormlike micelles would suggest that N2 is at least as important as in concentrated and

entangled polymeric solutions.

3.5 Magnetorheological fluids

Magnetorheological fluids are a special type of concentrated suspension of
magnetisable particles suspended in a liquid matrix, when a magnetic field is applied to the
samples, the ferromagnetic particles form string-like structures parallel to the magnetic flux
lines which can be used effectively in actuators, dampers, and clutches (Laun, Gabriel, and
Schmidt, 2008). As a consequence of these magnetic-induced structures, normal-stress
differences appear. Laun et al., 2008 measured N and N for magnetisable spherical carbonyl

iron powder particles suspended in a hydrocarbon oil subjected to magnetic field with flux

up
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nto 1 T, using the CP-PPt method and found —
— =~ -0.25 with both stress differences positive. N

In marked contrast in a theoretical study for such fluids - based on the assumption of
equilibrium between hydrodynamic and magnetostatic torques and forces in a field-induced
aggregate of particles subjected to shear - Lopez-Lépez, Kuzhir, Duran, et al., 2010, postulate

that N is negative and —N_~ 0.17. Such stark discrepancies about even the sign of the second

N

normal-stress difference for these fluids suggest, in that age-old adage, more research is
needed.

4. Material function predictions from common theoretical models

In this section we will provide predictions for the three material functions; n(y), N (¥), and

N () for a number of continuum models of the differential type and illustrate their behaviour.
We start by presenting Oldroyd’s “A”, “B” and “co-rotational” models: although they can
hardly be said to be commonly-used, the A and co-rotational models are included as they are
arguably the simplest differential models that include a non-vanishing second-normal-stress
difference in steady shear. We also consider more realistic models including the Giesekus
model, the linear (non-simplified) Phan-Thien Tanner (PTT) model and the model due to
Johnson-Segalman (JS). Our choice of constitutive equations is not meant to be exhaustive,
rather illustrative. We also note more recent, microscopically-informed, equations for melts
and concentrated polymeric solutions — such as the “pom pom” model (McLeish and Larson,
1998), the “Rolie-Poly” model (Likhtman and Graham, 2003) and the “GLaMM” (Graham,
Likhtman and Milner, McLeish) model (Graham, Likhtman, McLeish, et al., 2003) predict a
vanishing second normal-stress difference in steady shear (Holroyd, Martin, and Graham,
2017). An empirical modification to the pom pom model has been made to include non-zero
N2 by the addition of a “Giesekus-like” quadratic stress term, the so-called extended pom
pom “XPP” model (Verbeeten, Peters, and Baaijens, 2001). Although the XPP model suffers
from multiple solutions, admitting both positive and negative values of N for example for
fixed parameters (Inkson and Phillips, 2007), these can be avoided by restriction of the free

parameters to certain values (Baltussen, Verbeeten, Bogaerds, et al., 2010). Tanner and
Nasseri, 2003 discuss the relationships between the XPP and the PTT family of models.

Outside of the Oldroyd models, where they are included to demonstrate how this is done, we
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do not take into account solvent viscosity (/retardation time) effects and, for all models,
restrict our analysis to isothermal, single-mode models (we note that such models are often
inadequate in capturing the full complexity of real fluid behaviour). We also highlight the
asymptotic behaviour of the material functions for the different models at both vanishingly

small and high shear rates and document these in Table 2.

4.1 Oldroyd models

In his seminal paper, J G Oldroyd (Oldroyd, 1950) laid down the general foundations
for deriving invariant forms "of rheological equations of state for a homogeneous continuum,
suitable for application to all conditions of motion and stress”. In so doing, he introduced his
now-famous "convected" derivatives. To illustrate the power of the technique, he showed
how it could be applied to differential equations of state for incompressible "elastico-viscous"
type and picked a model due to Fréhlich and Sack, 1946, valid for small strains and written
in a Cartesian coordinate system, but which now we would probably term a linear Jeffreys
model (Bird et al., 1987; Morrison, 2001) :

dt dy
A_+1=10 y+A1_, (24)
dt dt

where A4 is the relaxation time, A is the retardation time (which is related to the relaxation
time via the solvent n and total viscosity n =n +nas A =_ 1), 1 the shear stress, y the shear
rate and d/dt the time derivative. Interestingly, Oldroyd discussed how there are an infinite
number of possible sets of invariant equations of state which can be proposed for this model
and then illustrated two possible invariant forms of this model, one which he called case "A"
- which uses a lower convected derivative to make Eqn. 24 suitable for general flows - and
case "B" which uses an upper convected derivative. In modern notation, these two models

can be written as follows. For the Oldroyd-A model:

(25) MT+T =0 + 129)

and for the Oldroyd-B model
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(26) MT+T=0F + L7)

where

(27) T=0t/ot + w.V)T + (Vu).T + 7. VuT

is the lower convected derivative and

(28) T= at/ot + (u.V)r— (Vu').7 — 7.Vu

is the upper convected derivative, T the stress tensor and ¥’ = Vu + Vu the strain rate tensor.
Oldroyd then showed how, despite "at first sight these might appear to be trivially different
generalizations", that in rotational Couette flow one model (the "Oldroyd-B") can give rise
to the Weissenberg effect of rod climbing whilst the other, (the "Oldroyd-A") does not. This
is because, despite both models exhibiting a constant shear viscosity, as Table 2 shows, the
Oldroyd-B model gives N1~y >0 and N>=0 whereas the Oldroyd-A gives N1~y =- N2. As
we discussed in the introduction, in the absence of inertia or surface tension in the slow flow
limit, the Weissenberg effect is proportional to (0.25 N1+ N)/t (Beavers and Joseph, 1975;
Hinch, 2011) so that for the Oldroyd-B this term is positive 0.25 Ni/t, whereas for the
Oldroyd-A it is of opposite sign and negative i.e. -0.75 N1/t =0.75 N2/x.

As we have discussed, dilute polymeric solutions (and/or Boger fluids) do indeed exhibit a
(nearly) constant shear viscosity and a positive N1 which grows approximately quadratically
with shear rate (James, 2009) the Oldroyd-B has proven, despite its simplicity, to be
incredibly useful and has gone on to become, in many ways, the prototype, viscoelastic
model. In contrast, surely due to the prediction of very high second normal-stress differences,
the Oldroyd-A model has remained essentially unstudied. We note, however, how it is
(arguably) the simplest model prediction that includes a non-zero N and, as we show below,
also that it represents the limiting low-shear rate behaviour for more complex models which
do incorporate finite N2. A model which acts as an intermediary between “A” and “B” is the
so-called “co-rotational” Oldroyd (Oldroyd, 1958) which is:

v

(29) T T , % ;/
Al<é+§)+t=n y+/12<2-+-2> ,

A
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this model gives shear thinning of the shear viscosity, first and second normal-stress
differences which grow quadratically at low shear rates but which plateau at high shear rates
and a constant ratio of N:=- 0.5N>. Interest in the co-rotational Oldroyd (or co-rotational
Maxwell) model has recently been reinvigorated due to it being the simplest possible
constitutive equation for predicting the first, third, and fifth harmonics of the shear stress
response in large amplitude oscillatory shear (“LAOS”) see e.g. Giacomin, Bird, Johnson, et
al., 2011 or Poungthong, Giacomin, Saengow, et al., 2019. We note that in the limit that the
retardation time is set to zero, the Oldroyd-A is nothing but the so-called lower convected
Maxwell (LCM) model, the Oldroyd-B the upper convected Maxwell (UCM) and the co-
rotational Oldroyd, the corotational Maxwell (see e.g. Larson, 1988).

4.2 Giesekus model predictions

In an important paper Giesekus, 1982 developed a model which is ultimately nothing
but a modified Oldroyd-B model but which now includes an additional quadratic term in

stress:

A;+t+a;‘t-t=ny, (30)

the three material functions in shear are controlled by three parameters in the absence of
solvent viscosity; a relaxation time, 4; the polymer viscosity, n, and the mobility factor a. In
the absence of solvent viscosity (so 4 = n = 0 and therefore n = n and A = 1), the mobility
factor must remain less than 0.5 to avoid a non-monotonic dependence of the shear stress on
the shear rate for steady simple shear flow. Often this restriction is specifically relaxed to
study fluids which may exhibit shear banding (Lerouge and Olmsted, 2020; Moorcroft and
Fielding, 2014). The three material functions as a function of shear rate are given in Bird et
al., 1987 and are therefore not unnecessarily repeated here. In the limit of no solvent viscosity,
finite mobility factor and shear rate tending to infinity the following asymptotic formulae
hold (Bird et al., 1987):

(1-a)n a Ay
n0y) ~ j — (31)
V2 nAy
N~ & G Gy, (32)

32



niy (4y)
NG ~——— (33)

The complete predictions of the three normalised material functions; n(y)/n, N (¥). A/n, and
N (¥). M/ are shown in Figures 12(a), (b), and (c) for different values of mobility factor o
and Figure 12(d) shows the prediction of -N2/N1. We note that the material functions of the
model due to Leonov (Leonov, 1976) are identical to the Giesekus model in steady simple
shear flow when the mobility factor o =0.5 (Isaki and Takahashi, 2002) and are therefore

encapsulated in the Giesekus predictions here presented.

4.3 Full Phan-Thien—Tanner (PTT) model predictions

We refer to this model as the “full” Phan-Thien and Tanner (PTT) model as often the
simplified version of this model is more routinely used where the second normal-stress
difference is identically zero (Alves, Oliveira, and Pinho, 2003). The PTT model was
developed based on a temporary network theory by Phan-Thien, 1978; Phan-Thien and
Tanner, 1977 and the networks of polymer chains are connected by junctions that constantly
change their configuration. The model was originally proposed to capture the rheological
behaviour of polymer melts (Alves, Pinho, and Oliveira, 2001) and is given as follows:

Y(Tro)t+ /1; =y, (34)

T is the so-called Gordon-Schowalter (GS) convected derivative defined as

Dt
D—t—‘t-Vu—VuT-r+f(‘r-D+D-r) (35)

IR

T
The parameter ¢ accounts for the slip between the molecular network and the continuum

medium (when & = 0 the GS convected derivative becomes simply Oldroyd’s upper

convective derivative and this represents the “simplified” form of the PTT model in which
the second normal stress difference is zero in steady simple shear). Y(Tr t) is stress coefficient
function which in general has an exponential form, but here we use the linearised stress
coefficient function f(Tr ) given by

el (36)
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f(Mrr)y=1+_Trzt
n
which was proposed in the original paper of Phan-Thien and Tanner, 1977, where ¢ is the
upper limit to the extensional viscosity which is inversely proportional to it. If e = 0, as a
result, f(Tr T) = 1, which reduces exactly to the model due to Johnson and Segalman, 1977
described next. The three material functions as a function of shear rate are given explicitly in
Alves et al., 2001 and are therefore not unnecessarily repeated here. The predictions of the

normalised material functions are shown in Figures 12(a)-(f).

4.4 Johnson-Segalman model

The Johnson-Segalman (JS) model (Johnson and Segalman, 1977) was developed to
allow non-affine deformation of the molecular network junctions to occur:
,1(/(1 Nr+s ) +r=m (37)
\ 3 Al w=ar

the slip parameter a sets the relative importance of the two Oldroyd convected time
derivatives described above and when this slip parameter is equal to 0 this corresponds to
affine motion and the upper convected Maxwell model is recovered, and when this parameter
is equal to 2 the lower convected Maxwell model recovered. Asa ! 1, the model becomes
the co-rotational Maxwell model (Goddard and Miller, 1966). In the original paper of
Johnson and Segalman, 1977 they restricted 0 < a < 1 (“because it is found that values of a
in this range yield good results when compared with experiment”). We note that the JS model

can also be expressed

o
directly in terms of the GS convected derivative as T + At = ny where a replaces " in Egn

35. The three material functions as a function of shear rate are given in Barnes et al., 1989,
p155 and are therefore not unnecessarily repeated here. With vanishingly small € (= 0.001
say), the predictions of the normalised material functions are essentially the same as the linear
PTT model with a = (, if € is larger the difference between the two models becomes more
apparent as shown in Figures 12 (e), and (f) especially for the shear viscosity but also for
intermediate shear rates for N1 and N2 where the asymptotic behaviour at low and high shear

rates remains identical (i.e. independent of €) for these quantities.
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4.5 Discussion of model predictions

Figure 12 shows the predictions for the various single-mode models and Table 2
provides asymptotic expressions for the material functions at both vanishing small (1y — 0)
and large (1y — ) non-dimensional shear rates. For these models — mainly proposed for
polymer materials — the normal-stress difference responses of Oldroyd’s models act as
limiting cases for many of the other models. For example in the limit that the non-linear |
parameter in the Giesekus model goes to zero and in the PTT and Johnson-Segalman (JS)
models when a="1=0 (i.e. the Gordon Schowalter derivative simplifies to the upper
convective), N1 grows in all cases quadratically in shear rate and N»>=0 just as the Oldroyd B
does. In the same small shear rate limit, but also in the limit that the non-linear parameters
"J=a='— 0 but remains finite the models retain a small but finite N> which grows
quadratically with shear rate and is directly proportional in magnitude to the finite non-linear
parameters (i.e. [, a, or [1). In the other “Oldroyd-A-like” limit, not shown in the plots,
when ] tends to 2 and a=[1=2 both N1 and -N2 grow quadratically with shear rate and are
equal in magnitude in this low shear rate limit. For other values of the non-linear parameters
("1=1,a— 1 and 1 — 1) the normal stress-differences of the co-rotational Maxwell model,
viz N1 growing quadratically and N»>=-N1/2), are the more useful comparator. Although the
various models exhibit quite similar behaviour in this low shear rate asymptote (which they
must as the second order fluid response must be true in this slow-flow limit) both the shear

viscosity outside of this limit and the normal-stresses exhibit different behaviour.

The normal-stress data for the various models, shown in Figure 12(b), (c), and (f) are
normalised by the zero-shear rate elastic modulus (i.e. n/A) and show that in the large shear
rate limit the JS and PTT models become constants but the ratio of -N2/N; for these models
(shown in Figure 12(d)) remains constant for all shear rates. The Giesekus model shows
subtly different behaviour with N; growing weakly with shear rate but -N. becoming
constant. Thus, in the large shear rate regime, the ratio -N2/N1 shear thins for the Giesekus
model. The predictions of N2/N1 (Figure 12(d)) in this high-shear rate limit would appear -
as stated by Larson in his classic book dealing with polymeric constitutive equations (Larson,

1988, p120/121) - to offer a fairly sensitive test to discriminate between different constitutive
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equations. In particular, the Giesekus predictions that this ratio becomes vanishingly small
whereas it remains fixed for the PTT and JS models.

The large shear rate asymptote of the non-linear elasticity of the models — estimated via a
Weissenberg number defined as a ratio of the shear-rate dependent elastic stress N; to the
shearrate dependent viscous stress (i.e. n(y)y) — shows that the Giesekus model grows like
~Ay - whereas the JS and PTT models, due to the more intense shear-thinning shear viscosity,
grow like ~Ay retaining the low-shear response. Thus, although N1 normalised by the elastic
modulus grows with shear rate in this high-shear limit for the Giesekus but saturates for the
PTT and JS models, the Giesekus is “less elastic” in this limit as the actual viscous stress
(n(y)y) dominates more for this model than the other two. The differences between the JS
and PTT models for different values of (1, shown in Figure 12(f), are confined to a fairly
narrow band of intermediate shear rates: the small and large shear rate asymptotic behaviour

for the normal-stress differences being identical for the two models.

For a detailed description of other models and predictions of their N2 response, we refer the
interested reader to the excellent monograph of Larson, 1988. In particular the integral
KayeBKZ model (Kaye, 1962 and Bernstein, Kearsley, and Zapas, 1963) predicts a shear-
thinning behaviour of -N2/N1 decreasing from 0.11 at low shear rates to vanishing small at
high shear rates. The predictions of the Doi Edwards model (Doi and Edwards, 1988) are
sensitive to assumptions but gives a reasonable value of -N2/N1=2/7 in the low shear rate

limit.

5. Summary and outlook

We have reviewed the many flows where second normal-stress differences “N>” in
complex fluids may give rise to important effects. Broadly, one can think about this property
as affecting two wide classes of flow problems. Firstly, in straight ducts, even in the limit of
vanishingly small inertia where Newtonian fluids remain unidirectional, gradients of N> may
drive a secondary flow in any geometry outside of those with perfectly circular cross sections.
Such secondary flows can significantly modify heat and mass transport over the equivalent

unidirectional flow for example. They can even occur in pipe flows should the flow not be
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running “full” such that there is a free surface which imparts a gradient of N to the flow.
Secondly, more generally, flows in which there is a free surface or layers of fluids with
different properties — such that there is a jump in N2 across the interface — appear sensitive to
instabilities the driving mechanism for which is due to N.. As most “standard” rheological
measurements incorporate flows with free surfaces, the importance of N. in limiting
measurements at high rates, such as in “edge fracture”, is clear. Presumably there are many
other flows — such as die swell for example —where N> may be important for certain complex
fluids or in certain circumstances. It is likely that other flow problems will arise where N2 is
discovered to be of importance.

Although, as we have documented in section 2, many different techniques have been
proposed to experimentally determine N2, routine measurements remain challenging and this
would appear to us as a major unresolved problem before any such measurements can become
as routine as viscosity or Ni. In particular, a number of techniques which require multiple
measurements using different samples and/or differentiation of (necessarily imperfect)
experimental data carry large uncertainty. Techniques where the fluid free surface itself acts
as a pressure “gauge” — such as the semi-circular tilted trough experiment or the rod
climbing/dipping experiment —are useful in being able to visually unequivocally demonstrate
the sign of N> whilst also being able to determine quantitative values (with sufficient work).
Unfortunately, the rod experiment also requires a separate measurement to determine Ni1. The
tilted trough experiment appears to offer potential but requires a bespoke experimental
facility and rather large amounts of fluid (plus necessarily a rather complicated data
processing technique to extract N2). Thus, it would seem to us that the best approach — and
most likely to gain widespread adoption — are the techniques which make use of flush-
mounted pressure transducers in order to determine pressure gradients under cone-and-plate
or parallel-plate flows. Such geometries are routinely used for measuring the shear viscosity
of a wide range of complex fluids and the incorporation of such pressure transducers in
commercial rheometers, in addition to the force-rebalance transducers which are routinely

used to be able to determine the axial thrust, would represent a step change in this area.

Surveying the literature for measurements of N2 for complex fluids is quite revealing.

The two largest classes of fluids for which various data sets exists are polymeric
solutions/melts and dense colloidal suspensions primarily in Newtonian base fluids (although
there are a number of data sets where the matrix fluid itself is polymeric). The most
developed literature is the polymeric where, outside of the dilute solution limit where N does
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appear to be negligibly small, N2 seems unequivocally to be negative in sign and up to 30%
of N1 especially at low shear rates. At these values it seems hard to classify N as being
negligible. Nevertheless, there is some limited data for aqueous solutions (or water/glycerol
solvents) of commercial grade polyethylene oxide and polyacrylamides which show N ~
0.05-0.1 N1 where such a categorisation would seem more reasonable. Studies using the
cone-and-plate pressuregradient method for such polymers whilst systematically varying

molecular weight, concentration and solvent viscosity/quality etc would be welcome.

Before leaving our discussion of polymeric fluids, we note that all of the polymer
solutions discussed in this review are for “flexible” systems and N, data for semi-rigid
polymeric solutions, such as xanthan gum, would also be welcome. Although measurements
of normal-stresses for such fluids in aqueous solution — which are often incorrectly classified
as “inelastic” — are notably challenging, recent progress has been made with parallel plate
geometries and very small gaps to probe high shear rates (Dakhil, Auhl, and Wierschem,
2019).

The N> data sets for the second most studied system — namely dense non-Brownian
suspensions — have reinvigorated the techniques to measure N that were originally proposed
for polymeric systems. In so doing, it has been found that N> is the significant normal-stress
difference and larger than N1, and these studies have shown the importance, and value, of not
simply neglecting this property based on results for other complex fluid systems where it is
indeed negligible. As we mentioned in the introduction, there are many other complex fluids,
for example emulsions, foams, surfactant solutions in different phases outside of semi-dilute
wormlike where nematic and/or hexagonal phases can be formed, where a knowledge of the
second-normal stress difference is limited or non-existent, which could equally benefit from
measurements of this property. Recent interesting normal-stress data for emulsion and foam
systems was made via thrust measurements in a parallel plate geometry and reported simply
as N1-N2 (Habibi, Dinkgreve, Paredes, et al., 2016) i.e. no attempt is made to separate out the
relative contributions. Interestingly, although fluids exhibiting N1~-N> don’t seem to have
been reported in the experimental literature, such behaviour has been predicted to occur
theoretically for fluids, such as foams or dense emulsions, exhibiting “sheet-like” or “film-
fluid-like” behaviour (Larson, 1997). In this paper, Larson, 1997 shows that for certain film
models the predicted behaviour is precisely Ni=-N. and offers the following explanation

“Films, on the other hand, orient parallel to the XZ plane in shear so that both [ 'y and [,
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are large compared to [ yy. This implies that N>~-Nj for films.” Larson, 1997 goes on to state
that “Measurements of N for foams, emulsions, and blends would, therefore, be of
considerable interest. None, however, have been reported as yet”. We note, 20 years after
this statement, our review of the literature indicates that this is still the case. Connecting this
back to the Oldroyd-A model which we highlighted in our final section as being the simplest
differential model to include N effects, Larson, 2019, notes that “microscopically, the
Oldroyd-B model deals with affinely stretching filaments (or polymers) that one might call
“line fluids,” while Oldroyd-A describes affinely stretching planes or “film fluids.” Thus,
Oldroyd-A should be more appropriate for foams, dense emulsions, and other fluids
containing sheet-like stretchable elastic objects.” Although it has long been neglected as
being “unphysical”, we note that for some fluids the Oldroyd-A model may represent a
reasonable “first approximation” to probe effects due to second normal-stress differences in
a flow. Much as the Oldroyd-B benefits from a constant shear viscosity — allowing effects
of N1 to be probed without the “complication” of shearthinning (and effects to be “separated
out”) — the Oldroyd-A could offer a similar toy model but with strong N2 effects, that is
potentially analytically tractable, but not restricted to a certain class of motions (such as the
second order fluid). Comparison of the N, response for the other models commonly used,
namely the Johnson-Segalman, Phan-Thien and Tanner and Giesekus models, highlights a
number of interesting points. Firstly, these models are all nearly 40 years old — all appearing
within a 5-year period beginning at the end of the 70s — and more recent microscopically-
informed models all predict vanishing N in steady simple shear. Secondly, N in steady
simple shear flow can be incorporated into simple differential models in two key ways: either
by an inclusion of an lower-convected derivative component as in the Oldroyd-A, co-
rotational Oldroyd, JS and PTT models, or by a quadratic stress term as in the Giesekus. At
low shear rates these models all exhibit very similar behaviour with both normal-stress
differences growing quadratically in shear rate and N being negative and proportional to N1
through the non-linear parameter. The response at higher rates is more interesting and the
JS/PTT model predictions diverge from the Giesekus. As Larson noted (Larson, 1988), N>
appears to offer a sensitive test of constitutive equations and data for more systems in this

high shear rate limit is crucially required here.
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Table 1: Summary of some second to first normal stress differences ratio for different fluid systems and the methods used to measure (N1) and (N) along
with the number of samples used in the measurements.

. . . No. of
1D Paper Fluid Type Fluid composition Method (-N2/Nz1) samples
B Fluid 0.1 % of Polyisobutylene with molecular weight (My) = 1.3x108 in (polybutene + 2 CP. & RC 0.01% 001 2
1 | Magda, Lou,etal, oger Flui chloropropane) ¢ o
1991
Polymer solution NIST (polyisobutylene in cetan) CPg 0.15 +0.02 1
2 | Huetal., 1990 Boger Fluid 0.24 % of Polyisobutylene with My, = 1.3x10° in oligomeric polybutene polybutene) RC 0.11-0.12 2
Boger Fluid 0.014% solution of Separan MGSOO in a mixture of maltose syrup and water TT ~0
0.075+0.012
1 and 0.7% solutions of a polyethylene oxide (Polyox WSR 301) in distilled water (a,b) 0.065 +0.01°
3 | Keentok et al., 1980 _ 0.8,0.5 and 0.2% solutions of a polyacrylamide (Separan AP 30) in distilled water (c,d,e) 0.100+£0.01° 1
Polymer solutions 1.1% solution of Oppanol B 200 in decalin (f) TT 0.085 +0.015¢
“National Bureau of Standards Nonlinear Fluid No. 1”.- 7.14% solution of polystyrene in a 0.065 +0.01¢
mixture of tricresyl phosphate and Arochlor (g) 0.11 +0.01°
0.3+0.109
Kalogrianitis and van 6% of polystyrene with (My =2x10°), My / M, =1.06 in tricresyl phosphat midilut 01100.2
4| 9 4. 1997 Polymer solution : 0 Ip(;) ystyrene with (Mw =2x10°), Mw / My =1.06 in tricresyl phosphate, (semidilute, | o, birefringence | increases to 0.9 1
gmond, 199 entangled regime) at long times
H. W. Gao, 450 kg/m® mono and polydisperse polystyrene with (M =40-2000 kg/mol), My / My =1.06 0.22,0.225 &
5 | Ramachandran, and Polymer solution i g ! butvlb polydisperse polysty W g W CPg & LAOS ' 0 éS 1
Christiansen, 1981 in normal butylbenzene )
6 Christiansen and Pol uti 3% of polyethylene oxide in (57%-water, 38%-glycerine, and 5%-isopropyl-alcohol) and a CPw & LAOS 0.07 & 0.09 1
Leppard, 1974 olymer solution 2.5% solution of polyacrylamide in (50%-water and 50%-glycerine) ¢ ' '
. . . . A Flow birefringence
12wt% of high molecular weight, low polydispersity polystyrene with (M =1.92x106),
7 Brown et al., 1995 Polymer solution 0 9 . u _W |.g W polydispersity polysty with (M x10°) & 0.23&0.17 1,2
Mw / M, <1.3 dissolved in tricresylphosphate (TCP)
CP-PPr
. 22.9-255 kg/m® monodisperse polystyrene (PS) with My =581-4000 kg/mol, My / M, =1- 0.17t00.275 +
8 | Magdaand Baek, 1994 Polymer solution 1.06 in n-butylbenzen , (semi-dilute and concentrated solutions) CPs 0.005 1
9 | Baek and Magda, 2003 Polymer solution 10 wt % of polyisobutylene in n-hexadecane (NIST SRM-1490) CPg 0.1+0.02 1
10 Kulicke and Pol uti 3-5 wt% polystyrene with (My =1.86x108 - 23.6x106), My / M, =1.1-1.3 in toluene, and 3 cPD 0.25-0.37 1
Wallbaum, 1985 olymer solutions wt% polyacrylamide and polyacrylamide-co-sodium-acrylates in 0.1M Na,SO,/H,O solution T 0T
450 kg/m® mono-and polydisperse linear polystyrenes with My =37-2000 kg/mol, My / M
Polymer solution (Linear) o8 KgIm polydisperse finear polystyrenes with Mw g W 0.287 + 2% 1
1 S. Ramachandran et al., =1.06-22 in n-butylbenzen cp
1985 Pol lutlon (S 100-600 kg/m3 four-arm-star poly-butadienes with M,,=300-330 kg/mol, My / M, =1.78 in n- N 0.214 + 2% !
olymer solution (Star) butylbenzen 214 + 2%
. . . . . 017 & 0.2+
12 Il_;g,zMagda, etal, Polymer solution (Linear) polyisoprenes with My =0.46 — 1x10° and My, / M, =1.04 - 1.16 CPg 0.01 1
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021&03+

Pol lution (S 3-24% 6 and 10-arm polyisoperene with My, =0.59x105-0.64x106), My, / M, =1.04 in
olymer solution (Star) tetradecane (TD) 0.01
Magda, Baek, et al., Liquid Crystals (Isotropic concentrated solutions of rodlike PBLG (poly(y-benzyl L-glutamate)) in m-creso (C < 9.5 wt%)
13 1991 . CPg 0.29 +0.01 1
solution)
- . . . . >0.5 (N2 is
Fully Liquid Crystalline Phase | concentrated solutions of rodlike PBLG (poly(y-benzyl L-glutamate)) in m-creso (C >12.3 positive at some
(LCP) wi%h) shear rates)
Magnetorheological fluid 50% of magnetizable spherical carbonyl iron powder particles (size several pm) in ~-0.25(Nzis
14 | Launetal., 2008 (MRF) hydrocarbon oil. CP-PPr Positive) 2
(50 & 70%) of high-molar-mass Polystyrene PS (200 & 545 kg/mol) in a 2k oligostyrene CPP - Same
15 | Costanzoetal., 2018 Polymer melt > g oSy g 9osty sample, different 0.3t00.1 1
(Mw = 2 kg/mol) at (130 & 170 °C) stems
highly monodisperse polyisoprene (M =130kg/mol), highly entangled with My / M. =25 at Flow birefringence
16 | Olsonetal., 1998 Polymer melt room temperature 0.24t00.1 1
. _ _ R CPP - Same stem,
17 | Schweizer, 2002 Polymer melt polystyrene 158K (M =336 kg/mol), My / M, =2.85 at 190 °C different samples 0.24 t0 0.05 >2
CPP - Same
18 | Schweizer et al., 2008 Polymer melt monodisperse polystyrene PS 206k (My, =206 kg/mol), My / M, =1.06 at 180 °C sample, different 0.4100.02 1
stems
19 Schweizer and Pol It PDMS 04A006 (Mw=2400kDa), My / M, =2.5 at 30 °C CPP3 0.24t00.1 1
Schmidheiny, 2013 olymer me (Mw= 8). Mw /M, =25 a 24100.
. . . . - . . . Superposition
20 | Kimetal., 2013 Wormlike micellar solution 100 mM cetylpyridinium chloride, 60mM sodium salicylate, and 100mM NaCl theometry 0.21 2
21 | J.-Y.Leeetal., 2002 Wormlike micellar solution (5.0-10.0 mM) Equimolar solutions of CTAB and NaS$ CPs 0.16 £ 0.005 1
. . . . 100 mM/50 mM cetylpyridinium chloride (CPyCIl, m0=340 g/mol) and sodium salicylate
22 | Pipeetal., 2010 Wormlike micellar solution (NaSal, m0=160.1 g/mol) in 100 mM NaCl (upper end of the semi-dilute regime) CPs 041001 !
2 | B I 2011 N ian Matrix S . 20-50% polystyrene spherical beads with 140 and 230 um average diameter in poly(ethylene RC 2
oyeretal, ewtonian Matrix SUSPENsIons | ¢y o1 ran-propylene glycol) monobutylether .
. . . . 17-50% polystyrene spheres with 70 and 140 pm average diameter in poly(ethylene glycolran- -16t0-5.8
24 | Couturier etal., 2011 Newtonian Matrix Suspensions propylene glycol) monobutylethe TT (Both negative) 2
Cwalina and Wagner, . I . - . - . . _ -1.2t0-1.55
25 2014 Newtonian Matrix Suspensions | 30-52% Silica nanoparticle with 520 nm average diameter in PEG, MW=200 CP-PP; (Both negative) 2
9 Guazzelli and . . . . it . . . Review on . .
6 Pouliquen, 2018 Newtonian Matrix Suspensions | Review on different Newtonian matrix suspentions different methods Review
. 20-50% Mono- and bidisperse poly (methyl methacrylate) (PMMA) spheres with 10.1, 19.6,
Gamonpilas et al., . . . . . o) o N - - -1to -2 (Both
27 2016 Newtonian Matrix Suspensions | and 52.6 um average diameter in 77.93% Triton X-100, 9.01% anhydrous zinc chloride, and CPDt & PPt negative) 2

13.06% water (by weight)
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58.7 vol.% of styrenelethyl acrylate copolymer particles with 280 nm average diameter in

0.5 (Assumed)

28 | Laun, 1994 Newtonian Matrix Suspensions CPr & CPP N2 positive and
glycol .
N1 negative
Lock-in
. . . . 30-45% poly (methylmethacrylate) spheres with mean diameters of 116, 140 and 196 um in measurements in -1to0-3.88
29 | Singh and Nott, 2003 Newtonian Matrix Suspensions 71.12 weight % Triton X-100, 12.40% water and 16.48% anhydrous zinc chloride. cylindrical- (Both negative)

Couette and PPg

Snook, Davidson,

nL2d=1.5-3 polyamide rod-like particles or fibres with aspect ratios 12, 13, 17 and 32 in

30 Butler, et al., 2014 Newtonian Matrix Suspensions water (10.2 wt%), Triton X-100 (78.0 wt%), and zinc chloride (11.8 wt%). TT&RC ~0.5
31 | Zarragaetal 2000 . . . < with
VisCoelastic Matrix CP-PP?
3 U-257 sieved glass beads of 0.5 and 4 pm average diameter mn Silicone o1l matrix UIT00.7
32—1-Ohland Gleissle 1992 SUSPETTSIONS guard-ring
Mall-Gleissle et al.. 33 0-40% monodisperse spheres of poly methylmethacrylate, PMMA with 8 pm average
2002 ViseoetasticMatrix
diameter in polyacrylamide-co-acrylic acid of average molecular weight 5*10”6 and of CP-PP
Haleem and Nott, 34 Suspensions . 0.62
2009 e lad—it i 1 x10 a1 s £74 450 1 1 e 0 + 1 e lad .
wetght-fracttonrH5%H04—2-imramixture-of 74-5% glycerotand25-5%water-tby-weight)
) . - 400 . . o . . .
35 | Linetal, 2014 Viscoelastic Matrix 15-49% glass spheres of average diameter 3.35 pm, in a silicon oil [polydimethylsiloxane .
A2 el o o
Suspensions (PDMS)] T 0.25t0 5
36 ?f”agla et al'.’ 2001 30' 30-53% glass spheres with 43 um average diameters in 0.015% polyacrylamide (by weight)
D00 gIass SPIeTes Wit RCO.1t0162

43 and 73.6 um

average diameters in

98 wt% glycerin

mixture ~-

3.6 (Both
Newtonian Matrix
Suspensions

CPDT &RC 2
with water (GW) and 70%
corn syrup and 30% glycerin
(KG) negative)
Polymer solution pure
polyisobutene 0.1 + 0.1

CPDt 1
Viscoelastic Matrix
Suspension 34.5% limestone
with a mean particle diameter
of 9 um in polyisobutene 1 to
3

Viscoelastic Matriy solution inja Newtonian fluid ¢gomposed df a 79.4/19.8/0.7 by weighf mixturg of corn syrup, CP-PPT &
cerin, and Vl? i

Suspensions gl

ater

*Note CP-PPy CP_PP_Thrust CPg C_P Pressure gradient RC Rod climbing CR C_Ring CPDt CP_Distance CPP C_Partitioned
Plate TT Tilted Trough PR P_Ring
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Table 2: Low and high shear rate asymptotic predictions for common viscoelastic models (A = (n 4 )A ,f = n /). For

Giesekus, PTTandJS4A =17 =0 and therefore 1 =landn =n
Ni(y)  Nu(y) -Na(y)
Model n() N1(y) -Na(y) —=
Ty )Y N1(y)
Oldroyd-A n 2n(A -1y 2n (A —A)y 20-BA ¥y 1
Oldroyd-B n (A -1 0 20-BA vy 0
. . . 1
V—0 n o=n+n 2n@d -1y n@i -2y 21-Pr v 3
co-rot
Oldroyd n n n 1 )
(y — o) n — — — 2
y) 21 niy
a
V—0 n 2nly anly 2(1 -y _
Giesekus . 2
@ =0 (1-a)n
U—an vz - n _ 1/4
(y—>00) ?(a(l - a:) / / 3 1(1 a)) (Ay)/ —0
a My 10 A a/ (1-a)
: : T2 _
¥ —0) n Ay aN 2y 2
anly
PTT & n 1
Johnson- JS a Ui (1 - %) A a
Segalman | (PTTe—0) | 2a 1- = n aN 2y _
@ | (- @ af1-3) 2
(12 =0) ¥)2 2
1+ e/?n U] U] SN 20y £
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N,>0 tension along streamlines N;>0 tension along streamlines N, = 0 compression along streamlines
N,=0 uniform stress in YZ plane N, <0 compression along vortex lines N, < 0 compression along vortex lines

Figure 1. A cartoon illustrating how various configurations of the first and second normal-stress differences create tension or compression in a fluid element along
streamlines and vortex lines in a homogeneous shear flow in a Cartesian coordinate system. Top row left to right: Cartesian coordinate system; schematic of homogeneous
shear flow in the XY plane; definitions of N; and N, in this coordinate system. Bottom row: Left- tension along the streamlines (parallel to the velocity vector) in a shear
flow for a complex fluid with positive N1 and vanishing N typical of dilute polymeric fluid with uniform stress in perpendicular plane; Middle- tension along streamlines
and compression along vortex lines (i.e. lines tangential to the velocity vector) in a shear flow for a complex fluid with positive N; and negative N, typical of concentrated
polymeric solutions and melts; Right- compression along both streamlines and vortex lines in a shear flow for a hypothetical dense suspension with N; ~0 and negative N .
For all cases, analysis assumes I 1,,=0 and N1 |- N. Note, as the isotropic pressure is an undetermined constant, it is possible to obtain, different, yet equivalent distributions.

In the right-hand case if ' ;>0 and | I,='1yy=0 (so N;=0 and N =-ve) this would be uniform stress in streamlines and vortex lines and a tension in the vorticity (z) direction.
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(d)

Figure 2: Different results from the literature for secondary flows driven by gradients of N, taking complex forms for different cross-sections and
boundary conditions. (a) Elliptic cross-section (Green and Rivlin, 1956), (b) bottom left quadrant of a square (Townsend, et al., 1976), (c) triangular

(Letelier, et al., 2002) and (d, e, ) “almost” concentric — the eccentricity is used as a perturbation parameter (Mollica and Rajagopal, 1999) and
eccentric annulus (Letelier, et al., 2019)
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Figure 3: Photographs of free surface profiles in rectangular open channel: (a) 3 Pa.s silicone oil, flat surface;
(b) 6.8% polyisobutylene/cetane solution showing convex profile (Tanner, 1970).
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I'/GL, = 0.04

I'/GL, = 0.01

fluid

Figure 4: (a) Schematic diagram showing “edge” or “shear” fracture in a cone-and-plate rheometer, (b) Experimental
photograph for Minty Gel toothpaste in the cone-and-plate rheometer (Keentok and Xue, 1999), and (c) Snapshots from
full nonlinear simulations of the Giesekus model between hard walls (Hemingway, Kusumaatmaja, and Fielding, 2017).
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(b)

Figure 5: (a) Photograph of rod-climbing effect in test fluid M1 - Boger fluid (Hu et al., 1990), and (b) is a typical image
of the free surface deflection of rod dipping in a concentrated suspension viewed from above (Boyer et al., 2011).

61



(b)

Figure 6: (a) Theoretical predictions for secondary flows in noncircular channels induced by the second normal-stress difference (Villone, D’ Avino, Hulsen,
et al., 2013) and spheres represent the balance positions in the channel cross section (Feng, et al., 2019), and (b) Particle distributions at a microfluidics

channel exit observed in the study by Feng, et al., 2019 for 3 um beads in a 5 mg/ml PEO solution at the following flow rates: 5 pl/min (top); 10 pl/min
(middle); 50 pl/min (bottom).
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Figure 7:

Schematic diagrams of the rotational rheometry techniques to measure normal-stress differences. (a) Cone-and-plate rheometry, (b) parallel-plate
geometry, (c) cone-and-plate with distance adjustment, (d) cone-and-plate with pressure distribution measurement, (¢) cone-and-partitioned plate, (f) plate
and-ring geometry, and (g) cone-and-ring geometry
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Figure 8: (a) Net vertical pressure force as a function of radial position in cone-and-plate rheomgter for NIST rheology standard, inset
plot is N values at the cone rim (Magda et al., 1991b), (b) determination of the first ;) and second (N2) normal-stress difference using
cone-and-partitioned plate for different samples with different sizes (Schweizer, 2002), (c)experlmental profile (o) computed from the

processed image of a suspension free surface deflection and theoretical profileh(r) = — ho 2 thi (dashed line) neglecting surface tension

and inertia. The vertical solid line refers to the rod radius. (Boyer et al., 2011) and (d) is the vertical component of the central free surface
rise as a function of the channel tilt angle and measurement error shown in grey (Tanner, 1970).
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Figure 9: Schematic diagram of the surface deflection rheometry techniques to measure normal-stress differences. (a) Rod climbing (Weissenberg effect)
(Magda et al., 1991), and (b) Tilted trough experiment (Dai, Qi, and Tanner, 2014 & Kuo and Tanner, 1974)
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Figure 10: Schematic diagram of (a), (b) the cylindrical Couette flow technique to measure normal-stress differences by measuring the radial and axial
normalstresses (Singh and Nott, 2003), and (c) Flow birefringence optical method (Brown et al., 1995)
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Figure 11: (a) The approximate monodisperse polystyrene concentration and entanglement regime with measured values of the zero-shear rate normal-
stress differences ratio in parentheses, using (CPc method) (Magda and Baek, 1994), and (b) is the first and second normal-stress differences measured for
12.5% PBLG solution (fully liquid crystalline) (Magda et al., 1991a).
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Figure 12: (a, b, c, d) Giesekus model prediction for normalised viscosity, normalised first normal-stress difference N1, normalised second
normalstress difference N2, and the ratio (—N2/N1) and comparison with Full Phan-Thien Tanner (PTT) and Johnson-Segalman model
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predictions for the same normalised rheological functions. (e) and (f) show the effect of changing € on the same normalised rheological functions.
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