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ABSTRACT

Municipal solid waste (MSW) landfills create the environmental pollutions due to problems related to toxins, leachate, and greenhouse gas, which
are the growing environmental concerns, especially in developing countries. This paper presents a novel mathematical modelling for simulating
the spread of heavy metals in soil layers in the MSW landfills. A new mathematical modelling procedure is studied for deriving the governing
equation which describes the time varying concentration of pollutants in the leachate in a 3-dimensional (3D) space of soil layers. A Finite Element
Method (FEM) based algorithm is then constructed to solve numerically the governing equation over time in 3D space for effectively analyzing
the variation of pollutants concentrations. Finally, the applicability and advantages of the proposed novel method are demonstrated through
the case study with soil samples collected from the actual MSW landfill. The successfully developed algorithm can be applied to model and
predict the spread of different heavy metals in the MSW landfill sites; and to develop effective solutions and policies for solid waste classification
and management, in order to minimise the negative impacts from the potential risk of the toxic heavy metal pollutions, soil contaminations

and groundwater pollutions in the areas nearby the MSW landfill.
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1. Introduction

The inefficient management and uncontrollable disposal of the
municipal solid waste (MSW) in big cities, especially in developing
countries, causes serious problems to the environmental
contamination. Effective controls of the MSW landfills have become
one of the biggest challenges to the national and local authorities.
The key constraints for management of the MSW landfills include
the limitation of land space and landfill sites for dumping solid
wastes, as well as the overload and shortage of skilled manpower.
The unscientific control and processing of the MSW landfills often
lead to several critical issues such as the foul odor generation
and the leachate immigration into the water streams that affect
seriously the public health and society [1]. Especially, the untreated
leachate from the MSW landfills causes potential risks to the quality
of underground water and eventually to the health of residents
living near the landfill sites.

In developing countries such as Vietnam, most of the MSW

landfills are not segregated at source and they are daily collected
from residential areas to dispose directly at landfill sites. Giang
et al. [2] showed that about 70% of the MSW landfills in Vietnam
are improperly implemented, overloaded or operated in an in-
efficient and insanitary manner. The migration of the leachate
from the landfills to soil layers leads to degradation of soils, air
pollution and contamination of groundwater sources in the areas
nearby the landfills. It is more important that the leachate from
the MSW landfills contains a wide spectrum of hazardous environ-
mental contaminants [3]. When the leachate streams infiltrate
through the bottom soil layers, the physico-chemical properties
of the groundwater sources are affected, and the groundwater con-
tamination occurs. Sabour and Amiri [4] indicated that even a
small amount of leachate infiltration into groundwater or surface
water, a large volume of water resources can be polluted; moreover,
among the different pollutants in the leachate immigration, heavy
metals are of significant concerns to the pollution of groundwater
source. It was concluded that the heavy metals trapped in the
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soil beneath dumpsites result in the long-term contamination of
the underlying soil [5]; and heavy metals were identified as the
dominant pollutants and major contributing factors for the leachate
pollution potential [6]. Gao et al. [7] showed that the main environ-
mental impacts of the leachate pollution are the heavy metal ions
and elements which exist in the leachate passing through layers
of soil and reaching groundwater. The environmental con-
tamination by heavy metals should be carefully taken into account
in management of solid wastes, since the existence of the heavy
metal ions and elements in the groundwater body affects directly
on resident communities, plants, vegetables and animals using
such the contaminated groundwater [8].

There have been a number of research works focusing on the
pollution or contaminant transport mechanisms occurring in the
landfills and the related effects on the groundwater contamination,
with the use of mathematical modeling and simulations to study
the spread of contaminants in the solid waste landfills. Sharma
and Lewis [9] studied a mathematical model of the leachate immigra-
tion that includes the advection and dispersion of a pollutant
contaminant. Varank et al. [10] investigated the migration of the
contaminants in the landfill leachate through alternative composite
liners. Benson et al. [11] took into account issues related to the
field hydraulic conductivity of pollutant different types of clay
liners, when studying the leachate immigration from a landfill
site. The desiccation of a geosynthetic clay liner was also evaluated
by Hoor and Kerry Rowe [12]. The bacterium in liners of a landfill
was analyzed by Tang et al. [13]. Reddy et al. [14] examined the
impact of a vertical well configuration on the leachate distribution
in the MSW landfill.

Along with the aforementioned studies, there have also been
a number of studies focusing on the formulation of the leachate
immigration models and the numerical techniques to simulate the
transportation of contaminants from the leachate into the soil layers
[7, 14-27]. Recently, some numerical techniques were developed
for solving the governing equation and simulation of the con-
taminant transport in the soil space [21, 25, 28, 29]; and the Finite
difference (FD) and finite volume (FV) approaches were also used
[8, 23, 24, 30]. It can be seen that though there has been a number
of studies focusing on the mathematical modelling of the leachate
immigration in soil medium [15-17, 20, 22-29, 31, 32|, a little atten-
tion has been paid to develop a comprehensive and compact mathe-
matical modelling procedure by using the effective mathematical
representation and expressions related to the gradient vector field.
In several documented works, the governing equation was simplified
by eliminating the advection terms or using the linearization techni-
que for obtaining analytical solutions in the ideal conditions [15-18,
22, 33, 34]; and the partial derivative equation is transformed and
represented in one or two dimensions only [17, 19, 27, 31, 32,
35]. There also have been investigations focusing on the absolute
permeability of water in a porous structure [36], and heavy metal
contaminants that contribute to environmental pollution and raw
agricultural waste [37, 38]. The publication [36] designed a Bayesian
framework to qualify the permeability of water in a porous media
by taking into account the geometry and parameters of the pore-throat
network. The studies [37, 38] evaluated the treatment process of
waste water both in the presence and absence of heavy metals.

Thus, it is necessary to investigate the untreated leachate immi-

gration from MSW landfills into the environment system, to compute
and predict reliably the pollution or contaminant transport mecha-
nisms in soil layers, as well as to assess the related effects on
the groundwater contamination, leading to the effective solutions
for solid waste management and reduction of potential risks of
soil contamination and groundwater pollution, especially for the
cases in which the solid wastes are disposed directly to the landfills
without any classification, and for the cases of uncontrollable MSW
landfill sites. In order to predict reliably and effectively the pollutant
contaminant transport in soil layers, it is necessary to develop
a comprehensive mathematical modelling of the pollutant concen-
tration in the leachate in 3D layers of soil, and to construct an
efficient simulation algorithm.

In this study, a general approach which combines a mathematical
modelling method and Finite Element Method (FEM) simulation
is proposed to investigate the concentration of pollutants in the
leachate passing through saturated soil layers. A case study of
modelling and computation of the spread of the arsenic pollutant
due to the leachate immigration into the soil layers and groundwater
at the actual municipal solid waste landfill site was implemented
to validate the proposed novel mathematical modeling and
FEM-based algorithms, in which the initial value of arsenic concen-
trations was calculated by using the data from the experiments
which are analyzed from the soil samples collected from the actual
municipal solid waste landfill. The newly introduced method for
modelling the spread of the pollutant concentration in the leachate
immigration in the 3D space of soil layers, and the new algorithm
for simulating the pollutant transport in the 3D space are the main
contributions of this study.

The rest of the paper is organized as follows. Section 2 presents
materials and methods, with the focus on the problem formulation
and mathematical modelling of leachate migration from a landfill,
as well as the FEM-based algorithm for solving the defined problem.
Section 3 presents the results and discussions about the proposed
numerical algorithm applied for solving the defined problem of the
leachate migration from a landfill, with the specific case study. Finally,
the conclusions are summarised and presented in Section 4.

2. Materials and Methods

Fig. 1 presents the flowchart, as a methodology for implementation
of a study, with the related research tools and methods.

First of all, the study problem as well as requirements for mathe-
matical modelling and simulations should be well-formulated and
defined. A new mathematical modelling procedure is studied for
deriving the governing equation which describes the time varying
concentration of pollutants in the leachate in a 3-dimensional (3D)
space of soil layers, with the use of the gradient vector field approach,
gradient vector operators, and partial different equations. Then,
FEM-based simulation algorithms are developed, to solve numeri-
cally the governing equation over time in 3D space for effectively
analysing the variation of pollutants concentrations. Finally, the
proposed mathematical modelling and the FEM-based algorithm
are validated, analysed and discussed through the case study with
soil samples collected from the actual MSW landfill, in comparison
with the findings from the related studies.
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Fig. 1. Flowchart for implementation of a study.

2.1. Data Collection and Analysis

Fig. 2 presents the location of the Kieu Ky landfill in Hanoi, Vietnam,
with the following key data and information presented in Table
1. The positions of the drilling holes for collection of soil samples
for the experimental analysis are presented in Fig. 3; and the arsenic
content in soil samples are analyzed via the use of the inductively
coupled plasma mass spectrometry (ICP-MS) and high precision
atomic emission spectrometry (AES).

As mentioned above, the problem formulation and new mathe-
matical modelling of leachate migration from the MSW landfills
are implemented and investigated, to derive the governing equation
which describes the time varying concentration of pollutants in
the leachate in a 3D space of soil layers, using the mathematical
concepts related the gradient vector field. The FEM-based algo-
rithm is then constructed to solve numerically the governing equa-
tion so that the variation of concentration of pollutants in the
leachate can be analysed effectively in the 3D space overtime.
Finally, the proposed mathematical modelling and the FEM-based
algorithm are validated, analysed and discussed through the case
study with soil samples collected from the actual MSW landfill,
in comparison with the findings from the related studies. The
soil samples were collected at the actual landfill: the Kieu Ky
landfill in Hanoi, Vietnam as shown in Fig. 2 and Fig. 3, to determine
the arsenic concentration in the nearby areas of the Kieu Ky landfill,
which is used as the initial value to implement the proposed mathe-
matical algorithm.

Table 1. Data and Information about the Kieu Ky Landfill Site in Hanoi,
Vietnam

Total area (ha) 13
Municipal solid waste

170-180 ton/d

Waste source

Capacity (ton/d)

Waste disposal method
Height of the cell

Average depth of waste
dump (m)

Sanitary landfill

From 5 to 12 m
4.5 m

The underground water level is about

Hydrology 2.0m from the ground.
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Fig. 2. Location of the Kieu Ky landfill: Kieu Ky Village, Gia Lam District,
Hanoi, Vietnam.
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Fig. 3. The key information and data about the Kieu Ky landfill in
Hanoi, Vietnam, and the drilling hole positions for collection
of soil samples for the experimental analysis.
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Table 2. Collected Soil Samples at the Kieu Ky Landfill in Hanoi, Vietnam for the Experimental Analysis of Arsenic Concentrations

No. Depth of the drilling hole (m)

1 0-0.3
2 0.3 - 0.6
3 0.6 - 0.9
4 0.9 -1.2
5 1.2 -1.5
6 1.5 -1.8
7 1.8 - 2.1
8 21 -24
9 2.4 - 2.7
10 2.7 - 3.0

=
[N
w
o
'
w
w

Characteristics of collected soil samples
DRILL HOLE - LK4
Porous black-brown clay with roots and rubbish
Porous black-brown clay with roots and rubbish
Porous black-brown clay with roots and rubbish
Porous black-brown clay with roots and rubbish
Porous black-brown clay with roots and rubbish
Black brown, smooth, sticky and fishy clay
Black brown, smooth, sticky and fishy clay
Dark brown, clay mixed and gritty
Dark brown, clay mixed and gritty
Sticky and fishy black brown clay
Black brown clay, sticky, fishy, smooth

12 3.3 - 36 Black brown clay (dark) sticky

13 3.6 - 3.9 Black brown clay (dark) sticky

14 39 - 4.2 Black powder clay mixed with fine sand
DRILL HOLE - LK5

1 0-0.3 Black brown, loose, powder clay mixed with rubbish

2 0.3 - 0.6 Black brown, loose, powder clay mixed with rubbish

3 0.6 - 0.9 Yellow clay, sticky

4 09 - 1.2 Yellow clay, sticky

5 1.2 - 15 Yellow clay, sticky, mixed with bricks

6 1.5 - 1.8 Mixed sand

7 1.8 - 2.1 Mixed sand

8 2.1-24 Mixed sand, black brown, smooth and flexible

9 24 - 27 Mixed sand, black brown, smooth and flexible

10 2.7 - 3.0 Mixed sand, black brown

11 3.0 - 33 Mixed sand, black brown

12 3.3 - 36 Greenish gray clay, smooth and flexible

13 3.6 - 3.9 Greenish gray clay, smooth and flexible

14 39 - 4.2 Dark green clay mixed with fine grained sand

15 4.2 - 45 Dark green clay mixed with fine grained sand

16 45 - 4.8 Powder clay, fine grained sand, black brown

17 4.8 - 5.2 Powder clay, fine grained sand, black brown

18 52 - 55 Powder clay, fine grained sand, black brown

Selected for analysis in Lab

Speficicatlly, for the case study of investigating the arsenic
spread at the Kieu Ky landfill, 2 main steps are implemented
as follows:

Step 1: Determining the arsenic concentration in the nearby
areas of the Kieu Ky landfill by the empirical research based on
the statistical methods.

Step 2: The result in Step 1 is used as the initial value to implement
the proposed mathematical algorithm to study the arsenic prop-
agation along the leachate in the ground.

The soil samples for the experimental analysis in the laboratory
are collected from the drilling holes at locations LK1, LK2, LK3,

LK4 and LKS5 in the Kieu Ky landfill as shown in Fig. 3. Maximum
depth of the drilling hole is 6 meters. The soil samples were
collected about 300 grams at each 0.3 meter of depth. The depth
of the drilling hole and characteristics soil sample are presented
in Table 2. Note that the data collected with the drilling holes
LK1, LK2 and LK3 are used for reference purpose, since these
holes are located outside the borderline (Blue line) of the inves-
tigation area. Table 2 presents the data of soil samples collected
from the holes LK4 and LK5. The soil samples were kept in
the tightly packed plastic bags and then analyzed in the labo-
ratory for the arsenic content via the use of ICP-MS and AES.
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2.2. Mathematical Modelling of Pollutant Transport in the
Leachate Immigration from a Landfill

Generally, the contaminant transport mechanisms in an unsaturated
and porous soil environment consist of three main categories: advec-
tion through the leachate flow into the soil media, dispersion in
moist soils, and other physicochemical interactions. Corresponding
to these simultaneous transport mechanisms, three mathematical
expressions must be written, to derive a unified governing equation
for the transport.

To formulate the model of the contaminant transport in the
leachate flow, some assumptions are given as follows. It is assumed
that the soil layer is considered as a homogeneous medium in
which the dispersion process is isotropic. All water particles move
at the same velocity through the porous medium. It means that
the microscopic variations in flow velocity is neglected. In addition,
the contaminant concentration in the leachate flow is sufficiently
small, so that the dispersion coefficient is independent of concen-
tration, and it is approximated by a constant. Also, no chemical
reaction is assumed to occur between the solid and the liquid
phases. It means that within the leachate flow no loss or addition
of matter can take place.

From a MSW landfill on the surface, at the same time, the leachate
flow that contains heavy metal contaminants spreads in the vertical
direction, down to the depth of the soil layers, and transport to
the surrounding areas. The concentration of contaminants in the
flow changes along all directions of the layers over time: X, Y
and Z (Fig. 4).

Let's denote C(x,¥,2,t) as a scalar function of concentration
(mg/kg) of a pollutant in the leachate. The function C(x,¥,z,t)
is represented in a Cartesian coordinate system Oxyz and changes
over time t. As usual, the origin of the coordinate system Oxyz
places on the ground surface of soil media, the axis Oz points
vertically downward the depth of the soil layers. The concentration
function C(x,¥,z,t) depends on four variables ¥,¥,Z and t.

The advection mechanism of a substance (pollutant) refers to
the transport of the pollutant itself with the mean leachate flow.
Hence, at any point (x,¥,2) in the soil space, the change of the
pollutant concentration C(x,y,z t) with velocities v=[u v w]”
[my/s] in three directions X, y and z, respectively can be represented
effectively with Eq. (1), by using the concept of the concentration

Leachate Source

Fig. 4. Gradient field of the concentration function C(x, y, z t) in
the coordinate system Oxyz.

gradient vector VC(x,,2,t) in the coordinate system Oxyz as demon-
strated in Fig.4.

ac

where

Ve =|—

When taking into account the dispersion of the pollutant concen-
tration, the gradient vector VC and other relevant mathematical
operators can be used as well to formulate the dispersion process
model of a pollutant dispersion in the leachate.

It is assumed that when the concentration C(x,¥,2,t) of a pollu-
tant at a given point (*,¥,2) is low somewhere compared to
the surrounding points, physically the substance diffuses into
the point (*,¥,2) from the surroundings, so the value of the
concentration C(x,¥,2,t) is increased. Conversely, if the concen-
tration C(x,¥,7,t) is high as compared with the surroundings,
then the substance moves away and the concentration of the
pollutant at the point (*,¥,2) is decreased. Finally, the net dis-
persion is proportional to the second derivative of the concen-
tration function if the dispersion coefficient D = [Dx Dy D]”
is a constant vector.

To this end, Eq. (1) becomes

ac
S="VC v+ (@D OVO) @)

It is noted that, in the second component of Eq. (1), (V -)(D © VC),
which represents the pollutant transport by dispersion, the notation
(V) represents the divergence of the gradient field V¢, and the
operator © is the element-wise product (the Hadamard product)
of two vectors.

If we take the third contribution R which represents the change
of the concentration C(x,7,z,t) in the soil media space due to
other chemical reactions and physicochemical interactions, the
governing equation Eq. (2) can be rewritten in a generic form as
follows:

%:—VC~V+(V~)(D@VC)—R

@)

As assumed earlier, the dispersion coefficient is independent
of concentration, and it is approximated by a constant. Also, no
physico-chemical reaction is assumed to occur between the solid
and the liquid phases. Therefore, in this study, it is assumed that
change of arsenic concentration due to physico-chemical effects
is neglected. It means that the physicochemical reactions of the
heavy metal contaminants in the leachate flow are not noticeable,
and within the leachate flow no loss or addition of matter can
take place. Hence, R ~ 0. In other words, expressing Eq. (3) in
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terms of the partial derivatives of the concentration function
C(x,y,2,t) yields

ac ac ac
U +w + v
0z

=%(Dx%)+%(0y3—§)+§—z(0z3—i) n

Finally, the time variation of concentration of a pollutant when
the leachate immigrates into the 3D space of soil media has success-
fully formulated with either Eq. (3) or its equivalent expression
Eq. (4). These formulations play an important role when analyzing
the time evolution of the concentration of a heavy metal in the
leachate at any point in the soil media or to simulate and predict
the spread of a heavy metal pollutant from a landfill site to the
surrounding areas.

2.3. Finite Element Algorithm to Solve Numerically the
Governing Equation over Time in 3D Space for Effective
Analysis of Variation of Pollutants Concentrations

The pollutant concentration C(x,¥,2,t) simultaneously depends
on 4 variables: x, y, z and t. Mathematically, the variation of
C(x,y,2,t) over time t and x, y, z is explicitly described by the
specific derivative relations as showed in Eq. (4). Moreover, the
variation of C(x,¥,7,t) depends on 6 parameters as u, w, v, Dx,
Dy and Dz. In practice, these parameters can be changed in
soil domain even in time. Due to such the spatial and time-depend-
ent complexity of the mathematical model, in this study, it is
proposed that a FEM technique to solve the governing equation
over time ¢ in 3D space X, y, z with an assumption that the
permeability and dispersion of the pollutant concentration are
similar in 2 horizontal directions x and y. To discrete the equation
with respect to a 3D space of finite elements, the finite difference
method is used for both time variable and space variables x
and z. This method can also be called as the finite element method
with evenly spaced grid nodes at the distance Ax and A4z.
Accordingly, in a time that is small enough 4t, at a distance
Ax and Az small enough, the governing equation Eq. (4) at time
t = n is discrete as follows:

crtl _ cn1

ul+1] — U 1,j n
24t ( 24x% ) +2A Civrj =
vl]+1—v n YV n Y o _
Cln Lt T 2z —Clj +oaz Gl T 55 Gl =
Dx o Dx Dx D bz .,

Ax2 i+1,j — sz i— 1] Az N2 i+l T

Dz Dx Dz Dx Dz
—“rn _ [ = n+1 = _n_—Z
Az? Cimaj (sz + Az2> Cij (sz + AzZ) Cij (5)

Where:

ClY is the pollutant concentration at the grid node i, j at time n.
Uij and Vij are the permeability velocities in 2 directions x
and z at the grid node i, j.

Convert Eq. (5) we obtain:

n+1 _

1 Dx Dz
( 327) " =

it et 2z
(u + Dx>Cn +< v 4 DZ)Cn +
24x | Ax2) UV T \24z T Azz) TR

(i C Wi j-Uicgy Vije1-Vij-a ) cro_
24t 24x 24z

Dx Dz ot Dx u
<W+ AzZ) Cij (sz + ZAx) Clhajt
Dz v
G )
Az2  24z) Wt (6)

In short, we have:

ACl = BCl',; + CCl';_y +DCly +
EC M+ FClLy ; + GClyyy )
Where:
1 Dx Dz
A= mt gat oo
- v, bz
T 24z Az?’
- ¥ 4 Dbx,
T 2ax Ax?’
R S
- 24t ux vza
Dz Dx
E=-(+ )
_ bz, v,
T oaz2 240
Dx u
Ax?  2Ax

Solving Eq. (7) by numerical algorithms we can calculate the
variation of pollutant concentration C(x,¥,z,t) in the x, z directions
over time t. In this study, the following FEM algorithm is constructed
and the Matlab programming syntaxes are employed to implement
the proposed algorithm.

FEM Algorithm: Calculating Cij at a grid node i, j at a time n

Inputs: Initial concentration Co; Parameters Dx = Dy, Dz,
u=v, w; Time step A4t; Increments of the grid 4x = Ay, Az; Upper
limitations of the increments Mt Mx, Nz;

Output: Cf;

Begin

// Initialization:
for i=1 to n; do

for j=1to nx do Cij =0 end for
end for
for i=1 to n; do

for t =1 to n¢ do Ci1 =0 end for
end for
for /=1 to nx do

for t =1 to "t do

for i=1to " do Cij=Co end for

end for

end for
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// Calculating Cis:
for t=1to nt—2 do
fori=2ton,—1do
for j=2tonx—1 do

AC{ = BCL,; + CCfj_y +DCl;+EC{j" + FCf,;+GCljyy

end for
end for
end for
End

3. Results and Discussion

The proposed novel mathematical modelling procedure and the
FME-based algorithm for simulation of the spread of pollutants
in soil layers due to the leachate migration from the MSW landfill
were successfully developed and demonstrated, to investigate and
predict the possibility of spreading the heavy metal concentrations
such as Arsenic in the soil at the nearby areas of the landfill site.

Pollutants and heavy metals in the leachate disposal from land-
fills discharge to soil layers, spread deep into the inner soil layers,
and eventually penetrate to aquifers. As a result, this problem
leads to the threat of environmental devastation, water pollution
in both the short and long-term.

As presented in previous sections, the investigation of the arsenic
spread in the case study of the Kieu Ky landfill was done via
the following 2 main steps: (1) Determining the arsenic concen-
tration in the nearby areas of the Kieu Ky landfill by the empirical
research based on the statistical method; and (2) The measured
arsenic concentration at the nearby areas of the Kieu Ky landfill
is used as the initial value to implement the proposed mathematical
modelling procedure and the FME-based algorithm, to study the
arsenic propagation along the leachate in the ground. The soil
samples for the experimental analysis in the laboratory to measure
the arsenic concentration were collected from the drilling holes
at different locations in the Kieu Ky landfill (Fig. 3). The concen-
tration of arsenic heavy metal was determined through 16 soil
samples in two boreholes which were drilled with the diverse
depth for analysis via the use of the ICP-MS-Inductively Coupled
Plasma Mass Spectrometer of high precision atomic emission spec-
trometry (AES). The experimental analysis showed that initial ar-
senic concentration is .

The detailed calculation and simulation results to demonstrate
the distribution of arsenic concentration over time in the horizontal
and vertical directions (Fig. 4) are presented in Fig. 5. The change
of the arsenic concentration along the vertical direction, the depth
Z, and the horizontal direction X over time, is illustrated in detail
in Fig. 6; and it is clearly shown that, the arsenic concentration
changes gradually in depth and the horizontal direction over time.
Generally, it can be concluded that, the contaminants spread in both
the vertical and horizontal directions as time increases; and at the
time constant (e.g., months 2, 4, 5, 6, 8, 10, 15 as illustrated in
Fig. 6), the concentration of a contaminant gradually decreases along
the three directions of the soil space (X, Z and Z directions in Fig. 4).
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Fig, 5. Distribution of arsenic concentration in 10 months in the horizontal
X and vertical Z directions.

Concretely, Fig. 6(a) presents arsenic concentration variation
along the vertical direction Z in Months 2, 4, 6 and 8. At the
distance Z = 1.5 m from the starting migration point of the arsenic
pollutant, the arsenic concentration changes gradually over time;
for example, in Month 8, the arsenic concentration is 22.4 mg/kg
approximately at the depth of 3.0 m, and the arsenic concentration
value spreads in the vertical direction, it reaches the depth Z =
6.0 m. Fig. 6(b) presents the change of arsenic concentration along
the horizontal direction X over time at the depth Z = 2.0 m. The
arsenic concentration spreads in the horizontal direction consid-
erably; in Month 15, there is a significant arsenic amount at a
distance X = 8.0 m from the point in which the leachate starts
spreading nominally.

In conclusions, the simulation results show that, the arsenic
concentration spreads in the vertical direction at the depth Z =
5 + 6 m from the surface after 8 months, and it spreads in the
horizonal direction, at the distance X = 7 + 8 m after 15 months.

The simulation results demonstrate that, the proposed mathemat-
ical modelling method is compact and applicable to simulate the
distribution of the contaminant concentration over time and over
distance, in the horizontal and vertical directions. By using the
concepts of the concentration gradient vector VC(x,,z,t), the di-
vergence of the gradient field (v -) and the element-wise product
operator ©, the advection—diffusion mechanism of a heavy metal
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Fig. 6. (@) The arsenic concentration variation along the vertical direction,
the depth Z, over time. (b) The change of arsenic concentration
along the horizontal direction X over time at the depth Z =
2.0 m.

contaminant is formulated explitly and effectively, which briefly
and clearly describe the physical nature of the disperation process.
In addition, the use of FEM for constructing the numerical algorithm
is robust and efficient in the aspects of mathematical computation
and simulation. The theoretical investigation and the implemented
case study show that, the proposed mathematical modelling proce-
dure and the FEM-based algorithms can be potentially and effec-
tively applied to model and predict the spread of different heavy
metals in the MSW landfill sites.

By using the gradient vector field approach, the derivation of
the partial derivative equation which describes the pollutant con-
centration variation in the 3D space over time is carried out in
an effective manner. In comparison with the previous works [10,
17, 19, 22, 23], the derivation process of the governing equation
is more explicit and generic, and it gives a comprehensive under-
standing about the physical nature of the spread of a contaminant
in a leachate flow. In addition, when compared to the previous
studies [8, 21, 23-25, 28-30], the strong points of the proposed
FEM algorithm in this study can be recognized via the capability

of simulating the leachate immigration in the 3D space of soil
layers. By using the proposed algorithm, the time-varying of the
concentration of a heavy metal in the horizontal and vertical direc-
tions can be effectively calculated and simulated.

4. Conclusions

The MSW landfills create the environmental pollutions due to
problems related to toxins, leachate, and greenhouse gas, which
are the growing environmental concerns, especially in developing
countries. Many solid wastes contain toxic substances with concen-
trations of heavy metals, organic compounds and toxic contents;
therefore, the leakage of leachate can cause serious pollutions of
groundwater and natural ecosystems. In this study, a novel mathe-
matical modelling for simulating the spread of heavy metals in
solid waste landfills was presented and discussed, with the focus
on simulations of the pollutant concentration variation in the leach-
ate flow in the 3D space of soil in the time evolution, based on
a newly developed FEM-based algorithm. By using the concepts
of the concentration gradient vector VC(x,¥,z,t), the divergence
of the gradient field (v -) and the element-wise product operator
©, the advection — diffusion model of the leachate migration is
formulated in a compact and simplified manner.

The newly proposed mathematical modeling and FEM-based
algorithm were validated, analyzed and discussed, in which a case
study was implemented, in which the soil samples collected from
the actual MSW landfill and analyzed in the laboratory, to determine
the arsenic concentration at the MSW landfill, and the measured
arsenic concentration was used as the initial value to implement
the proposed mathematical modelling procedure and the
FME-based algorithm, to study the arsenic propagation along the
leachate in the ground. The spread of arsenic concentration in
3D space of soil was then successfully calculated and simulated
in the time evolution.

It is well-demonstrated that, the proposed mathematical model-
ing and FEM-based algorithm can be effectively applied to model
and predict the spread of different heavy metals in the other MSW
landfill sites. The quality and accuracy of the proposed mathemat-
ical modelling and FEM-based algorithm can be further enhanced,
if there are more data collected from the actual MSW landfill for
validations and updates, especially with the use of the latest develop-
ment in heavy metal detection sensors and platforms for real-time
data collection and analysis [39].

The computational and simulation results showed that there
is a potential risk of the arsenic pollution in the areas around
the MSW landfill; and the arsenic spread is a directly caused pollu-
tion of the underground water and soil layers in the adjacent areas
of the MSW landfill site. The findings of a study can be applied
to develop effective solutions and policies for solid waste classi-
fication and management to minimize the negative impacts from
the potential risk of the toxic heavy metal pollutions as well as
soil contamination and groundwater pollution in the areas nearby
the MSW landfill, especially for the cases in which the solid wastes
are disposed directly to the landfills without any classification,
and for the cases of uncontrollable MSW landfill sites.
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Nomenclature

MSW Municipal solid waste

3D Three dimensions

FEM Finite element method

C(x,y,2,t) The concentration function of a contaminant
vc The gradient field of C(x,y,z,t)

Oxyz The Cartesian coordinate system

v=[u v w|"

The velocities of the desperation

D=[Dx Dy D" The dispersion coefficients

V- The divergence of the gradient field

o The element-wise product (the Hadamard
product) of two vectors

R The change of the concentration in the soil
media space due to other chemical reactions
and physicochemical interactions

¢l The pollutant concentration at the grid node
i, j at time n

Uij and Yij The permeability velocities in 2 directions x
and z at the grid node i, j

Ax and 4z The grid dimensions in x and z directions

At The time step
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