
Advanced Powder Technology 30 (2019) 2868–2880
Contents lists available at ScienceDirect

Advanced Powder Technology

journal homepage: www.elsevier .com/locate /apt
Original Research Paper
Tensile strength of cohesive powdersq
https://doi.org/10.1016/j.apt.2019.08.017
0921-8831/� 2019 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder Technology Japan.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

q Open Access for this article was sponsored by the Society of Powder Technology,
Japan, through the KAKENHI Grant Number 18HP2009/Grant-in-Aid for Publication
of Scientific Research Results, Japan Society for the Promotion of Science, 2019.
⇑ Corresponding author.

E-mail addresses: p.garciatrinanes@gre.ac.uk (P. García-Triñanes), s.luding@
utwente.nl (S. Luding), h.shi-1@utwente.nl (H. Shi).
Pablo García-Triñanes a,⇑, Stefan Luding b, Hao Shi b

a Flow, Heat and Reaction Engineering Group, FHRENG, Chemical Engineering Division, School of Engineering, University of Greenwich, United Kingdom
bMulti-scale Mechanics, TFE, ET, MESA+, University of Twente, 7500 AE Enschede, The Netherlands
a r t i c l e i n f o

Article history:
Received 9 July 2019
Accepted 12 August 2019
Available online 28 August 2019

Keywords:
Limestone
Schulze ring shear tester
Brookfield powder flow tester
Tensile strength
Cohesion
Shear index
Warren Spring model
a b s t r a c t

Measurement and prediction of cohesive powder behaviour related to flowability, flooding or arching in
silos is found to be very challenging. Previous round robin [52] attempts with ring shear testers did not
furnish reliable data and have shown considerable degrees of scatter and uncertainty in key measure-
ments. Thus studies to build a reliable experimental database using reference materials are needed in
order to evaluate the repeatability and effectiveness of shear testers and the adopted procedures.
In this paper, we study the effect of particle size on the yield locus for different grades of limestone (cal-

cium carbonate). We use the nonlinear Warren Spring equation to obtain the values of cohesion C, tensile
strength T, and the shear index n. We recover linear (n = 1) yield loci for d50 > 70 lm with respectively
small C and T, with consistent, finite macroscopic friction C/T = 0.7. With particle size decreasing below
70 lm the response becomes more and more cohesive and non-linear (1 < n < 2).
Then we compare the values of the parameters C; T and n obtained from two different shear testers

(Schulze and Brookfield PFT). Both testers run at positive confining stresses (slightly different ranges)
and give identical results for large fractions (weakly cohesive). For strongly cohesive samples, the PFT
results are very similar to the ring shear tester, with slightly smaller values for T, C, and n. Further exper-
iments with a variety of cohesive powders are needed to confirm or rebut this systematic difference the
two testers display for cohesive powders.
Finally, we compare the (extrapolated) values of T with a direct, transverse measurement running at

negative stresses, using the Ajax tensile tester, and found a very good agreement, which validates the
Warren Spring equation for negative stresses.
� 2019 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder
Technology Japan. This is an open access article under the CC BY-NC-ND license (http://creativecommons.

org/licenses/by-nc-nd/4.0/).
1. Introduction properties to powder performance in the process plant is essential.
Granular materials underpin the performance of a vast array of
everyday products. They are omnipresent in our daily life and
widely used in many industries such as food, pharmaceuticals,
paints, agriculture, plastics, mining, 3D printing, batteries, cosmet-
ics or personal care products. During storage, flow or transporta-
tion in powder processing industry, the material faces various
stress conditions and deformation, due to compression or shear.

Quality control in manufacturing (production plant) as well as
manipulating the form and functionality of these industrially vital
materials (R&D lab) is essential for commercial success and relies
on a sound understanding of their properties. Linking particle
A lack of this can cause serious difficulties in aspects associated
with flow, storage or handling, leading to lower productivity and
dramatically affecting the performance of solids processing units.

Modern processing and formulation requirements have also led
to a multi-scale approach to understand the failure of powders by
means of mapping the necessary information from the particle
level or primary particles to particle clusters (mesoscale) and
finally towards the bulk behaviour. To characterize a small partic-
ulate sample by e.g. element tests or particle analysis and subse-
quently predict the bulk behaviour on the unit operation or
process scale is of immense value.

Fascinating granular phenomena are: yielding, when the shear
loads become extremely large the material fails in shear; jamming,
when a dense stream of particles flows through an orifice, and they
clog or jam, i.e. stop flowing, [1–4]; dilatancy, when they experience
a volume change if subjected to shear deformations [5–7];
shear � band� localization when dilatant granular materials are
sheared continuously under uniform stresses and strains [8,9];
history� dependence including direct time-dependent consolidation
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Nomenclature

r0 isostatic tensile strength (Pa)
FH adhesion force (N)
ds Sauter mean diameter (m)
�o void fraction of the bed of particles ([–])
qp particle density (kg/m3)
q0 initial bulk density (kg/m3)
qb bulk density (kg/m3)
w moisture content (%)
d10 particle diameter where 10% of distribution is below

this value (lm)
d50 particle median size where 50% of distribution is below

this value (lm)
d90 particle diameter where 90% of distribution is below

this value (lm)

W roundness ([–])
r pre-consolidation normal stress (Pa)
s shear stress (Pa)
rn normal stress (Pa)
rpre pre-shear normal stress (Pa)
C cohesion or cohesive strength (Pa)
T tensile strength (Pa)
n shear index
l friction coefficient
/i internal friction angle
rC cohesive characteristic consolidation (Pa)
nC cohesion index
rT tensile characteristic Consolidation (Pa)
nT tensile strength index

1 The inverse void ratio increases with decreasing the porosity and thus tha
increases the isostatic tensile strength.
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effects and load history-dependent cohesion [10]; or anisotropy
when sheared systems show direction-dependent distributions
of both the contact network and the contact forces [11–13]
have attracted significant scientific interest over the past decades
[14–22].

The mechanical behavior of cohesive powders depends on pre-
stressing history [23]. Various laboratory testers to study the shear
stress necessary for the failure of consolidated powder beds can be
found in the literature to evaluate the bulk behaviour of granular
materials [24,25]. These testers are also a valuable tool to under-
stand the influence of particle properties, e.g. density, size-
distribution and shape, on the macroscopic bulk response. More-
over, such shear testers are commonly used for the industrial
design of silos and hoppers. Although this is in many cases still
empirical, the design methods are based on fundamental engineer-
ing principles and follow norms and established sample prepara-
tion procedures [26–29].

Element tests are (ideally homogeneous) macroscopic tests in
which the force (stress) and/or displacement (strain) path are con-
trolled. The most widely performed element test in both industry
and academia is the shear test, where a granular sample is sheared
until failure is reached and the material starts to flow.

Shear testers are usually classified into two groups: direct and
indirect methods [25,27]. In direct shear testers, the shear zone
is pre-defined by the device design, and the shear failure is forced
in a specific physical location. On the contrary, in the indirect
devices, the shear zone develops according to the applied state of
stress. The most common indirect devices are the uni-axial com-
pression tester [10,30,31] and the bi-axial shear box [32,33].

Direct devices can be further categorised into two sub-groups:
translational and rotational. Typical translational shear testers
include the direct shear tester [34–36] and the Jenike shear tester
[37], while torsional or rotational shear testers include the FT4
powder rheometer [38], the Schulze ring shear tester [39] and
the Brookfield powder flow tester [40].

A similar classification can be established attending to the
movement of the shear cell elements and distinguishing between
four main categories: the rotational cells, parallel plate cells and
upper or lower movable shear cells. Detailed reviews of testers
have been presented by several authors [25,41,42], and more
(non-commercial) shear testers with higher complexity can be
found in literature [43–45].

All shear testers have in common that they measure the shear
stress necessary to make a sample yield under a given finite com-
pressive normal stress.

On the other hand, the tensile strength can be defined as the
tensile normal stress required to fracture a specimen of compacted
powder when no shear forces are applied. It represents the ten-
dency of a sample of compacted powder to resist separation from
a particle bed under the influence of a tensile stress and it is the
external macroscopic manifestation of attractive forces between
the constituent particles.

The magnitude of these forces depends on the closeness of par-
ticles in the packing, like the yield stress the tensile strength is
related to the present state due to stress history of the particulate
solid.

For cohesive powders, the tensile strength increases with
increasing packing density due to the increase in the number and
intensity of interparticle forces (adhesion, cohesion, van der Waals,
interfacial, bridging and interlocking) [46–48].

The direction and module of compacting stresses must be
defined in relation to the alignment of the plane in which failure
takes place.

Co� axial tensile strength relates to failure stress in the direc-
tion opposite to the compacting stress. Transverse tensile strength
relates to failure stress at 90� to the orientation of the compacting
stress. Ultimate tensile strength is a measure of the failure stress of
a triaxially compacted sample. (A theoretical, rather than a practi-
cal test). Isostatic tensile strength in the absence of deformation
(unconsolidated particle contacts) represents the characteristic
cohesive nature of a powder.

The isostatic tensile strength ro can be related to the adhesion
force, FH using the pioneer approach of Rumpf (1962) [49]:

ro ¼ ð1� �oÞFH

ð�od2
s Þ

ð1Þ

where ds represents the mean Sauter diameter of the particles and
�o is the void fraction (porosity) of the bed of particles with
ð1� �oÞ=�o being the inverse void ratio.1 Capece (2015) [50] investi-
gated the fundamental relationship between interparticle cohesion
and powder flowability making use of the Bond number as a dimen-
sionless quantification of the cohesion between particles. A model to
study the effect of physical properties on cohesion and unconfined
yield strength of pharmaceutical powders considering particle size
and compressibility index was presented by Garg (2018) [51].

Quality and reproducibility of results are key aspects for proper
material characterization. Although shear testing technologies have
been developed and studied extensively, significant scatter in mea-
surements is still common when testing powder flowability using
different devices in different labs/environments [38–40,52–54].
t
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Previous studies have been focusing on this problem by performing
round-robin experimental studies on the Jenike tester [55], the
Schulze ring shear tester [52] and the Brookfield powder flow tester
[40] as well as comparing different devices [56,57].

The earliest round-robin study [55] resulted in a certified mate-
rial (CRM-116 limestone powder) and a common standard experi-
mental testing procedure for determining the yield locus. Schulze
(2011) [52] has collected 60 yield loci obtained using the small
Schulze shear tester RST-XS (21 labs) and 19 yield loci using the
large Schulze shear tester RST-01 (10 labs) on one limestone pow-
der (CRM-116). Results have been compared among them as well
as with the results from a reference Jenike tester. While results
from RST-01 and RST-XS are in good agreement, a considerable
deviation (up to 20 %) was observed when comparing results from
the Schulze ring shear tester to the Jenike shear tester.

Similar results are found by other researchers [40,56,58], where
yield loci from the Brookfield powder flow tester, the Schulze ring
shear tester, the FT4 powder rheometer and the Jenike shear tester
are compared. The Brookfield powder flow tester and the FT4 pow-
der rheometer show systematically lower shear resistance in com-
parison to the other two shear testers.

Other studies have compared different industrially relevant
powders but only in a single device [59,60]. Moreover, these com-
parative studies have been limited to relatively low stresses. A dee-
per understanding of the reasons for the differences in measured
flow behaviour of powders in several shear devices over a wide
stress range is still missing and remains a huge challenge for the
particle technology community.

This article aims to shed light on the measurement and the
importance of the tensile strength of cohesive powders and it is
structured as follows: In Section 2, we provide information on
the limestone samples/materials, before we describe in Section 3,
the experimental devices and the test procedures. Section 4 is
devoted to the description of the Warren Spring model for tensile
and cohesive strength and in Section 5 we discuss the experimen-
tal results with focus on the measurement of powder failure prop-
erties, while conclusions and outlook are presented in Section 6.
2. Material description and characterization

Limestone powder is widely used in many fields ranging from
construction, toothpaste to automotive industries. Following previ-
ous work [24], we have chosen the same grades of pre-sieved lime-
stone powders under the commercial name Eskal (KSL
Staubtechnik GmbH, Germany). The limestone powder has been
used as a reference material for standard testing [24,61,62] in pow-
der technology due to the favourable physical properties: high
roundness, low porosity and an almost negligible sensitivity
towards humidity and temperature changes.

The raw Eskal granules (calcium carbonate of approx. 4 mm) are
all ground passing a pin mill to reduce the particle size. Very fine
particles are eliminated by a cyclone while the remaining particles
Table 1
Material parameters of the experimental samples with focus on the two samples in bold

Property Eskal Unit 300

Particle Size d10 lm 0.78
d50 lm 2.22
d90 lm 4.15

Span (d90-d10)/d50 [–] 1.52
Particle density qp kg/m3 2853
Moisture content w % 0.9

Roundness (sphericity) W [–] 0.75
Initial bulk density q0 kg/m3 540
Specific surface area SSA m2/g 2.324
pass an air classifier and in the next step are sieved to different
grades of particle size distributions. The details of their physical
properties are summarized in Table 1.

As previous studies indicate a non-linear yield locus is corre-
lated to the cohesiveness of the powder, the focus here is on the
most cohesive grade of Eskal. While in [24], the focus was more
on their low stress response, the current study reaches out to the
behaviour of fine/cohesive Eskal300 (d50 = 2.22 lm) and coarse/
free-flowing Eskal150 (d50 = 138 lm) at lower confining stress.

2.1. Measurements

The particle size data was obtained using laser diffraction in the
dry method by means of a RODOS dispersion system with feeder
VIBR/L (Sympatec GmbH). The measurements were performed
under repeatability conditions.

Surface area measured by BET Automatic Specific Surface Ana-
lyzer Macsorb by Mountech Co.,Ltd. The initial bulk density values
are provided by the manufacturer. Particle density was measured
using a Helium pycnometer (UltraPyc 1200e). Note that all pow-
ders here are presented with their original commercial name
(e.g. Eskal150, Eskal300), while their median particle size d50 will
be used for future discussions for the sake of clarity.

The aspect ratio, shape and morphology of all Eskal samples are
analyzed by Scanning Electron Microscope (SEM) imaging (Helios
G4 CX, FEI Deutschland GmbH, Germany). Figs. 1 and 2 show the
SEM images of Eskal150 and Eskal300, respectively. In Fig. 1, we
see that all the Eskal150 primary particles have similar shapes
(left) and rough surfaces (right), and every particle can be clearly
distinguished from the others. But for Eskal300 in Fig. 2 (left), we
observe some clusters of primary particles, and the size of clusters
are typically around 10–20 lm, which is about 5–10 times the
median particle size of Eskal300. When we zoom into smaller scale
focusing on only one cluster as shown in Fig. 2 (right), we see even
smaller fines (<1 lm) sticking on the surface of primary particles,
and the shape of Eskal300 particles are slightly more irregular than
the ones from Eskal150. The other Eskal samples are very similar in
their shapes irrespective of median particle size, with roundness
increasing with size, and specific surface area decreasing.
3. Experimental setup

3.1. Schulze ring shear tester - RST-01 and RST-XS

The Schulze ring shear tester (1994) is one of the most widely
used testers in powder flowability characterization. The Schulze
ring shear tester (RST-01) is connected to a computer with control-
ling software that allows the user to obtain semi-automatically the
yield loci and wall yield loci. A smaller version of the ring shear tes-
ter with exactly the same working principle is the so-called RST-
XS, developed for both smaller specimen volumes (3.5 ml to
70 ml, rather than 204 ml for the RST-01) and smaller confining/
font.

500 15 30 80 150

1.64 12 21 39 97
4.42 19 30 71 138
8.25 28 43 106 194
1.50 0.84 0.73 0.94 0.70
2868 2799 2758 2753 2761
0.9 0.9 0.9 0.9 0.9
0.55 0.48 0.66 0.84 0.88
730 1110 1230 1330 1370
1.096 0.538 0.390 0.353 0.310



Fig. 1. SEM topography images of Eskal150 (d50 = 138 lm) in two different scales: 400 lm (left) and 100 lm (right), as indicated by the scale bar.

Fig. 2. SEM topography images of Eskal300 (d50 = 2.2 lm) in two different scales: 30 lm (left) and 4 lm (right), as indicated by the scale bar.

Fig. 3. (a) The Schulze ring shear tester RST-01 and (b) the working principle of the Ring shear cell set-up. The difference between RST-XS and RST-XS is the shear cell size. For
technical details see Table 2. (b), reprinted with permission from author [63]. Copyright: Dietmar Schulze.
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pre-consolidation stresses. For both versions of the shear tester,
the bulk solid specimen are filled inside an annular bottom ring.
An annular-shaped lid is then placed on top of the bulk solid spec-
imen and is attached to a cross-beam (Fig. 3).

A normal force, FN , is exerted on the cross-beam perpendicular
to the rotational plane and transmits through the lid onto the spec-
imen. In order to allow small confining stress, the counterbalance
force, FA, is introduced (see Table 2). It acts in the centre of the
cross-beam, directed vertically upwards, counteracting the gravita-
tional force of the lid, the hanger and the cross-beam. By rotating
the bottom ring with an angular velocity x and keeping the
cross-beam stationary with two tie-rods, the sample is sheared
effectively. Each of the tie-rods is fixed at a load beam, so that
the forces, F1 and F2, can be measured. The bottom of the shear cell
and the lower side of the lid are rough in order to prevent sliding of
the bulk solid on these two surfaces. Through this shearing the
bulk solid is deformed, and a shear stress s develops, proportional
to the forces acting on the tie-rods (F1 þ F2). In addition to the
shear forces (F1; F2), the ring shear tester also measures the vertical
position of the lid. If a bulk solid is compressible, its bulk density,
qb, will increase with the normal load applied. Thus, also the vol-
ume of the bulk solid specimen can be deduced from the known
vertical position of the lid. All the tests performed here follow
the ASTM standard [64].



Table 2
Specifications comparison of the Schulze ring shear tester RST-01 and RST-XS.

Property RST-01 RST-XS

Cell volume (cm3) 204 31.4
Cell geometry Ring Ring
Wall material Aluminium Aluminium

and PVC
Diameter (D) (cm) 6 (inner) 3.2 (inner)

12 (outer) 6.4 (outer)
Shear displacement limit (cm) Unlimited Unlimited

Test control Computer Computer
Sample weighing Offline Offline

Compression device Top ring Top ring
Driving velocity (�/min) 0.0038–22.9 0.0038–22.9
Max. normal stress (kPa) 50 20

Sample conditioning Pluviation Pluviation
before pre-shear (manual) (manual)

Yield locus test duration 20 min 20 min
Stress measure direction Rotational Rotational

Table 3
Specifications comparison of the Brookfield powder flow tester with normal and small
cells.

Property Normal cell Small cell

Cell volume (cm3) 230 38
Vane lid (cm3) 33 5
Cell geometry Ring Ring
Wall material Aluminium Aluminium
Diameter (D) (cm) 15.24 12.70
Shear displacement limit

(cm)
Unlimited Unlimited

Test control Computer Computer
Sample weighing Offline Offline
Compression device Top ring Top ring
Driving velocity (cm/s) 0.01 to 0.5 0.01 to 0.5
Load for Vertical 7 7
Axis Compression (kg)
Sample conditioning Pluviation Pluviation
before pre-shear (manual) (manual)
Yield locus test duration 18 min 18 min
Stress measure direction Rotational Rotational
Trough rotational 1 revolution/hour

(RPH)
1 revolution/hour
(RPH)

speed up to 5 RPH up to 5 RPH
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3.2. Brookfield powder flow tester – PFT

The Brookfield tester (Fig. 4) has been designed to minimise the
operator involvement in the shear testing process [40]. The appa-
ratus is computer controlled via a USB link to reproduce the
sequences of normal stresses and the shear movement necessary
to define the yield loci using the Powder Flow Pro software. It is
possible to obtain in one single measurement: Unconfined failure
strength, major principal consolidating stress, time consolidation,
angle of internal friction, cohesion and bulk density.

The Brookfield Powder Flow Tester allows in a separate test to
investigate the evolution of wall friction with increasing shear dis-
tances over the wall. This shear tester operates by applying a nor-
mal compression on to the powder sample sandwiched in the
annular space between the trough and the vane lid. The standard
Fig. 4. Brookfield powder flow tester highlighting the two different trough sizes. For tec
with The Wolfson Centre for Bulk Solids Handling Technology, University of Greenwich
vane lid has 18 small compartments which trap the powder parti-
cles and cause them to shear against the powder particles in the
trough. When the standard trough is filled to level, it holds
230 cm3 of sample material with an external annulus diameter of
15.24 cm (see Table 3). When used with the standard vane lid,
the additional volume required for the lid increases to 263 cm3 of
material. The axial speed of the lid approach movement and rota-
tional speed can be set by the user. The underside of the trough has
recessed vanes or a perforated screen to grip the powder sample. A
hnical details see Table 3. Copyright: Brookfield AMETEK. Delevoped in association
, UK
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small volume shear cell kit version of this tester with exactly the
same working principle was developed for smaller specimen vol-
umes. The small trough requires 38 cm3 of sample when filled to
level with an external annulus diameter of 2.7 cm. When used with
the small vane lid, the total sample size increases to 43 cm3. Other
important parts of the PFT are the inner and outer catch trays and
the shaping blade to level the powder sample.

The powder sample is initially consolidated by continuously
shearing it under the chosen compacting load and it is then
sheared to failure under reduced normal loads. This process starts
with the lowest load and is repeated with increasing normal loads
until a complete locus can be plotted. Note that the Brookfield PFT
operates over a lower normal stress range (0.3 to 5 kPa) than the
RST although 13 kPa can be reached when using the small cell.

3.3. Tensile strength measurement

In this study the tensile strength, T, was directly obtained using
a transverse tensile tester (Ajax Equipment Ltd) that uses uniaxial
compaction followed by failure due to tension applied at 90� to the
compacting stress. The tensile strength is equal to the external ten-
sile force per area on the Eskal sample at failure when no shear
force is applied. This tester is a refinement of the device developed
by Warren Spring Laboratories. The device allows for direct mea-
surement of the force required to fracture a sample of Eskal con-
tained in a split cell (see Fig. 5). One half of the split cylindrical
Fig. 5. (a) Ajax Equipment full volume cell illust
cell is attached to the main body of the machine whilst the match-
ing section is mounted on a leaf spring. Twin opposing action ten-
sion springs are each attached to screw adjusting blocks so that the
moving cell can be positioned in a contact-null balance position
against the fixed half. An amount of Eskal to just reach the required
density for the test is filled in the loading cylinder and the top sur-
face is carefully levelled. A plunger equivalent to a consolidating
stress of 3 kPa is put onto the cylinder until the shoulder sits on
top of the rim of the cell loading cylinder. Caution was taken not
to tighten or rotate the plunger to avoid any degree of shear stress
on the sample, which would cause anisotropy and too complex
stresses. The plunger is then withdrawn and the loading cylinder
removed. The out balance stress applied to the cell is then mea-
sured on the loading screw. The tensile strength is given by the
extension and the value at tensile failure in conjunction with a cal-
ibration graph. A minimum of six tests were undertaken to ensure
reliable results with good reproducibility.

4. Warren-spring model

The shape of the yield locus, sðrnÞ, the shear stress needed to
cause failure at the applied normal stress, rn, can be approximated
by the Warren Spring equation [46,47]:

sðrnÞ ¼ C
rn

T
þ 1

� �1
n ð2Þ
rated. (b) Eskal300 sample springing apart.
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which incorporates the tensile strength, T, the cohesion, C, and the
exponent, n, named curvature or shear index, that takes values
between 1 and 2.

The model agrees with the Coulomb Yield Criterion, if and only
if, shear index equals 1 since then the friction coefficient l of the
powder equals C=T.

s ¼ C þ lrn ð3Þ
where l = tan/i is related to the internal friction angle.

Previous authors [46,65] claimed that the parameter n charac-
terizes the flowability of the powder sample but to date the
micro-mechanical origin and the physical meaning of this param-
eter could not be explained. The extrapolation of a curved line
through limited data with a high variation or uncertainty has gen-
erated controversy over the years and a number of researchers
have proposed different empirical equations to describe the shapes
of yield loci [66–68]. Here, we do not refer to the other models for
the sake for brevity because Eq. (2) fits our data pretty well.
Fig. 7. Yield locus of different size limestone powders as in Fig. 6 using Brookfield
PFT. The pre-shear normal stress rpre ¼ 4:8 kPa is not shown here.
5. Results and discussion

In this section, we use different size limestone powders and we
compare the measurement from different shear devices to give a
general overview on the repeatability and reproducibility of the
test results. In order to compare the yield loci from different tes-
ters, two limestone powders were chosen as reference powders
for device comparison as described in Table 1: cohesive Eskal300
(2.22 lm) and free flowing Eskal150 (138 lm). The shear measure-
ments with the Schulze ring shear tester and the Brookfield pow-
der flow tester were conducted independently by the authors in
two different countries.

Finally, we examine the quality of the Warren-Spring model by
fitting the model on the raw data from both shear devices.

5.1. Yield Loci of Limestone powders using RST and PFT

As first step, we look at the raw yield loci of RST-01 using all the
above mentioned materials as shown in Fig. 6.

We observe that the yield loci are almost linear when the med-
ian particle size is larger than 140 lm, and this linear locus is not
helpful on our main focus in this study, therefore, we decide to take
Fig. 6. Yield locus of different size limestone powders using the RST-01: shear
stress s, plotted against normal stress, rn. The pre-shear normal stress rpre is set to
5 kPa but not shown here. Different symbols represent limestone samples with
different median particle size as explained in the legend and each point represents
three measurements.
them out when using the Brookfield powder flow tester. As
expected, the size increase in powders leads to a lower resistance
during shearing, thus a lower yield locus. The yield loci of 30, 71
and 138 lm are almost collapsing on each other which was already
reported in a previous study [24].

Although the semi-automated shear RST device is giving self-
reproducible measurements, it is still worth to evaluate the raw
yield loci data of PFT using the different size limestone powders
also with the Brookfield PFT tester as shown in Fig. 7. The global
trends of the yield loci measured by PFT is consistent with the
trends from Fig. 6, which confirms the good qualitative agreement
of both devices.

Furthermore, we have tested the two reference powders using
both devices at the same pre-shear stress levels as shown in
Fig. 8. The mean values are stable for both devices and all the stan-
dard deviations stay within the symbol size range (not shown)
confirming self-repeatability. For the free flowing Eskal150, the
yield loci demonstrate a very good agreement and the fitted curve
matchs all the data points. For the cohesive Eskal300, data from the
Fig. 8. Yield locus of two reference limestone powders: Eskal150 (138 lm) and
Eskal300 (2.2 lm) using both RST-01 and Brookfield PFT. The pre-shear normal
stresses rpre are set to 5 kPa for both devices. The nonlinear lines (2.2 lm) are the
fitting to the raw data using Warren-Spring model with C ¼ 1:29 kPa, T ¼ 0:58 kPa,
n ¼ 1:69 for RST and C ¼ 1:02 kPa, T ¼ 0:58 kPa, n ¼ 1:60 for PFT.



Fig. 9. Shear failure points of Eskal150 (138 lm) at pre-shear stress levels up to
5 kPa using RST-01. The line is the linear regression fitting to the raw data and pre-
shear points are not shown here.

Fig. 10. Shear failure points of Eskal300 (2.2 lm) at pre-shear stress levels up to
5 kPa using RST-01. Lines are the fitting using the Warren-Spring model as shown in
Eq. (2) with only 0.6, 2 and 5 kPa for the sake of clarity. The pre-shear points are also
not shown here.
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PFT are lower than that from the RST-01, but with similar non-
linear curvature.

We can speculate about two reasons for the differences in the
values we obtain for the shear stress with the Eskal300. The first
one would be that the powders measured with the RST could be
slightly more wet. This would increase the stickiness due to capil-
lary forces. Therefore the yield locus would be higher [69].

The samples used were collected directly from original sealed
bags, eliminating the possibility of being affected by humidity in
such a short time. The reason for this difference would be in the
geometry of the cells as explained by Schmitt and Feise (2004)
[70]. In a later study, Berry (2007) [71] also reported that the value
of the unconfined failure stress rc is strongly affected by the test
protocol and the procedure of calculation used. Tim Bell (2012)
also presented work for BCR-116 limestone and TiO2on this issue
and observed a difference in the geometry of the cells especially
the narrow edge and curved (dome-like) cross-section of the PFT
lid versus the Schulze tester. Although it was difficult to attribute
the discrepancies to the lid geometry only since he also found dif-
ferences in the software analysis of the yield locus and steady-state
shear [72].

Regarding the protocol, the Brookfield tester measures the
steady state shear after several (normally above 5) pre-shears
but the Schulze ring shear tester determines that in one or two
pre-shears. This could result in a slightly different pre-shear his-
tory, the more pre-shear cycles, the weaker the sample is expected
to be. It is worth noting that the bed heights for the Brookfield tes-
ter and for the Schulze tester differed (15 mm and 24 mm, respec-
tively). The distribution of the applied normal force through the
sample, and therefore at the shear plane, could also potentially
impact the results.

Berry [40] reported disparity between the Schulze ring shear
tester and the PFT in his round robin study with CRM-116 lime-
stone powder. These differences are usually attributed to the shear
cell geometry (as mentioned above the annular lids of the two cells
are different). The Schulze has open pockets (flat lid with vertical
vanes) whilst the Brookfield PFT uses closed pockets. Schmitt and
Feise [70] found that the standard Peschl cell which featured a flat
lid with a knurled contact surface ‘‘to grip the powder” measured
lower shear stresses than the same lid when fitted with ‘‘open
pocket” vanes of the same dimensions used on the Schulze RST lid.

5.2. Non-linearity of Yield Locus at low pre-shear stress levels

The median particle size of powders affects cohesion that will
influence the non-linearity of the yield locus as well as the powder
flow behaviour. The smaller the particle size, the more cohesive the
sample, therefore finer powders typically show higher yield stress
and higher non-linearity. However, the role of the pre-shear stress
is still unclear.

In Fig. 9, we look at the raw shear failure points of free-flowing
Eskal150 (138 lm) at different pre-shear stress levels between 0.2
and 4 kPa. For all the pre-shear stress levels, all the shear failure
points collapse on a linear curve, only few points at 3 kPa are devi-
ating slightly from the curve, but within the standard deviation
range. This indicates that the free-flowing powder is insensitive
to the pre-shear stress change, and thus has both cohesion and ten-
sile strength near zero.

However, when we look at the shear failure points of cohesive
powders at different pre-shear stress levels as shown in Fig. 10,
the shear failure points are separate from each other. With increas-
ing the pre-shear stress levels, the failure shear stresses also
increase, like cohesion and tensile strength, which is due to the
pre-consolidation applied. Unlike the free-flowing powder, whose
bulk density is not sensitive to the pre stress in this change. For
the cohesive limestone powder the pre-shear stress leads to con-
siderable compaction and thus the bulk density increases to form
a stronger bulk solid.

After confirming the repeatability and reproducibility of our
raw data from both Schulze RST-01 and Brookfield PFT, we fitted
the Warren-Spring model on the raw yield loci of cohesive
Eskal300 at different pre-shear stress levels.

The first important parameter is cohesion, C, which is the inter-
cept of fitted non-linear yield locus to the s-axis. In Fig. 11, we plot
the cohesion against the pre-consolidation normal stress for cohe-
sive Eskal300 using both RST-01 and PFT. For RST-01, with increas-
ing the pre-shear stress from 0.2 kPa to 35 kPa, the cohesion
increases from 0.06 kPa to 3.31 kPa. While for PFT, we only tested
a narrower range of pre-shear stress from 1 kPa to 4.8 kPa, due to
the device limit on the high stress levels when using the normal
cell. The cohesion increases from 0.31 kPa to 1.02 kPa. The cohe-
sion values from PFT scatter to slightly lower values than the ones
obtained from RST-01, but the trend of cohesion agrees very well
between the two devices.

The values obtained using the Ajax tensile tester expressed in
Pa for Eskal300 are given in Table 4. Note that the standard



Fig. 11. Unconfined cohesion, C, plotted against pre-consolidation normal stress r
for cohesive Eskal300 (2.2 lm) using RST-01 and Brookfield PFT. The line is the fit to
both RST and PFT data with the cohesive characteristic consolidation rC ¼ 4:52 kPa,
and the slope nC ¼ 0:60.

Table 4
Values obtained for the tensile strength using the Ajax Tester.

Consolidation 1.1 kPa 3 kPa 9 kPa 27 kPa

Average 131.3 262.5 619.8 1380.6
Standard deviation 61.7 58.3 64.7 89.1
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deviation fluctuates since it is not easy to determine the point of
fracture of the bed.

The second parameter in the model is the tensile strength, T,
which is the intercept of the fitted non-linear yield locus to the
rn-axis. The tensile strength normally comes in negative sign,
which indicates the direction difference to the compressive stres-
ses, e.g. pre-consolidation normal stress. For the sake of conve-
nience, we present T in positive sign as shown in Fig. 12 for the
same data as in Fig. 11. Similar to cohesion, the tensile strength
increases from 0.01 to 1.70 kPa for RST-01 and from 0.12 to
Fig. 12. Tensile strength, T, plotted against pre-consolidation normal stress r for
cohesive Eskal300 (2.2 lm) using RST-01, PFT and Ajax tensile tester with the
tensile characteristic consolidation rT ¼ 14:26 kPa, and the slope nT ¼ 0:67.
0.58 kPa for PFT with increasing the pre-shear stress. The relative
change of T is thus larger than that of C, almost in proportion to
the variation of rn. The values from the two shear devices agree
quite well, with similar scatter as C-data. On the same figure, we
have also added the tensile strength directly measured from the
Ajax tensile tester for different levels of consolidation (1.1, 3, 9
and 27 kPa). The results are based on appearance of a crack that
builds up and propagates through the sample and there is plausible
agreement with the results from the shear testers and validates the
values obtained from Warren Spring model by non-linear extrapo-
lation to negative stresses.

The last, but also the most interesting parameter in the model is
the shear index, n, which indicates the degree of non-linearity of
the yield locus. In Fig. 13, the shear index is plotted against the
pre-consolidation stress the same data as Figs. 11 and 12. In con-
trast to cohesion and tensile strength, the shear index decreases
from 2.05 to 1.41 for RST-01 and from 1.95 to 1.61 for PFT, with
increasing pre-shear stress. This means lower pre-shear stress
leads to higher non-linearity of the yield locus of Eskal300. In other
words, with increasing in pre-shear stress, the yield locus becomes
more linear but is still far from n = 1 in the stress range tested here.
In addition, the shear index seems to saturate around 2 when rn

tends to zero and around value 1.4 at the high end (> 20 kPa). This
might be related to possible lowest/highest bulk density for cohe-
sive powder, where the bulk density determines the non-linearity
of the yield loci. Applying a compresive stress to a loose powder is
expected to result in a decrease in the void fraction of the powder.
Thus in Fig. 14 an increase in the preshear normal stress produces
an increase in bulk density. In this plot values for RST and PFT
agree quite well.

The behaviour of powders subjected to shear at different con-
solidation stresses can be characterized using the extrapolated val-
ues of the tensile strength T to normalize the stress relative to the
maximal tensile strength (Fig. 15). The powder with smallest med-
ian particle size and strongest interparticle forces appears top left
in the diagram (2.2 lm) and the other powders are placed lower
and further right with increasing median particle size and normal
stress. The descending trend offers a distinctive option for the clas-
sification of flowability from very poor (2.2 lm) to easy flowing
(138 lm).

We can now define the Warren-Spring dimensionless number
WS in Eq. (4) as the ratio of the (effective) compression-to-
Fig. 13. Shear index, n, plotted against pre-consolidation normal stress r for
cohesive Eskal300 (2.2 lm) using RST-01 and PFT. The line is the fit to only RST data
with rN = 7.02 kPa, nmin = 1.41 and nmax = 2.05.



Fig. 14. Steady state bulk density qb plotted against preshear normal stress rn for
Eskal300 including both RST-01 and PFT. The line is the fit to the data up to 10 kPa
pre-shear stress with q0 ¼ 79 kg/m3 and rq ¼ 0:0002 kPa.

Fig. 15. Shear Stress s plotted against the ratio between normal stress and tensile
strength r=T þ 1 for different size limestone powders including only RST-01.

Fig. 16. (a) Shear stress, s, (b) shear stress normalized by cohesion, s=C, plotted
against the ratio between normal stress and tensile strength r=T þ 1 for Eskal300 at
different preshear stresses including both RST-01 and PFT.
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tension stress difference scaled which has been made dimension-
less by the tensile strength.

WS ¼ rn þ T
T

ð4Þ

Fig. 16(a) depicts the influence of the pre-shear stresses in this
classification plot for the most cohesive powder Eskal300 (2.2 lm)
obtained by both RST and PFT, with their slightly different results.
When the shear stress is normalized by cohesion, C, as shown in
Fig. 16(b), the relationship deduced from the Warren-Spring model
in Eq. (2), namely:

s
C

� �n
¼ rn

T
þ 1 ð5Þ

is confirmed by the good data-collapse. The evident difference is the
dimensionless shear index, n, with value 2 for RST and 1.82 for PFT,
indicating that n is sensitive to the device and/or the procedure
used.

A failure surface of Eskal300 superimposed involving the con-
solidation stress rn, the void fraction and the shear stress s, similar
to the Hvorslev surface [73] is depicted in Fig. 17. This typical 3D
diagram is a graphical representation of the failure criteria includ-
ing a family of curves for over consolidated states showing the
mechanical properties of Eskal300.

The plot includes the critical state line and its projection consid-
ering the values of shear stress and the consolidation line when a
powder is sheared in a shear cell under different normal stresses
that lead to different void fractions. Failure is characterized by a
critical value of void fraction. Consideration of different case stud-
ies shows that powder flow through a given process hardware
remains the biggest uncertainty with respect to unexpected flow
problems with single components or new formulations. Knowing
this surface for a certain powder can tell us if it will flow. Between
cohesive materials that suffer flow issues, the biggest parametric
change is tensile strength. The line showing the variation of tensile
strength at different packing densities of the bulk powders which
affects the number and strength of particle contacts is also
depicted in Fig. 17. This can be linked to inter-particle forces by
a Rumpf-type approach, however, the effect of consolidation stress
is critical.

The full function which could describe the Hvorslev surface
with the analytical expressions and approximate coefficients taken
from the data, see Figs. 11–14.

sðrn; �Þ ¼ CðrÞ � rn

TðrÞ þ 1
� �1=nðrÞ

ð6Þ



Fig. 17. Hvorslev diagram of the Eskal300 data measured using RST-01 at different preshear stresses.

Fig. 18. The Eskal300 data measured using RST-01 at different preshear stresses and the analytical prediction of the Hvorslev surface using Eq. (6).
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with CðrÞ¼ðr=4:6Þ0:6;TðrÞ¼ðr=14Þ0:67;nðrÞ¼1:4þ0:7�expð�r=6:7Þ
and rð�Þ¼1=2200�expð1��35 Þ.

The surface obtained using the analytical solution described in
Eq. (6) is shown in Fig. 18 as well as a family of curves for over con-
solidated states and tensile strength values for Eskal300.
6. Conclusions

This study focuses on the tensile strength of cohesive partic-
ulate solids, where we use a range of limestone fractions of
varying size and thus cohesion and tensile strength. All powders
used in this study are dry (mostly insensitive to humidity); their
properties are analysed by means of two shear testers, the
Schulze Ring Shear tester and the Brookfield Powder Flow Tester.
In particular, the sample Eskal300, with d50 = 2.2 lm, is used as
the reference cohesive fine powder and stretched for detailed
measurements. The shear testers are operated in the region of
reduced stresses, with special focus on values under 5 kPa, and
to complement these data the Eskal300 is also analysed by
directly measuring the tensile strength with the Ajax tensile
tester.

Analysing the results, we observe that theWarren-Spring model
is a very good description and allows to extract the unconfined
cohesion, C, the extrapolated tensile strength, T, and the shear
index, n, which characterizes the non-linearity of cohesive powder
yield loci. These characteristic quantities depend strongly on the
inter-particle forces as established during pre-shearing and pre-
consolidation.

Comparing the results from different shear testers, we find
overall very good qualitative agreement with small quantitative
differences, since both testers follow similar procedures with
regards to sample preparation and differ slightly with respect to
measurement protocol and geometry. These differences are fortu-
nately not leading to a great deviation in terms of tensile strength,
T, although further experiments with a variety of cohesive powders
are needed to confirm or rebut this point.

As major contribution, for the first time to our knowledge, the
tensile strength, T, which must be extrapolated from shear tester
data, was measured directly for the same fine, cohesive sample,
Eskal300, for different consolidation stress levels (1.1, 3, 9 and
27 kPa), using the Ajax tensile tester. The tedious direct measure-
ments match very well (within 10% margin) with the results from
the shear testers, confirming that the non-linear extrapolation
using the Warren-Spring model is valid and that the tensile
strength is thus correlated closely to the cohesion of this powder.
This observation requires further confirmation for many more
powders.
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From our results, for one powder so far, we conclude that the
standard shear testers can very well be used to predict (by non-
linear extrapolation, using the proper model) the tensile strength
in the negative stress range. This is also supported by the perfect
data-collapse we observe when plotting them against the ‘‘dimen-
sionless effective tensile strength”, rn=T þ 1, for a wide range of
data, confirming that the Warren-Spring dimensionless number:
WS, is nicely combining the interplay between tensile strength
and confining stress.

The data necessary to analyse and interpret the effect of pre-
consolidation and pre-shear of a powder on its mechanical proper-
ties based on the expansion failure, void fraction and the consoli-
dation failure could be displayed in a 3-D diagram. A fashion
model of the so-called Hvorslev surface is being actively developed
based on the values obtained from the Warren Spring model, con-
sidering several yield loci at different consolidation stress levels.

The effect of particle size, shape, bulk density and surface
energy on all the key model parameters is the ideal outcome of
our investigations, which can then be used in the prediction of fail-
ure of single powder systems and formulations, or for continuum
mechanical modeling of flow.

Such a model with predictive capability to directly quantify the
response of powders to external stresses is a particularly valuable
since it can directly impact manufacturing performance and
efficiency.
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