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ABSTRACT

In this thesis, we first considered a modified Markov branching pro-
cess incorporating both state-independent immigration and resurrection.
After establishing the criteria for regularity and uniqueness, explicit ex-
pressions for the extinction probability and mean extinction time are pre-
sented. The criteria for recurrence and ergodicity are also established.

In addition, an explicit expression for the equilibrium distribution is pre-
sented.

We then moved on to investigate the basic properties of an extended
Markov branching model, the weighted Markov branching process. The
regularity and uniqueness criteria of such general structures are first es-
tablished. There after closed expressions for the mean extinction time
and conditional mean extinction time are presented. The explosion be-
haviour and the mean explosion time are also investigated. In particular,
the Harris regularity criterion for ordinary Markov branching process is

extended to a more general case of non-linear Markov branching process.

Finally, we studied a new Markov branching model, the weighted
collision branching process, and considered two special cases of this pro-
cess. For this weighted collision branching process, some conditions of
regularity and uniqueness are obtained and the extinction behaviour and
explosion behaviour of the process are investigated. For the two spe-
cial cases, a collision branching process and a general collision branching
process with 2 parameters, the regularity and uniqueness criteria of the
process are established and explicit expressions for extinction probabil-
ity vector, mean extinction times, conditional mean extinction times and

mean explosion time are all obtained.
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Chapter 1. Introduction

In this first chapter we introduce the background and basic proper-
ties of continuous-time Markov chains and Markov branching processes
upon which our later models are built. We also outline the structure of
the thesis at the end of this chapter.

1.1. Background

There is no field of science or engineering that the concepts of ran-
domness and probability do not touch. Even everyday life cannot be
comprehended fully without some familiarity with them. As Laplace
commented more than 180 years ago, “... there is no science more wor-
thy of our meditations, and no more useful one could be incorporated in
the system of public instruction.” The Markov process is a clear and lu-
cid presentation of the most fundamental models of random phenomena.
This process is named after A. A. Markov who introduced this extremely
important concept in 1907, with emphasis on the case of finite number of
states. The denumerable case was launched by A. N. Kolmogorov in 1936,
and more general cases have been considered by many mathematicians
since then. Looking back on the course of development of Markov pro-
cesses, considerable achievement has been made in the past century. Even
now, the theory of Markov processes is still thriving and has been exten-
sively used in applied probability, statistics and many other branches of

sciences.

The continuous-time Markov chain (henceforth referred to as the
Markov chain, for simplicity) is one of the most important classical fields
of Markov processes and has a vast range of applications. The literature
in the fields of science, engineering, finance and humanities have plenty
of examples of stochastic processes that have been modelled by Markov
chains, with varying degrees of success. The first systematic study of
Markov chains was made by A. N. Kolmogorov (1931). In his study,
he found that the probability law governing the evolution of a process

occurs as the solution of either of two systems of differential equations,
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now called the Kolmogorov backward and forward equations, respectively.
These investigations continued into the 1940s. During this period, more
and more mathematicians engaged in the study of Markov chains. Over
the past forty years, Markov chains have sufficiently shown their power in
many areas of science and technology with real applications to queueing

theory, demography, and epidemiology.

One of the most important subclasses of Markov chains is the Markov
branching process with denumerable state space. Originally evolved in
the 19th century from analysis of the survival of family names, the subject
of Markov branching processes has had an obvious impact on population
dynamics. With the development of computer science, new applications
have been found in several new areas such as algorithms, data structures,
combinatorics, and molecular biology particularly in molecular DNA se-

quencing.

As is well-known, the basic property of a Markov branching process
is the branching property, i.e., different particles act independently when
they give offspring. This branching property is very important in the
study of Markov branching processes and it makes this class of processes

a very fruitful subject of Markov chains.

However, in many practical applications, this independence property
is unlikely to be appropriate. Indeed, in such cases, the branching events
are affected by the interaction of two or more particles rather than by
the particles individually. In other words, particles evolve dependently

in the system.

In view of this, the main aim of the thesis is to consider interacting

branching systems and to investigate their basic properties.

1.2. Basic Concepts of Continuous-time Markov Chains

In this section, we recall the basic concepts and general properties
of continuous-time Markov chains. Recall that a stochastic process is a,
family of random variables indexed by the time parameter, either discrete

or continuous time.



Definition 1.2.1. A continuous-time stochastic process {X(t);t > 0},
defined on a probability space (€2, F, P), with values in a countable set E
(to be called the state space of the process), is called a continuous-time
Markov chain if for any finite set 0 <t; <ta < --- <t,_1 <sandt >0
of “times”, and corresponding set 11,149, -,%,-1,%,j of states in E such
that if P(X(s) =14, X(tn-1) = tpn-1, -+, X(t1) = 1) > 0, we have

P(X(t+s) = j|X(s) =4, X(tn-1) = tp-1,- -+, X(01) = 41)
= P(X(t+s) = j|X(s) = 9). (1.2.1)

Equation (1.2.1) is called the Markov property. If for all s, > 0
and all 4,7 € E, the conditional probability P(X(t + s) = 7| X(s) = 7)
appearing on the right-hand side of (1.2.1) depends only on ¢ and not on
s, then we say that the process {X(¢);¢ > 0} is homogeneous. In this

case, we can define
pij(t) = P(X(t+s)=j|X(s)=4), 4,j€E t>0

and (p;;(t);1,5 € E,t > 0) is called the transition function of the process.

It is well-known that the finite-dimensional probability distributions
of the process {X(t);t > 0} are all expressible in terms of the tran-
sition function (p;;(t);i,5 € E,t > 0) and the initial probability dis-
tribution p; = P(X(0) = i) (i € E) of X(0). Moreover, by general
theory of Markov chains, a continuous-time Markov chain is uniquely
determined by its transition function and a given initial probability dis-
tribution. Therefore, we may concentrate on discussing the transition
function and sometimes call it a “process”. Now, we give the general

definition of transition function:

Definition 1.2.2. Let E be a countable set, to be called the state space.
A family of functions (p;;(t);¢,7 € E,t > 0) is called a transition function

on E if
(i) pi;(t) > 0 for all t > 0 and 3,7 € E; and
1, if 1= ;
i(0) = 0ij = e
() =9 {QZfZ#J
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(ii) For allt > 0, i € E,

> pij{t) < L. (1.2.2)
jeE
(ii1) For all s,t > 0 and ¢,j € E,
pij(s +t) = kZ ir(s)Pr; (t)- (1.2.3)
€E

(iv) limy_o pii(t) = 1 for all ¢ € E.

A transition function is called honest if Sjegpij(t) = 1 for all ¢ >
0, i € E, and dishonest otherwise. The equation (1.2.3) is called Chapman-

Kolmogorov equation, or the semigroup property.

The basic conclusion of the following theorem is a significant result

in the study of Markov processes.

Theorem 1.2.1. Let (p;;(t);i,5 € E,t > 0) be a transition function.
Then for all 1,5 € E, ¢;; = p};(0) exists and 0 < gi; < +00 for all ¢ #£ j
and —oo < ¢;; < 0. Furthermore, ¥jeg ¢;; < 0 for all 7 € E.

The matrix Q = (gij;4,j € E) is called the density matrix of (p;;(t); ¢, €
E). A state ¢ is said to be stable if ¢; =: —g;; < 400 and instantaneous
if ¢; = +00. The matrix @ is called stable if all states ¢ € E are stable.

Based on the above result, we now give the following fundamental

definition of a stable, conservative () matrix.

Definition 1.2.3. A matrix @ = (g;j;4,j € E) is called a stable g-matrix
if g;; > 0 (i # j) and ¥z ¢ij < —¢gii < +oo (¢ € E). The matrix Q is
called conservative if furthermore ¥ ;;qi; = —gi; for all 7+ € E. A state i

is called absorbing if ¢; = 0.

Since the g-matrix associated with the models considered in this
thesis is always stable and conservative, we shall frequently omit these

two adjectives unless it is necessary to mention the difference.

Let (r;;(\); 4,7 € E,A > 0) be the Laplace transform of a transition
function (pi;(t);4,7 € E). Then by the property of Laplace transform,
the conditions (i)—(iv) in Definition 1.2.2 become

’I‘,‘j(/\) > 0, /\kz;:’r‘zk()\) <1,
€



rij(A) —rij(p) + (A — p) kgErik(A)""kj(u)

and
Therefore, we now give the following definition which is parallel with the

transition function.

Definition 1.2.4. A family of functions (r;;(A);4,7 € E, A > 0) is called

a resolvent function if

rii(A) >0, (1.2.4)

A3 () < 1 (1.2.5)

rij(A) — rij(p) + (A — 1) 2 rik(A)re; (), (1.2.6)
lim Ari(A) = 1 (1.2.7)

The resolvent function (r;;(A); i, 7 € E) is called honest if equality holds
n (1.2.5). Equation (1.2.6) is called the resolvent equation.

Let (p;;(t);7,5 € E) be a transition function and let r;;(\) be the
Laplace transform of p;;(t). Then (r;;());1,j € E) is a resolvent function
and is honest if (p;;j(t);%,7 € E) is. Conversely, let (r;;()A);4,7 € E) be a
resolvent function then there is a unique transition function (p;;(t);¢,j €
E) such that (r;;(A); 4, j € E) is its Laplace transform and (p;;(t);,j € E)
is honest if (r;;(A);4, 7 € E) is.

The importance of resolvent functions lies in the fact that there exists
a one to one correspondence between the resolvent function and transi-
tion function. Therefore, sometimes we even call a resolvent function a
“process”. The following theorem, the proof of which can be found in

the second part of Chung (1967) or in Anderson (1991), shows the basic

properties of a transition function.
Theorem 1.2.2. Let (p;;(t);,7 € E,t > 0) be a transition function.
(i) Suppose 4 is a stable state, then p.(t) exists and is finite and

continuous on [0, 00) for all j € E. Furthermore,

pij(s+1) = kZEp,k( s)pi(t), s>0,t>0,
€



> |pi; ()] < 2¢;
j€E

and

S pli(t) +di(t) =0, >0,
Jj€E

where d;(t) = 1 — Zjcg pij(t).
(ii) Suppose j is a stable state, then pj;(t) exists and is finite and

continuous on [0, 00) for all s € E. Furthermore,
pij(s +1) = 3 pir(s)pi(t), 820, ¢>0.
j€E
It can be proved easily that for any stable state ¢ € E, we have the
following backward inequality:

pi;(t) > Y qamri(t), t20, j€E (1.2.8)
keE

and the forward inequality:

p;(t) > Y p(t)ar;, t>0, jEE. (1.2.9)
keE

The equation
pi;(t) = X gwpri(t), t>0, jEE (1.2.10)
k€E
is called the Kolmogorov backward equation and the equation

p;i(t) = k%pik(t)ijy t>0, jeE (1.2.11)
S

is called the Kolmogorov forward equation.

The following are the resolvent versions of the Kolmogorov backward

and forward equations respectively.

AT@,‘(A) = 0;; + k% qz-krkj()\), A>0,jeE (1.2.12)
€

)\T‘i]‘(A) = 5,']‘ + kZE rik()\)qk]-, A>0, jeE. (1.2.13)
c

In general, “forward equation” approach is more convenient and thus
could get more results (in physics, “forward equation” is refered as “Mas-

ter equation”). Therefore, we will mainly use Kolmogorov forward equa-
tion in this thesis.



A general transition function (or resolvent function) may satisfy nei-
ther the Kolmogorov backward equation nor the Kolmogorov forward
equation. However, it can be proved that for any stable ¢g-matrix, there
exists a transition function (or resolvent function) satisfying both Kol-

mogorov backward and forward equations, as shown in the later Theorem
1.3.1.

The general theory says that the Kolmogorov backward equation
holds for any stable state ¢ satisfying ¥jcg ¢i; = 0. Hence, if @) is stable

and conservative then the Kolmogorov backward equation holds for all
1 € E.

All the results in this section can be found in many books on

continuous-time Markov chains, for example, Anderson (1991) or Yang
(1990).

1.3. Classical Problems on Markov chains

Suppose @ is the g-matrix of a continuous-time Markov chain deter-
mined by its transition function. It is clear that () describes the infinites-
imal characteristics of the process. So we often call (p;;(t);7,5 € E) a
@-function or @-process and call its Laplace transform (¢;;(A);4,j € Z)
a Q-resolvent. In most cases, it is much easier to obtain Q = (g;;;¢,7 € E)
rather than (p;;(t);4,j € E) itself. Therefore, in nearly all the cases, par-
ticularly in applications, the starting point for study is the g-matrix.
Therefore, for a given g-matrix Q@ = (gi;; 4,7 € E), the following funda-

mental and classical problems arise.

(i)(Existence Problem). Under what conditions does there exist a
Q-function (p;;(t))?
(i) (Uniqueness Problem). If there exists a Q-function, then under

what conditions will it be unique?

(iii) (Property). How do we study the properties of the Q-process

in terms of the given ¢g-matrix?

The following is the standard existence theorem of Q-functions for



a given @ = (gi;), which is due to Feller(1940).
Theorem 1.3.1. Let Q = (g;5;¢,7 € E) be a stable but not neces-

sarily conservative g-matrix. Then there exists a (possibly dishonest)
Q-function (p;;(t);i,j € E) satisfying both the Kolmogorov backward
and forward equations. Moreover, this ()-function (pij(t);4,J € E) is
minimal in the sense that for any other Q-function (p;;(t);4,J € E),
Pi;(t) > pi(t) (i,5 € E,t > 0). (This minimal solution is often called
the Feller minimal Q-function and the Laplace transform of the Feller

minimal Q-function is called the Feller minimal resolvent function).

The Feller minimal Q-resolvent function (¢;;(A\);%,7 € E) can be
obtained either by the backward integral recursion

(0)
(n+1) by gk A(n) (1.3.1)
1] ()‘) — Atg; +Z ¢kj (A)a n 2 0

#i Ag;
with qbg-")()\) 1 ¢i5(\) as n — oo for all 4, j € E, or by the forward integral
recursion
0 9y
{ ( )()\) = qu,

H0V(N) = L+ Tigi S0 (V) - %L, n >0

(1.3.2)

with gbz-? (A) 1 ¢ij(\) as n — oo for all 4,5 € E, where “1” means “in-
creasing”.

Now we recall the conditions for the uniqueness of Q-functions.
Theorem 1.3.2. The following statements are equivalent.
(i) The Feller minimal Q-function is the unique solution of the Kol-
mogorov backward equation.

(i) The equation Qz = Az, 0 <z < 1; i.e,

> 4iiZi=Az;, 0<z;<1,i€E (1.3.3)
j€E

has no nontrivial solution, for some (and therefore for all) A > 0.
(iii) The inequality Qz > Az, 0 <z < 1; ie,

> gijizi=A+aq)z, 0<z; <1, i€k (1.3.4)
J#i



has no nontrivial solution, for some (and therefore for all) A > 0.

(iv) The equation Qz = Az, —1 <z < 1; i.e.,

> Gz =Mz, —1<z;<1,i€E (1.3.5)
J€E

has no nontrivial solution, for some (and therefore for all) A > 0.

If ) is conservative, then the Feller minimal Q-function is the unique

(Q-function if and only if one of the above statements holds.

Definition 1.3.1. A conservative g-matrix which satisfies any one of
conditions (i)—(iv) in Theorem 1.3.2 is said to be regular. The corre-
sponding ()-function is then also said to be regular. In this case, the

Feller minimal )-function is honest.

Condition (ii) for regularity in Theorem 1.3.2 is the one most com-
monly encountered in the literature. There is a similar test for uniqueness

of solutions to the Kolmogorov forward equation.

Theorem 1.3.3. Suppose that the Feller minimal @-function (where
() is not necessarily conservative) is dishonest. Then it is the unique
Q-function satisfying the Kolmogorov forward equation if and only if the
equation
> Yiqi; = Nyj, ¥ =20, 5€E, > y; <+o0 (1.3.6)
1€E J€E
has no nontrivial solution, for some (and therefore for all) A > 0.

The uniqueness problem is one of the most important problems for
Q-processes. Doob and Reuter solved this problem for the conservative

case while the nonconservative case was solved by Zhenting Hou in 1974.

All the above results can be found in Anderson (1991) or Yang
(1990).

If a g-matrix () is regular then further important and interesting
properties of the corresponding process are about the problems regarding
absorbtion, recurrence and ergodicity. We shall now define these terms

in the following definitions.



Definition 1.3.2. Given 1, j € E, we say that 7 can be reached from 1,
and write 4 < 5, if p;;(t) > 0 for some (and therefore for all) ¢ > 0. We

say that ¢ and j communicate, and write ¢ <+ 7, if ¢ and j can be reached

from each other.

Using the inequality pi(t + s) > pi;(t)pj(s), it is very easy to show
that < is an equivalence relation on the state space E, and thus can
partition E into disjoint equivalence classes called the communicating
classes. We call (p;;(t);%,7 € E) irreducible if the entire state space E

forms the only communicating class.
Definition 1.3.3. Let (p;;(t);i,7 € E) be a regular transition function.
(i) A state 7 is called absorbing if ¢; = 0.
(i) A state ¢ is called transient if [§° p;;(t)dt < +o0o0 and recurrent if
J& psi(t)dt = +o00. The process (p;(t)) is called recurrent if all
the states are recurrent.
(iii) A state ¢ is called positive recurrent if lim; o pis () > 0. The
process ((p;j(t);4,7 € E) is called positive recurrent if all the
states are positive recurrent.

It is well-known that if ¢ <> 5 then ¢ is recurrent if and only if j is
recurrent. The same relationship holds for positive recurrence. There-
fore, if ((p;;(t);4,7 € E) is an irreducible transition function, then the
process is recurrent (positive recurrent) if and only if any particular state
is recurrent (positive recurrent). It can be further proved that for an
irreducible transition function ((p;;(¢);3,j € E), it is positive recurrent if
and only if there exists a probability measure (7;; j € E) such that

tl—i-)rglopij(t) =7, t,J € E.
An irreducible and positive recurrent transition function is often

called ergodic.

Definition 1.3.4. Let (p;j(t);4,7 € E) be an irreducible and regular

transition function and (7j; 7 € E) be a probability measure.

10



(i) (pij(t);,7 € B) is called exponentially ergodic if there exists
B > 0 such that for any 1,5 € E, |p;;(t) —m;| = O(e™"*) as t — oo.
(ii) (pij(t);%, 7 € E) is called strongly ergodic (or uniformly ergodic)
if
sg}g |pi;(t) — 7| = 0 ast — co.

Fo a more detailed account of the criteria for recurrence, ergodicity,

exponentially ergodic and strongly ergodic, one may refer to, for example,
Anderson (1991) and Chen (1992).

1.4. Markov branching processes

A (one-dimensional) continuous-time Markov branching process (MBP)
is a special class of continuous-time Markov chain with the state space
Z. ={0,1,---} and the g-matrix Q = (¢;j;4, j € E) having the form

hj—iv1, 1f12>1
o= 1.4.1
& { 0, otherwise ( )
where
b, > 0 (k + ].), —by = Z by < +o00. (1.4.2)

k#1
Due to their importance in probability theory and applications, Markov
branching processes form one of the most important topics in Markov
chain theory. The study of Markov branching processes has a long his-
tory, which, as might be expected, is closely interwoven with applications
in the physical and biological sciences. There are several specialized books
devoted to this subject (see Harris (1963), Athreya and Ney (1972) and

Asmussen and Hering (1983), for instance).

Like the one-dimensional case, the multi-dimensional Markov branch-
ing process is also important and has a wide range of applications. How-
ever, we only consider the one-dimensional case throughout this thesis

and omit the term “one-dimensional” from now on.

The following theorems deal with the most important properties

of Markov branching processes; see Anderson (1991), Athreya and Ney
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(1972) or Asmussen and Hering (1983) for more detail.
Theorem 1.4.1. Let Q be given in (1.4.1)—(1.4.2) and (pi;(t)) be the

corresponding Feller minimal Q-function. Then the following holds.

(i) (ps;(¢)) is the unique solution of the Kolmogorov forward equa-

tion.

(ii) For all2 > 1,7 > 0 and t > 0, we have

pii(t) = > i () pin(?) (1.4.3)

ri+ro+--4r;=3

and hence
Yopii(t)s’ = (X pi(t)s’), t>0, |s|] <1 (1.4.4)
7=0 j=0

Property (1.4.3) is the most important property of Markov branching
processes. It is often called the branching property.

The following theorem deals with the regularity criteria for Markov

branching processes.

Theorem 1.4.2.(Harris Criterion) Let @ be given in (1.4.1)—(1.4.2).
Denote B(s) = £2,b;s’. Then Q is regular (i.e., the Feller minimal
Q-function (p;;(t)) is honest) if and only if one of the following condition
holds.

(i) B'(1) < 4o0.
(ii) B'(1) = +oo and for some (therefore for all) € € (g, 1),

L _ds = —00 1.4.5
sB(s)_ (1.4.5)

where ¢ is the smallest positive root of B(s) = 0.

It is clear that a Markov branching process has the property that
all positive states are transient. Such instability runs contrary to the be-
haviour of many natural populations (for a description of such population
models, see the excellent reference of Renshaw (1991)). Therefore, there
has been an increasing effort to generalise Markov branching process to
more general models (Athreya and Ney (1996)).
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1.5. Outline of the Thesis

In this thesis, the models considered in the references cited earlier
will be generalised and, in addition, some new mathematical models for
complex branching systems, as mentioned in the previous section, will be

constructed and studied.

This thesis concentrates mainly on the theoretical study of such
mathematical models. Until now, we have not made any attempt to per-
form realistic simulation. However, we realise the importance of applica-
tions and simulations of the theoretical results. Such important problems

will be considered in future.

Chapter Two is devoted to studying the impact on the Markov
branching process caused by state-independent immigration and resur-
rection. We will consider the regularity of the process, its extinction
behaviour if there is no resurrection and its recurrence behaviour if there

1S resurrection.

In Chapter Three, we study the regularity, uniqueness and hitting

times of weighted Markov branching models.

Chapter Four concentrates on the study of the collision branching
processes. The extinction behaviour and hitting times of the process are

discussed in detail.

In Chapter five, we shall consider the general collision branching
processes which contains our collision branching process as a special case.
The regularity, uniqueness, extinction behaviour and explosion behaviour

of the process will be studied in detail.

The most general collision branching models, weighted collision branch-
ing processes, will be constructed and their regularity, uniqueness and

hitting times will be considered in Chapter Six.

The main conclusions of this thesis will be briefly summarised and

some related problems will be pointed out in the final Chapter Seven.

Throughout this thesis, we always let Z, denote the set of all non-

13



negative integers. All the g-matrices discussed in this thesis are assumed

to be stable and conservative from now on.

I have tried to be fairly exhaustive in citing references closely related
to the material presented in this thesis. Some other papers which are not
cited in the text but judged to be important and interesting are included

in the References.
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“hapter 2. Markov Branching Processes with
Immigration and Resurrection

We shall study a modified Markov branching process incorporating

both immigration and resurrection in this chapter.

2.1. Introduction

The recent developments regarding Markov branching processes can
be seen in Athreya and Jagers (1996). Within the Markov branch-
ing framework both state-independent and state-dependent immigration
have important roles to play. For the former, Aksland (1975, 1977) con-
sidered a modified birth-death process where the state-independent im-
migration is imposed on a simple birth-death underlying structure, see
also Adke (1969). A detailed and systemic analysis of this model, using
the partial differential equation approach, can be found in Section 3.2
of Anderson (1991). Renshaw (1972, 1973) considered birth and death
processes with migration. On the other hand, the latter (state-dependent
immigration) can be traced to Foster (1971) and Pakes (1971) who con-
sidered a discrete branching process with immigration occurring only
when the process occupies state 0. Yamazato (1975) investigated the
continuous-time version in which once the process reaches 0 it remains
there for an exponentially distributed time and then jumps to some pos-
itive state with a given probability law. This latter model is also called
a Markov branching process with resurrection. See also the discussion in
Pakes and Tavaré (1981). Chen and Renshaw (1990, 1993b, 1995, 2000)
considered a new type of resurrection, namely the instantaneous resur-
rection. For further discussion, see Pakes (1993). More recently, Chen
(1997) considered a more general branching process with or without res-
urrection which may be viewed as an extension of Yamazato’s model. For
further discussion of this latter model, see Chen (2002a,b).

We now combine the state-independent immigration and resurrec-

tion to generalise Yamazato’s model to include further immigration effect
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when the process is in some positive state.

Definition 2.1.1 A g-matrix Q = (g;;; 4,7 € Z) is called a branching
g-matrix with immigration and resurrection (henceforth referred to as a
BIR g-matrix), if

(h;, ifi=0,720
b G i>1.i>1
gy { Broborn if 1212 o1
1by, if 1>21,5=1—1
L0, otherwzise

where
hJZO (]#0), Of—hozz;‘;lhj<00

a; >0 (j#0), 0< —ap=ER;a; <0 (2.1.2)
b; >0 (j#1), 0 < —by =3 b; < oo.
The corresponding continuous-time Markov chain is called a Markov
branching process with immigration and resurrection (henceforth referred

to as a MBPIR). Hence, the basic known conditions for our process are
three sequences {b,;n > 0}, {a,;n > 0} and {h,; n > 0}.

For convenience, let b := —by, a := —ag, and h := —hy and hence
b>0,a>0and h>0. Notethat a = 0 if and only if a; = 0 for all
7 2 0. Similarly, h = 0 if and only if h; = 0 for all 7 > 0.

It is worth pointing out that if a; = h; (j > 0), as in the BDI
process, the techniques in the theory of partial differential equations can
be applied. However, if the two sequences {a;; j > 0} and {h;; j > 0} are
not identical, this approach fails since no partial differential equation can
be constructed and we have to find some new techniques and methods.
In this chapter, we shall not assume that {a;; j > 0} and {h;; j > 0} are
identical. Indeed, one of the main questions investigated in this chapter
is the case that a > 0 together with h = 0 and hence {a;; j > 0} and
{hj; 5 = 0} are not identical. Fortunately, the new techniques required
have been discovered in this chapter. Therefore, in addition to the new
results, our approaches used have methodological significance and may

be applicable in some other models.

Note that if by = 0, then the property of the corresponding process is

easily obtained and therefore, in order to avoid discussing this trivial case,
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we shall assume by > 0 throughout this chapter. Note also that if a =

0, then the property of the corresponding process is well-discussed and
understood. For this reason, we shall also assume that a > 0. However,

all of our conclusions and methods work perfectly well if a = 0.

2.2. Preliminary and Regularity

To begin with the study, we introduce the generating functions B(s),
A(s) and H(s) of the three known sequences in (2.1.1)—(2.1.2) as

B(s)= Y b;s', Als)=Y.a;8%, H(s)= Y hys.
§=0 j=0 §=0

It is clear that B(s), A(s) and H(s) are all well-defined and finite at least
on [—1,1] with B(1) = 0 and therefore 1 is a root of B(s) = 0. Also let

o0 o (0. @]
mp = Y gbiy1, Mg =) ja;, mp =), 7h;
j=1 j=1 7=1

denote the mean birth, immigration and resurrection rates of the process

respectively. These, together with the (mean) death rate by, are the most
important quantities of the process.

The following simple yet interesting lemma has important applica-

tion later. Recall that a root is called simple if it has multiplicity 1.
Lemma 2.2.1. (i) If @ > 0 then A(s) < 0 for all s € [~1,1) and
lims4; A(s) = A(1) = 0, while if a = 0 then A(s) = 0. Similar
property holds for H(s).
(ii) B(s) is a convex function on [0, 1]. If m; < by then B(s) > 0 for
all s € [0,1) and B(s) = 0 has exactly one root 1 on [0, 1].
Furthermore, if mp < bg then 1 is a simple root while if m; = by
then 1 is a root of multiplicity 2. If by < my < 400, then B(s)
= 0 has exactly two roots ¢ and 1 on [0, 1] with 0 < ¢ < 1 such
that B(s) > 0 for s € (0,q) and B(s) < 0 for s € (q,1). Both g

and 1 are simple roots of B(s) = 0.
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(iii) For any k > 0, kB(s) + sA(s) is convex on [0, 1] and thus has

at most two zeros on [0, 1]. If k(my — bp) +m, < 0 then kB(s)
+sA(s) > 0 for all s € [0,1) and kB(s) + sA(s) = 0 has only one
root 1 on [0, 1] which is simple or of multiplicity 2 depending on
whether k(my — by) + m, < 0 or k(mp — bo) +mqa = 0.
If k(mp — by) + me > 0, then kB(s) + sA(s) = 0 has exactly two
roots s and 1 on [0, 1] with 0 < sz < 1 such that kB(s)+sA(s) >
0 for s € (0, s;) and kB(s) + sA(s) < 0 for s € (s, 1). Moreover,
both s; and 1 are simple roots.

(iv) If my = 400 and by > my or if 0 < m, < 400 and by = My,
then for any k > 0, the equation kB(s) + sA(s) = 0 has exactly
one root s € (0, 1) such that s is increasing with respect to &
and that limy_, o s = 1.

(v) Suppose that 0 < m, < oo and bg > my. 0 < k < #’_1‘;—”;
then the equation kB(s) + sA(s) = 0 has exactly one root
st € (0, 1) such that s is increasing with respect to k and that

o then kB(s) + sA(s) > 0

m
bo—my

s T1as k — " while if £ >

bo—my

for all s € (0,1) and thus 1 is the only root of kB(s) + sA(s) =0
on [0, 1].

Proof. First, if a = —ap > 0 then A(s) = - 22, 0;(1 — s7) < —ay(1 -
s) < 0 for all s € [-1,1). limgy A(s) = A(1) = 0 follows from the
definition of A(s). If a = 0 then a; = 0 for all j > 0, thus A(s) = 0. A

same argument can yield the statement regarding H(s). (i) is proved.

We now prove (ii). Note that B"(s) = £32,5(j — 1)bjs’™2 > 0 for

s € [0,1], so B(s) is convex on [0,1]. It follows from the definition of
B(s) that B(0) = by > 0, B(1) = 0 and

B'(s) = lebjsj_l =2 b (55" = 1) —bo
)= J=
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which is a increasing function on [0, 1].

It mp < by, then B'(s) < 52,(5 — 1)b; — by = my — by < 0 for all
s € [0,1] and hence B(s) = 0 has exactly one root 1 on [0, 1], this root is
simple. If my = by, then B'(s) < £%2,(7 — 1)bj — by = mp — by = 0 for all
s € [0,1) and B'(1) = my — by = 0, therefore B(s) = 0 has exactly one
root 1 on [0, 1] and this root is of multiplicity 2.

If b < mp < 400, then B'(0) = by < 0 and B'(1) = my — by > 0.
So, the increasing function B'(s) has exactly one zero point ¢ in (0, 1).
By the convexity of B(s), we know that B(s) is decreasing on [0, () and
increasing on ((,1]. Thus, B(s) = 0 has exactly two roots ¢ and 1 on
[0,1] with 0 < ¢ < 1 such that B(s) > 0 for s € (0,q) and B(s) < 0 for
s € (¢,1). Both g and 1 are simple roots of B(s) = 0. Therefore (ii) is
proved. The proof of (iii) is same as that of (ii).

Next prove (iv). Denote Fi(s) := kB(s)+sA(s) forany k > 0. Under
either assumption in (iv), we always have k(mp — bg) +m, > 0 (k > 0).
Therefore, by (iii), kB(s) + sA(s) = 0 has exactly one root s; € (0,1) for
any k > 0. Now, view this root s as a function of £ > 0 and we prove that
s is increasing with respect to & > 0. Indeed, suppose that 0 < k; < ko
and si,, S, are the corresponding roots. Then Fy, (sx,) = Fi,(sk,) = 0
and Fy,(sg,) = koB(sk,) + sk, A(sk,) = (k2 — k1) B(sk,) > 0 since B(s) > 0
for all s € [0,1). However, Fi,(s) > 0 for s € (0, s,) and Fj,(s) < 0
for s € (sg,,1). Hence Fj,(sy,) > O implies sz, < si,. This proves the
increase property of s on k. It then follows that the limit 5 := limg_,» sk
exists and § < 1. We now claim that § = 1. Indeed, if § < 1, then by (iii)
we have F(3) < 0 for all k£ > 0. On the other hand, noting B(S) > 0 we

have
Fi(5) = kB(5) + 5A(5) T+ as k — o

which contradicts Fy(8) < 0 for all £ > 0. Hence § = 1, which completes
the proof of (iv). Finally, the proof of (v) can be given exactly the same as
in the proof of (iv) together with the simple fact that k(mp—bg) +m, <0
if and only if & > mg/(by — mp). 0

Remark 2.2.1. The conclusions (iii)—(v) in Lemma 2.2.1 hold for any

19



real number £ > 0. However, in the latter application k¥ will be mainly
taken to be a positive integer. Note also that the conclusions (iv)—(Vv)
in Lemma 2.2.1 hold similarly for the case by < my < +oco. The only
difference is that for this latter case, the unique root s; € (0,1) of the
equation kB(s) + sA(s) = 0 will increasingly tend to ¢ < 1 rather than
to 1. Indeed, If by < my < +o0, then FL(1) = k(my — by) + me > 0 and
B(s) = 0 has a root ¢ in (0,1). By (iii) in Lemma 2.2.1, Fj,(s) = 0 has a
root s, € (0,1). Note that kB(s;)+szA(sg) = Fi(sx) = 0 and A(sx) < 0,
it follows that B(s;) > 0 and hence 0 < s; < ¢g. Secondly, suppose that
0 < k1 < kg and s, s,(€ (0,q)) are the corresponding roots, i.e.,
Fr,(Sr,) = Fi,(sk,) = 0. Then Fy,(s,) = (ky — k1)B(sg,) > 0 since
B(s) > 0 for all s € [0,q), hence Sk, < Sk,- Now denote § := limy_,o, Sg.
If 5 < q then by (iii) in Lemma 2.2.1 and the fact sx < 3 for all k& > 0, we
have Fi(5) < 0. On the other hand, Fi(3) = kB(3) + 5A(3) 1 +o0 since
B(8) > 0, which contradicts F(5) < 0. Thus, § > q and hence § = q

since we already have § < q.

In the sequel, we always let g(< 1) denote the smallest nonnegative
root of B(s) = 0 for the case by < my < +o0.

Lemma 2.2.2. Let (p;;(t);4,7 € Z,) and (¢(A);4,5 € Z.) be the
Feller minimal Q-function and Q-resolvent, respectively, where @) is a
BIR g-matrix. Then for any i > 0 and s € [0, 1),

L0 = HE) pal) + A £ i)
+B(s) - ki pinl?) - kst (2.2.1)
or equivalently if in resolvent version,
/\géo $ij(N)s’ —s' = H(s) - dio()) + A(s) 'jé ij(A)s?
1B(s) - kﬁ_’fl Sir(N) - ksh L, (2.2.2)
Proof. From the Kolmogorov forward equations we obtain that
pij(t) = pio(thh; + é:l pik(t) - (kbj;k+1 +ajk) + bopz'j}l(t) : v(j +1).
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Multiplying s/ on both sides of the above equality and then summing
over j yields that for s € [0,1),

f;)?;j(t)sj = H(s) - pio(t) + é(gpik(t)kbj—k+l)3j

+ Z(XJ: pir(t)aj_x)s’

j=1 k=1

ot

= H(s) pio(t) + X p(t)ks* - bj_g18’ FH
k=1 j=k-1

00 " 00 -
+ Z p,;k(t)s . Z aj_kSJ—
k=1 =k

= H(9)-polt) + A()-  p(t)s

+B(s) - épik(t) ckstL

So we have proved (2.2.1). Finally, (2.2.2) is just the Laplace transform
version of (2.2.1). O

Since the BIR ¢-matrix () is conservative and totally stable, general
theory (see Anderson (1991) or Yang (1990)) dictates that there always
exists an MBPIR, namely the (possibly dishonest) Feller minimal process.
Therefore the existence problem does not occur. However, the regularity
and uniqueness problems do arise, which will be the main topic of this
section. Recall that a conservative g-matrix @ is called regular if the

corresponding Feller minimal Q)-process is honest.

Theorem 2.2.3. A BIR ¢-matrix () is regular if and only if one of the

following conditions holds.
(1) mp < +oo0.
(ii) mp = +oo and J; :1_31(97‘13 = +oo for some (equivalently, for all)
e € (q,1), where g(< 1) is the smallest nonnegative root of
B(s) = 0, guaranteed by the condition m; = +oo.

Proof. If by > my then (ii) of Lemma 2.2.1 implies that B(s) > 0 for all
s € [0,1]. Thus by (2.2.2) we have that for all 0 < s < 1,

A éﬁbij()\)sj — st > H(s)- gio(A) + A(s) - icﬁij()\)sj.
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Now letting s 1 1 in the above inequality and using (i) of Lemma 2.2.1
immediately yields A 352, ¢;;(A) > 1, which implies that AX720 dij(A) =
1 since the converse inequality always holds. Hence the Feller minimal

@-process is honest and thus @ is regular.

We now assume by < my < +00. Note that by < mp < +oo implies
12 :Bl(—s)ds = 400 for some (equivalently, for all) € € (g,1). Therefore we
only need to prove that Q is regular if and only if [ - 1—%(3) ds = +oo for

some (equivalently, for all) e € (g,1).

Suppose that f! )ds = +oo for some (equivalently, for all) € €
(g,1) but @ is not regular e, p=:1—ATRq¢ij(A) > 0 for some 7 > 0
and a fixed A > 0. Then there exists an € € (g, 1) such that

st — A :iogb,,—j()\)sj > p/2 and |H(s)+ A(s)| < Ap/4, s € (g,1].

Note that B(s) < 0 for s € (g,1), it follows from (2.2.2) that for all
s € (g,1),

i $ij(A) - 5!

s' — AX20 ¢ij(A)s’ + H(s) - dio(A) + A(s) - 52, ¢ij (M) s
—B(s)

p
= —4B(s)

Therefore, £, ¢ij(A) - (1—¢€7) > &} - s) ——~ds = +o00 which is a contra-
diction.

Conversely, suppose that @ is regular but [! —%ds < 400 for some
€ (g,1). Hence the Feller minimal Q-process is honest, i.e. , L3520 0ij(t) =
1 (¢ >0). It follows from (2.2.1) that for any ¢ > 1 and s € (g, 1),

3 3-7 14 ( ) Z;‘;O pgj(t) (8) E =1Dij (t)SJ
£ pult)- 37+ 5 polt) = — |
Since gésg > 0 for s € (g,1), we have

i () -5 4 ZEZ; - pio(t) < Eﬁ(ﬁ;)(t)sj
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and hence

00 3 1Y% p’--(t)sj
1 1_ J 1 ]—O +J . WL
j;z)g() (1— &%) + piolt BS s< | B (2.2.3)

Noting the facts that B(s) < 0 in (¢,1) and = |pi;(t)| < 2¢; for any
i > 1 (see Chung (1967) or Yang (1990), for example) we have

1 Z‘J?’;Opgj(t)sj 1 ds
/6 dsSQqZ/E _B(S)<oo.

B(s)
Therefore we may let ¢t T oo in (2.2.3) and apply the Dominated Conver-
gence Theorem to obtain

lim i> 1. (2.2.4)

lim LZ pz]() (1_‘53 +p1,0 / B

Here in obtaining (2.2.4) we have used the fact that lim; o pj;(t) = 0
for any 4,5 > 0 (see Chung (1967)). Since both S22, p;;(¢) - (1 — ') and
pio(t) - fsl (3) jds are nonnegative, (2.2.4) shows that both of them must
tend to 0 as t — 00, which, by using the fact that 1 —e <1 —¢? < 1 for

all § > 1, is equivalent to
°° 1 H(s)

t—)oojz—_l =Y € B( )dS [ Z 17 § € (671)- (225)

By the first equality in (2.2.5) and the honesty of the ()-process, we obtain

lim pio(t) =1, 7> 1, (2.2.6)

t—o00

which, in turn, by using the last equality in (2.2.5), clearly implies that
H(s) = 0 for all s € (g,1). Therefore, by (i) of Lemma 2.2.1 we must
have H(s) = 0 for all s € [0,1]. Now, letting s = ¢ < 1 in (2.2.1) and
noting B(q) = 0, integrating with respect to ¢ from 0 to co and again
using the first equality in (2.2.5) immediately yield

Jim palt) = o'+ A(0)- X ([ po@id) ¢ ¢ <1, iz

which contradicts (2.2.6). The proof is thus complete. O

;From the general theory of continuous time Markov chains we know

that if a g-matrix @ is regular then there exists only one @Q-function,
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the Feller minimal Q-function which satisfies the Kolmogorov forward
equations. However, if a conservative g-matrix Q is not regular, then
there exist infinitely many Q-functions (even infinitely many honest Q-
functions). The following conclusion shows that even if a BIR g-matrix Q
is not regular, there still exists only one Q-function (i.e., the Feller min-

imal Q-function) which can satisfy the Kolmogorov forward equations.

Theorem 2.2.4. There always exists only one MBPIR which satisfies

the Kolmogorov forward equations.

Proof. By Theorem 2.2.3, we only need to consider the case my = +00.
For this purpose, it is sufficient to show that (see Theorem 1.3.3) the

equation

{Y(M -9 =0 (2.2.7)

0<Y,Y1l <+
has only a trivial solution for some (and therefore for all) A > 0 where 1

denotes the column vector on Z, whose components are all equal to 1.

Suppose that Y = (y;;¢ > 0) is a solution of (2.2.7) for A = 1. Then
(2.2.7) can be rewritten as
Yo = Yoho + Y1bo
{?/n = yohn + X1 Y5 - (jbn—j+1 + Gn—j) + Ynt1- (m+1)by, n > 1.
Multiplying both sides of the above equation by s", summing over n > 0
then yields that for any |s| < 1,

> yns" = yo- H(s) + Als) - 2, yns" + Bs) - 2 ns" 1.
n= n=1

n=0

ie., for any [s| < 1,

ol = H(s))+ (1= A(s) - £ s = B(8) T ya-ns™. (228)

Since my = +00, by Lemma 2.2.1(ii), B(s) = 0 has a root ¢ € [0,1) and
B(s) < 01in (g,1). Therefore, by comparing both sides of (2.2.8) in (g, 1)
and noting that the left hand-side of (2.2.8) is certainly nonnegative, we
obtain that y, = 0 (n > 0). The proof is complete. 0

From Theorems 2.2.3 and 2.2.4, we see that the regularity and unique-

ness criteria for MBPIRs are the same as that for Markov branching pro-
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cess without immigration. In other words, immigration does not have

any effect on the regularity and uniqueness property.

From now on, we shall assume that the BIR g-matrix is regular and

thus the corresponding MBPIR is honest.

2.3. Absorbing Property

Throughout this section, we shall always assume that h = 0 and
thus the state 0 is an absorbing state. For this process, the most inter-
esting problem is the property regarding the extinction probability and
extinction time. Note that if we further have a = 0, then we recover
the ordinary Markov branching process for which the extinction property
is well-known. In particular, we know that, when a = 0 the extinction
probability is 1 if and only if the death rate is greater than or equal to
the mean birth rate, i.e., by > my. On the other hand, when a > 0
and thus immigration occurs, then, intuitively speaking, the immigration
will reduce the possibility of extinction. Therefore, our main interest
is to examine the depth of the effect caused by such immigration. For
this purpose, let (X (¢);t > 0) be the MBPIR determined by a regular
BIR g¢g-matrix @, and let 75 = inf{¢ > 0; X(¢) = 0} be the extinction
time and let a;g = P;j(19 < o0) (¢ > 1) be the corresponding extinc-
tion probability when the process starts at state ¢ > 1, where P, is the
probability distribution under the condition X(0 = ¢). It is clear that
aio = limy_,o0 Pio(t), where P(t) = (ps;(t);¢,5 > 0) is the transition func-
tion of the corresponding absorbing process. Note that each p;o(t) (7 > 1)
is an increasing function of ¢ > 0 and thus the limit a;o does exist. Be-
fore stating our main result in this section, we first provide some useful

lemmas.

Lemma 2.3.1. Let (p;;(¢);%,7 € Zy) be the Feller minimal Q-function
where Q is an absorbing (regular) BIR g-matrix. Then for any i > 0,

/0°° pu(t)dt < oo, k>1 (2.3.1)

and thus

limpi(t) =0, >0, k> 1. (2.3.2)
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Moreover, for any 1 > 0 and s € [0,1), we have
o0
> ([ pu(t)dt) - s* < oo. (2.3.3)
k=1

Proof. For any fixed : > 0, it follows from the Kolmogorov forward
equations that

pio(t) = dio + bo /Ot pi1(u)du
which clearly implies that [§° pi1(¢)dt < co. Suppose [§° pix(t)dt < oo for

k < 3. From Kolmogorov forward equations we can see that

J 0o _ 00
pij(t) — 05 = > (kbj_k+1 + aj—x) '/0 pie(t)dt + (5 + 1)b0/0 pij+1(t)dt
k=1

and hence [§° p;j11(t)dt < co. Therefore, (2.3.1) follows from the math-
ematical induction principle. (2.3.2) immediately follows from (2.3.1).
Finally we turn to (2.3.3). For this purpose, we shall consider two differ-

ent cases separately.

First, consider the case by < mp < +o00. By (ii) of Lemma 2.2.1,
B(s) = 0 has a root g € (0, 1) such that B(s) > 0 in (0,g) and B(s) <0
in (¢,1). Note also that A(s) < 0 for all s € [0,1] and thus for all
s € (¢,1) we have B(s) + sA(s) < 0. Therefore using (2.2.1) and noting
that H(s) = 0 we obtain that for all s € (¢, 1),

,é, P ()5’ < (sA(s) + B(s)) - i;l pis(£)51,

The above inequality together with (2.3.2) yields that for all s € (g,1),

() ps) - < B(()+‘ j()s) < co.

Next consider the case by > my. If either 0 < m, < +oo together
with by = my or m, = 400, then from (iii)—(iv) of Lemma 2.2.1, we
know that for any k > 1, kB(s) + sA(s) = 0 has a root s;, € (0, 1) such
that sx 1T 1 as £k — oco. Thus for any § € [0,1), we may find a positive
integer k such that s > 3§ and thus kB(3) + 3A(5) > 0. Therefore, it
follows from (2.2.1) that for any ¢ > 0,

Y0P = AG): > pii(t)5 + B(s) 3 pis(t) - j5'!
7=0 j=1 i
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o0

> A(s) - i::lpij(t)? +B(5) S pi(t)- 8@

J j=k+1
> [kB(5) + 5A(3)] - _i:j lpij(t) &7+ A(5) - épij(t)gf.

Integrating the above inequality with ¢ then yields that for any ¢ > 0, we
have

Sai()F —5 > kB)+5AG) 3 ([ puw)du) s
FAE) - ([ pis(w)du)?

Letting t 1 co and noting (2.3.1

S

immediately yields that

o0 00

> (] pig(w)du) - 5771 < oo

j=k+1 0

which clearly implies (2.3.3). If by > m; and 0 < m, < +00, then by (v)
of Lemma 2.2.2, there exists k¥ > 1 such that k(mp — by) + my < 0. By
(iii) of Lemma 2.2.1, we again have kB(s) + sA(s) > 0 for all s € (0, 1).
Thus (2.3.3) can be similarly proven. O

Lemma 2.3.2. Suppose that ¢;; > 0 and b; > 0, ¢,j € Z,. Then the
minimal solution, denoted by (z};7 € Z.), to the equation
o0
;= Y. cigTr+bi, x>0, 1€Z,
k=0
always exists and is indeed unique. Further, it can be obtained by the

following procedure: Let
1'50) = O, V’L - Z+,

x§n+1) = kz:o Czkl’](cn) + b, VieZd,

for n > 0. Then (z\"™;i € Z,) increases to (z};i € Zy).

The above Lemma 2.3.2 is just the Theorem 2.2 in Chen (1992), a

full proof can be found there.

The following lemma, a direct consequence of Lemma 2.3.2, can be
applied to any absorbing denumerable Markov processes not only for our

MBPIR.
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Lemma 2.3.3. Suppose that the conservative g-matrix Q = (gij; %, J €
Z,) is regular and (p;;(t); 4,5 € Z,) is the corresponding Q-function.
Further assume that gog = 0 and thus 0 is an absorbing state. Denote
z] = limy,o0 pio(¢), 2 > 1. Then (z};¢ > 1) is the minimal solution of the
equation:
§Qij$j+QiO:O, 0<z; <1, ¢:>1
j=1
Proof. Let X(t) be the corresponding Markov chain and o, denote the
n’th transition time of X(¢). And also let (m;;; 4,7 € Zy) denote the
transition probabilities of the embedding chain {X(oy);n > 0}. We may

then rewrite the above equation as

Let 79 denote the first hitting time of state 0. Then for any 7 > 1,
FPi(ro = 01) = P(X(01) =0) = my

and by the Markov property of X (o),
(0. ¢)
Pi(to = 0py1) = Y. mij - Pj(ro = 0), n>1.
J=1

where F; is the probability distribution of the process (p;;(t)) starting at
state i > 0. Therefore,

n+1 9] n

> B(ro=om) = mj- (X Pi(ro=0m)), n>1.

m=1 j=1 m=1

Noting that z7 = 72 Fi(10 = 0y) (¢ > 1), we immediately see that the
assertion follows directly from Lemma 2.3.2. 0

Now we can give the main result regarding the extinction property

of the process.

Theorem 2.3.4. For any 7 > 1, a;0 = 1 if and only if by > m; and
J = +00 where

1 ]_ ¥ Az dzr
J:/O B(y) € _B%;% dy- | | (234)

More specifically,
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(i) If g > my and J = +o0, then a;p =1 (1 > 1).
(ii) If by > my and J < +oo, then

:zz)d
By oy

o=~ PP <L i1 (2.3.5)
o 5y e° P dy

(iii) If 0 < by < my < 400 and thus the equation B(s) = 0 possesses

a smallest nonnegative root ¢ € (0, 1), then

f(()]Bi el 7 .
v) <gi<l, i>Ll (2.3.6)

a0 —

¢ 1 By
fOB(y) e’ B " dy

Proof. It follows from (2.2.1) that
B(s) - kz pik(t) - ks* 1+ A(s) - Y pi ()87 = ;)p;j(t)sj
=1 j=1 1=

since H(s) = 0 in the present case. Integrating with respect to ¢ on [0, u)
yields that

B(s)- 2(/ pir(t)dt) - ks 4+ A(s) - ([ s (8)8)s7
k=1 j=
= Y pi(u)s’ — s
7=0
Letting u — oo and using (2.3.2)—(2.3.3) in Lemma 2.3.1 yield that
B(s)F/(s)+ A(s)Fy(s) = ap— s, s€[0,1),i>1 (2.3.7)

where Fj(s) = £52,(J5° pij(u)du) - s/ < 0.

First consider the case by > my. Solving the ordinary differential

equation (2.3.7) for s € [0, 1) immediately yields

Fi(s)eh s = [* ai;(_) B FGEgy  se0,1),i>1.  (2.3.8)

Now we claim that if J = oo, then a;g = 1. Indeed, if a;p < 1, then
by letting s T 1 in (2.3.8) we see that the right hand side of (2.3.8)
tends to —oo, while the left hand side is always nonnegative, which is

a contradiction. Hence (i) is proven. We turn to (ii). First note that
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J < oo implies [} B(‘”%d:z: — _oo. Since the left hand side of (2.3.8) is

clearly nonnegative and thus so is the right hand side of (2.3.8). It follows
that a;g > J1 fol eo B(z)dxdy. Therefore, in order to prove (2.3.5)

y Alz
in (ii), we only need to show that a;p < J~1- f§ 'B%— elo m;ldwdy Take
()
T = =J 1. fol B( y elo %adxdy, 4 > 1, then for < > 1,

Z q,,].’z: + qi0

J- /1 )3 Oqz]y y%g-%dx dy

1 play' 1B(y)er’A( ) | I A
= J B(s)
/ B(y) W

_ J—l /Zyz 1 fo B(x)da:d L J- /
= 0.

ly’A VAWY) a3 dy
‘B(y)

Here the last equality follows from applying the method of integration by

parts. Hence (x};j > 1) is a solution of the equation

By Lemma 2.3.3, we then have a;g < z} (i > 1) since (ay;¢ > 1) is the
minimal solution of the above equation. This completes the proof of (ii).

Finally, consider (iii). Suppose that by < mp < +oo. By (ii) of
Lemma 2.2.1, we know that B(s) = 0 has a root ¢ € (0,1) and (2.3.8)

holds for all s € [0,q). Similarly as in the above, we only need to show
that

-1
s 1 y Alz) 4 s y A=)
a;0 < lim -ef" B(=)**( . Iy BGyd=
o<l b 56 } b By e

Since a > 0, we know by Lemma 2.2.1 that

A(z) <0 (Vz € ]0,q]), B(z) >0 (Vz €[0,q9)), B(q) =0

B(z) = (g - z) - [—bl - ]é bj(kZi:l qj—kwk_l)} < -bi(g —‘a:), z € 0, 1].
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Hence, [§ ggz)dw = —oo and for any y € [0, q),

y dzx

()

[ s < —inf{la@hee ba)- [/ 5
ni{|AG)ia € 0. o i

0 q—<=
q— y
= pln :
q
where p = — inf{|A(z)|;z € [0,4]}/b; > 0. Therefore, the integral fj E’%
Y A(a:) ;
el BE “dy, denoted by D, is convergent. Now let y; = Dt.f§ —B%
fy A(z)

359 dy > 1 then fori > 1

oo
> 9ijY; + Gio

7=1
>% 0 Giiy’ v A
/0 B(y)
) 2"lB(y) —I—yiA(y) v A(z)
/ B(y)
_ D1 [Ny el #%ay 4 D- /qu Y) I 3G g,
B(y)
= 0.

Thus, (y;;7 > 1) is a solution of the equation

(0, 0]
> giri+qo=0 0<z;<1,7>1.
j=1

Again by Lemma 2.3.3, we have a;p < y} (¢ > 1) which proves the first
equality in (2.3.6). The last two assertions in (2.3.6) are obvious. O

By Theorem 2.3.4, we see that if a > 0 (i.e., if immigration occurs
when the process is at positive state), the condition by > m; (i.e., the
death rate is greater than or equal to the mean birth rate) is no longer
sufficient, though still necessary, for the process to be finally extinct. A
further condition J = 400 is necessary to guarantee the final extinction.
Note that the larger the immigration is, the smaller the value of J will

be. Therefore, this J reflects the effect of immigration.

Although Theorem 2.3.4 has answered our basic question, the proba-

bilistic interpretation of this latter condition may not be too clear. Also,
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this condition may not be easy to check in some situations. The fol-
lowing corollaries therefore provide some further sufficient conditions for
aio = 1 (i > 1). These conditions are much easier to be checked and also
possess a clear probabilistic interpretation. To this end, we consider the

cases by > my and by = m; separately.

Corollary 2.3.5. If by > m; and ¥ ; arInk < 0o, then a;o =1 (4 > 1).

In particular, if by > mp and m, < oo, then ap =1 (¢ > 1).

Proof. Note that for z € [0, 1],

B(z) = 3 bj(' —1)

and also
A(x) = § G,J(xj — ].)
j=0
= (1-=)(a0— kEZl(Z a;j1)z")
preng ]:
= (1-=2) X (X aj)z*!
k=1 j=k
Hence
1 A(z) 1 X -~ 1 - 21
dr > — . a;) k7= — ' 2. T,
0 B(z) — bo—my 15:2.-;1(_7;{: 2 bo — my j;%k};k

and hence a;p =1 (i > 1). O

Remark 2.3.1. If bp > mp and 332, ax Ink = 400, then it is fairly easy
to construct examples such that either a;o =1 (i > 1) or ajo < 1 (i > 1)

may occur. In this case, the condition J = 400 should be checked.

Corollary 2.3.5 tells us that if bp > my, (the death rate is strictly
greater than the mean birth rate), then in order to “rescue” a species from
extinction, a considerably large immigration is necessary. In particular, if

the mean immigration rate is finite, then it can never “rescue” a species
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from extinction. Intuitively speaking, condition by > m; (i.e., the death
rate is strictly greater than the mean birth rate) implies that the species
in the system will tend to be extinct. Therefore, in order to rescue this
species, the immigration must be very large. The following corollary

shows that, however, the situation is very different if by = ms;.
Corollary 2.3.6. Suppose that by =

(1) If m, < %B”(l) < oo, then a;p =1 (i > 1).

(ii) If $B"(1) < mq < 00, then aj < 1 (1> 1).

Proof. We first prove (i). Suppose that m, < $B"(1) < +oo. If

we further have f x) d:): > —oo, which can happen only in the case

A(z)
B’(1) = 400 due to the reason that m, < +oo, then [] B olo 5&) 9 dy >
1 A(z)
eh BGIE i3 E%y—)dy = 400 and hence ap =1 (7 > 1). Now assume that

o B(‘? dr = —oo. For this latter case, it follows from the expression of
B( ) and b() = My that

B(r) = (1=2)(bo~ (3 bjua)a"
— (1—-m>§(§bﬁ><l—x’“>

k=1 j=k
- a-22 £y, )2

Using the expression of A(z) (see, again, the proof of Corollary 2.3.5)
and the above equality yield that

Alz)1—-=z) 23 (R a5)ct
B(z) Zl?:l(zﬁk bj+1) Z;C=1 xi-1
Therefore, o) )
. Alz)(l—2 2my,
) 239
Hence, by the assumed condition, there exists an € € (0, 1) such that
A(z) 1
> — € (g1 3.
Ba) 2 1-a ° (e, 1) (2.3.10)
and therefore for all y € (e,1) we have
fy %%% B fE %%% fy A(z
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2 (]__y) .efos%%)ydx

€ AQ2) gr

> —m;l"lA(y)-efOF(ﬂfy ,

where the last inequality in the above expressions follows from the fact
that —A(y) < mq(1 — y) for y € [0,1]. It follows immediately from the

above inequalities that

z £ Az 1

B(y) Ma 0 B(y)
and hence a;o =1 (i > 1),

We now prove (ii). Suppose that 1B"(1) < ms < +oo. Then by
(2.3.9), there exists an £ € (0,1) and an 1 € (1, Bl,,%) such that

Az)(1-x) _
< —np< -1, € (,1).
B =" z € (£1)
Therefore
which implies that J < 400 and hence a;g < 1 ( > 1). 0

Remark 2.3.2. By the above we see that even if m, = $B"(1) < +o0,
so long as there exists an ¢ € (0, 1) such that (2.3.10) holds, then we still

have a0 = 1 (’L Z ].)

It is interesting to compare the conclusions obtained in Corollaries
2.3.5 and 2.3.6. Indeed, in the case by = m; (the death rate is equal
to the mean birth rate), only a mild immigration requirement, as stated
in (ii) of Corollary 2.3.6, may rescue a species from extinction which is

significantly different from the case by > my.

It is also interesting to investigate the so-called balance situation of
by = my and m, = 1B"(1) which is not covered by Corollary 2.3.6. In
contrast with Corollary 2.3.6, now both a;p =1 (: > 1) and a;o < 1 (z > 1)
may happen for this most subtle case, as the following Corollary 2.3.7
shows.

Corollary 2.3.7. Suppose that by = my and m, = 3B"(1) < oo.

(i) If B”(1) < oo, thenap =1 (s > 1).
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(i) If B"(1) = oo and assume that the following limit

p = lim AW =) + Bly)] - In(1 —y)
. yT1 B(y)

exists, then if p < 1, then a;p = 1 (¢ > 1) while if p > 1, then
a;p <1 ('I, > 1).
Proof. We first consider the case B" (1) < co. Since by = m;, we know
from the proof of Corollary 2.3.6 that
o0 00 k
Bl@) = (1— 2 3 (3 by) Yot
k=1 j=k =1
Using the expression of A(x) (see the proof of Corollary 2.3.5) and the
above equality yield that

A(z)(1 - 1) + B(z) _ E%‘;l(Z?‘;k aj)wk_l + Eiil(Zﬁk bj+1) Zle z'~1
B(z)(1 - z) (1—2) T2, (S22 bje1) g 2t

Since A'(1) = m, = 3B"(1) < oo, it follows by using L’Hospital’s rule
that
A(r)(1-=z)+ B(z) 3A"(1) - B"(1)

1i = > —00.
1 B(z)(1— ) 3B"(1) >
Choose ¢ € (—o0, 3A"§2;(lf)"l(l)). Then there exists an £ € (0,1) such that
A(z) 1
—— 1
B(x)> . tTo z € (g,1)

and hence
Az
el By s > M(1l—-y)e¥, ye(el)
e Az
where M = e~%%Jo 519 is g finite positive constant. The above inequal-
y Az)
ity clearly implies that f; Bﬁ el 5% dy = +00 and hence a;p = 1 (2>
1).
Next we consider the case B”'(1) = co. Assume that the stated limit
p does exist and that p < 1. Noting that

o [A@) (A —2) + B(z)] - (1 —In(1 —2)) _ L,
ztl B(.’E) ’
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we may find an € € (0, 1) such that
[A(z)(1—z)+ B(z)]- (1 —In(1 - x))

> —p1> -1, z€ 1),

B(z)
where p; € (p,1). That is
A(z) 1 P1
> — 1).
Bz)~ 1-z (1-z)1-In(1-2z)) z e (&)
Hence
el 5% > (1 - 4)(1-In(1—y)™", y€(51)
and so
1 1 yA(z)dac
el By
b B Y
1(1-y)(1-In(1-y)™
> d
- /0 (y) Y

>
- C/ (1-—y l—ln(l—-y))
= C’/l u Pdu = oo.
Thus, a;o = 1 (i > 1). If p > 1, then similarly we may find an ¢ € (0,1)

such that
[A(z)(1 — z) + B(z)]- (1 = In(1 — x))

< —p2 < -1, iEE(&,l),

B(z)

where p; € (1, p). That is

A(:L') 1 P2

< — _

Bz) S 1% (-o)-mi—ay €&

Hence
R < (1-)(1-In(1—9))™, ye (1)

and so

0 %%?dwd
0 B(y) Y

/01 (1-y)(1 —In(1l —y))~

B(y)
dy

1
<
- Cl/“ (1-9)(1 —In(1 —y))»
Cy /loo u Pdu < oo.

dy
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Therefore, a;o < 1 (1 > 1). o

Having obtained the extinction probability, we are now in a position
to consider the extinction time. We shall use E;[7p] to denote the mean

extinction time when the process starts at state ¢ > 1.

Theorem 2.3.8. Suppose that by > my and J = +00 where J is given
in (2.3.4) and thus the extinction probability a;g = 1 (¢ > 1). Then for
any ¢ > 1, Ei[rg] < oo if and only if

11—y — Aly)
A B(y)

and in which case, E;[7p] is given by

dy < o© (2.3.11)

11— yi _ Ay
e v BE Y dy. 2.3.12)
B(y) (

Proof. Suppose that by > my and J = co. By Theorem 2.3.4, a;p = 1.
Hence it follows from (2.3.8) that for s € [0, 1),

Elr) = |

s A(z) s1— yi y A(z)
Fi(s) . edo Bay®® — J
is) e » Bly) °

where Fj(s) = 52, (J5° pi;(t)dt)s’. Thus,

O roo : sl-—yi [P AG) gy
. . . J - - y B(x
j; (f, pit)dt)-s' = | = Gy €Ty

Letting s 1 1, using the honesty condition and applying the Monotone

Convergence Theorem then

Ei[To] b /()Oo(l—pio(t))dt

o0 00
= 2:1/0 pij(t)dt
J:
-y _paeg
= .e Yy j .
0 B(y) Y

Thus (2.3.12) is proved. Finally, we turn to prove that for any i > 1,
E;[9] < oo if and only it (2.3.11) holds. If (2.3.11) holds, i.e.,

11—y 1 —A(y)
/()——dy<oo, 0 By) dy < 0.
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It follows from (2.3.12) that

11—y : 1 AG) 11 —qf
Ei['ro] = A B(yy) . e—fyl %Egdxdy <e Jo B9 . ———~:—y‘dy < 00Q.

Conversely, suppose that (2.3.11) fails, i.e., [ B(y) Bgdy = 00 or Jy gy Zy Ay =
00. Note that

11—t Az) 11—
Bini= [ LY Lty > [ 1V

B(y)
11 —¢4* 1 ag
Bfn] = [, po7 e ™
11 — ot o
> s 1 e ;37(3) *dy
0 B(y)
Z %%(%dz B

and that fo (y) dy oo is equivalent to f i A@;) dy = co. We get E;[1] =

oo. The proof 1s complete. O

When the extinction probability is less than 1, the mean extinction
time is trivially infinite and thus uninformative. For this case we are nat-
urally more interested in finding the more informative conditional mean
extinction time. The following two theorems discuss the two different

cases separately.

Theorem 2.3.9. Suppose that by > my and J < 400, and thus a;y <
1 (¢ > 1). Then for any i > 1, E;[1o|7 < 0o] < oo if and only if

1elo B y ds
o B / B3 < o (2.3.13)

and in which case, E;[1|79 < oo] is given by

u Az)
fO P% . eJo Bz dy

Ei[T()lTO < OO]

where F;[1|70 < oo] is the conditional mathematical expectatlon under
the condition {7y < co}. |
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Proof. Suppose that by > my and J < +00 where J is given in (2.3.4).
Noting that by (2.3.5) we have a;p = J~!- f§ E% elo dedy. Thus, by
applying the Fubini Theorem, we obtain

/Ooo(az'o — pio(t ))dt
I /ooo (/0 By ) el 5 B(z)dxdy - J- Pio(t)) dt

_ 71 [ [Py, 1 pio(t) JY AR gy
= J /()(/OB() B()dy/o elo 5By | dt

B(y)
o1 o1y —pio(t) Ay,
= J [ (/0 5 dy | dt. (2.3.15)
On the other hand, it follows from (2.2.1) that
S pu)s) = = A(9) - Gult) + Ble) - S92 iz 0, se o),

where Gi(t, s) = £, (¢ pij(v)du) - s'. Therefore for any ¢t > 0, s € [0,1),

s z Oi i t J— b y Az
Gi(t,s) - elo 5% = [* 2j=0P é((y))y Y el 55 gy, (2.3.16)

By (2.3.8), we know that for s € [0,1),

0 00 . s A(z) saio—yi
Zudu .8] efBzdx—— .
PIVARZIOLD = B

Combining above equality and (2.3.16) yields that for ¢t > 0 and s € [0, 1),

s A(z) 00 o0 Alz .
0 < Git,s) - el 5% < 3( Puli) i . el B

j=1
. S CLzO - fO B( dxd
- T y
° B (y)
Letting s 1 1 in the above inequality yields that
s A(z)
lim G;(t, s) - elo 5@ =

sT1

since J < oo and ago = J - f§ B -L elo “dy. Noting (2.3.16) yields

/1 Z;.;O pl](t)y] - y" .e Oy g—g%dxdy = O, t > O
0 B(y) -
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i.e.,

/1 yl —_ sz( ) foy gg:;d d _ /1 Zy 1pz_7(t O %dmdy, t Z O
0 B(y) 0 B(y)

Integrating above equality with respect to ¢ on [0, 00) yields that

o0 1 yi - sz( ) foy %“;—d:c
| (/O & dy) dt

B(y)
_ /0 21 (5° PE;(;)dt) fyg%dz dy. (2.3.17)

On the second hand, letting ¢ 1 oo in (2.3.16) yields that for y € [0, 1),
Gi(oo,y) = L(f, pi(t)dt) ¥
j=1

y A(z)d Yy a;0 — ut I A(w) dz

since limy_, oo Pio(t) = a0 and limy_,o pij (t) =0 (j > 1). Now, substituting
(2.3.17) and (2.3.18) into (2.3.15) yields

“(ao — s g 1 yaio—ui.f"%‘%dz
/O (azg pf,lo(t))dt = J /(-) B(y) (/0 B(u) e’0 B du dy
which, in turn, yields (2.3.14) by noting that Ej[r|my < oo] = aj’ -
Io° (aio — pio(t))dt. Finally, noting that

u Az
fy azO—u fo ﬁ}%dzdu

. 1 i Y — 1 .
lylﬁl 7 oy im(y" — ay) =1 —a; > 0,
Y B(u)

o B@ %y yT1

we know that (2.3.14) is finite if and only if

1 ]_ 1 ]_ j‘u A-‘E d:l:
. 0 B(z)
/0 B(y) (/y B( B du) dy < 00,

but
0 %(%dz
/ B ( / B u) B "du | dy
Alz) dr v dy
— 'B—(ES —Z2 _1d
/ B(u) (/0 B(y)) -
by the Fubini Theorem. Thus the proof is complete. 0
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Next we consider the case by < my < +00.

Theorem 2.3.10. Suppose that by < my < +o0o. Then for any ¢ > 1,
Ei[m0|m0 < 00] < 0o if and only if

el B ds (2.3.19)
b B b B < ~

and in which case, E;[mg|7p < o] is given by

i v Alz) 4.
f(()] ——B]' . fé’ ai—u uu . ef() B(z) du dy
E;i[ro|m0 < o0] = ) ( ) ) .

(2.3.20)

(=)
q yt — dx
I B() - e’0 Bz dy

Proof Suppose that by < my < co. By (2 3.6) we have a;p = D! -
fé’ fo B¢ “dy, where D = [j —%— elo B(z>d‘”dy Thus, by applying the
Fubml Theorem, we obtain

/Ooo(aio — pio(t))dt
D™ '/ooo ( oq

- A aPio(t) gy M
= D! / (/ By 0 Ble)"dy —— el B@ " dy | dt

y A(z)

efo ded’y —D- piO(t)) dt

0 B(y)
I qy' —pzo(t)_ J A g 9
= D /0 (/0 B@) elo B&“dy | dt. (2.3.21)
On the other hand, it follows from (2.2.1) that
o0 S 0G(t, s)
jgopz'j(t)sj —s'=A(s) - Gi(t,s) + B(s) - —5— t2>0, s€[0,9),

where G;(t, s) = ?‘;1(]5 pij(u)du) - s’. Therefore for any t > 0, s € [0, q),
TPy — Y jrae

|  odo BET 59y, 2.3.22
Gi(t,s) - eb 5% = | By) dy (2.3.22)
By (2.3.8), we know that for s € [0, q),
o0 00 fs A( 2) dx (S a;o — fy A(z) dz
S pulwydu) 2PN = T ) dy.
Combmmg above equality and (2.3.22) yields that for ¢t > 0 and s € [0, q),

o0

s Az o0 . sA(z)x
OSGi(t,s)-efO B < Z(/O pij(u )du).sf.efomd

Sazg—y yAz)dx
— lo 592 gy,
/ B(y)
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Letting s 1 q in the above inequality yields that

. SA:z:)d
LmGi(t, s) - €0 B&™ =0
sTq

since D < 0o and ajp = D71 - [ & B( y - s 5 ok “dy. Noting (2.3.22) yields

© m( J _ ot Y Az
/q ZJ_Op'U( )y Y %dxdy = O t >0,
0 B(y)

1e.,

/q Y — piO(t) yg—gﬂ%dz _ /q X 1 Pij(t
0 By) B(y

Integrating above equality with respect to ¢ on [0, c0) yields that

o ey —piot) A=,
b (R gy ek 8 dy)‘“

A(z)
el 5%yt > 0.

q EJ 1(f() Dij (t)dt) fy ﬂ(m—;d:c
— o Bx)“ . 2.3.23
/0 B(3) Y ( )

On the other hand, letting ¢ 1 oo in (2.3.16) yields that for y € [0, g),

Gi(o0,y) = Z(/ pij(t)dt) -

_ (Y Alz) Y a; —u u A(z)
S Ol [ %ZOB o el BTy (2.3.24)

since limy_,o0 Pio(t) = @i0 and limy— p;;(t) = 0 (5 > 1). Now, substituting
(2.3.23) and (2.3.24) into (2.3.21) yields

oo 1 i0 — . z
[*(an - pa(®))dt = D' /"’—---(/”0 v o%z%dmdu)dy

0 B(y) \/0 B(u)

which, in turn, yields (2.3.20) by noting that Ei[ro|ln < o] = agp' -
J§°(aip — pio(t))dt. Finally, noting that

A
¥ o ng_U_ el B gy,

lim G = lim(y* — a;p) = ¢* —
vte g _1_ . eo 2&;3‘1‘5 du Y14 (v i0) = q' — aio > 0,
] B (u)

we know that (2.3.20) is finite if and only if

/ (/ Bl 0 %g)id“’du) dy < oo,
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but

bty (£ ey o Hhee)

1 u A(zx) u d
— fB:cd:I;. Y
= OB( ) B(z) (/ )du

by the Fubini Theorem. Thus the proof is complete. O

2.4. Ergodicity Property

Different from the previous section, in this section we shall always
assume that A > 0 and thus 0 is no longer an absorbing state. Considering
we have also assumed that by > 0 and a > 0 throughout this chapter,
it is easy to see that our BIR ¢-matrix @ is irreducible and thus so is
the corresponding MBPIR. For this latter process the most important
problem is the recurrence and ergodicity on which we shall concentrate
from now on. We shall also, again, assume that the BIR g-matrix @ is
regular and thus the MBPIR is honest.

The following Lemma 2.4.1 is just the Lemma 4.46 in Chen (1992),

we state it here for convenience.

Lemma 2.4.1. Let (p;;(t);¢,7 € Z4) be a transition function with regu-
lar g-matrix Q = (gij; 4,7 € Z4+) and {X (¢);t > 0} be the corresponding
Markov chain. Suppose that o, is the n’th transition time of X (t), H is
a non-empty finite subset of Z, and 7y = inf{t > 01; X(t) € H}. Then

1
O =y, Fo = S maf, n>1,
keZ \H

and (fir;i € Z4) is the minimal solution to the equation

;= > TikZk+ M, 1 € Ly,
keZ, \H

where (m;j; 4,7 € Zy) is the transition probabilities of the embedding

chain of X (t), mig = Lken ik and

f,;(;}) = P(ty = 0, > 0|X(0) =4), fig= zl fi(;})’
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Furthermore, the Markov chain is recurrent if and only if fiz = 1 for all
1 €74,

Theorem 2.4.2. The MBPIR is recurrent if and only if by > mp and
J = +00, where J is given in (2.3.4).

Proof. We first prove the “if” part. Suppose that by > my and J = +00.
By Lemma 2.4.1 (i.e., Lemma 4.46 of Chen (1992)), it is sufficient to prove
that the minimal solution of the equation

(e, 0]

T; = Z 7"7,-]-3:]- + 79, t2>0 (2.4.].)

j=1
equals 1 identically, where (7;;;4, j € Z,) denote the transition probabil-
ity of the embedding chain of the MBPIR. Denote

50j7 ’I,fZ:O, .720
Mg = ﬁ'ij, ifi>0, 7 >0.
If (z};2 > 0) is the minimal solution of (2.4.1), then it can be easily
checked that (z};7 > 1) is a solution of the equation
o0
;=Y mjxj+m, 0<z; <1, 4> 1.
j=1
By Lemma 2.3.3 and Theorem 2.3.4 we immediately see that z7 = 1, (i >
1) and hence z} =1, (¢ > 0).

We now prove the “only if” part. Assume that either by > my
together with J < +00 or by < my < +o0o. We shall prove that the
process is transient. By Theorem 4.34 and Theorem 4.25 in Chen (1992),
a irreducible Markov chain is transient if and only if the equation

0

Y mizi =z, 1>1

7=0
has a non-constant bounded solution. So, in the present case, it is suf-
ficient to show that the above equation has a non-constant bounded so-
lution. By the Comparison Lemma (stated in, say, Lemma 3.14 of Chen
(1992)), the above equation has a non-constant bounded solution if and
only if the inequality

o0 : .
EO mijTj 2 Tiy 21 (2.4.2)
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has a non-constant bounded solution. Thus we only need to show that
the inequality (2.4.1) has a non-constant bounded solution. Now if 0 <
bo < my < +o00, then B(s) =0 hasaroot g € (0,1). Let zg=1—gq, z; =
1—q (1> 1), then (z;;4 > 0) is a non-constant bounded solution of
(2.4.2). Indeed, for ¢ > 1

o0
2. TiiT;
7=0

o0
= My 1%Ti—1+ Y TiitkTitk
k=1

- ibo(1 — ¢ + X (ibgyr +ag) - (1= ¢'1)
k=1
-1

1
—’ibl — a4y
1 _ g 4 B 940

1b1 + ag

I

> 1-¢ =z
and

(0.0] o0
doMT; = MTo + Y T11+kTlk

1 0. ¢
- |Bo(1 = q) + X (besr + ar) - (1 — g**)
k=1

B(q) +qA(q) + bo(q — 1)
b1 + ap

I

—

|
T
+

Z 1—q::c1.

i v Az) g .
If by > mp and J < +oo. Let z} = Jt. OlBy(y) el 53¢ dy, 7 > 0, then
fors > 1,

s 1 1 Z‘;‘;O qijyj [¥ AR g,
MLy = - elo B ™ dy
_7;) 7 JQZ 0 B(y)
i1 i
_ 1 /1zy B(y)—l—yA(y).enygW(z_;dx y
Jq; /0 B(y)
Lol va@y, 1 Ay Aly)  pramy,
— t=1edo B + — e’to B(z) "
Jqi / Y Jgi /0 B(y)
= 0.

Here the last equality follows from applying the method of integration by
parts. Hence (z};5 > 1) is a non-constant bounded solution of (2.4.2).

The proof is thus complete. O
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Corollary 2.4.3. The MBPIR is recurrent if any one of the following

conditions holds.

(i) bo > myp and fj S e ))dy < +00.

(ii) b > my and L ; axInk < co.

(iii) bo = mp and m, < $B"(1) < oo.

(iv) bp = my, m, = 3B"(1) < oo and B"(1) < co.
(v) bg = my, my = $B"(1) < 0o, B"(1) = co and

tim AW —y) + B(y)] - In(1 — )
ytl B(y)

< 1.

Proof. If (i) holds, then

1 y A(z) 1 A(z) 1 d
_ f de > f mda:. Yy —
= 5 Iy 2 0BT gy =

since A(z) < 0 and B(z) > 0 for z € (0, 1). Hence by Theorem 2.4.2, the
MBPIR is recurrent.

If (ii) holds, note that for z € [0, 1],

B(z) = J;)bj(a:j——l)
= (L—xz)(bo - Z(Z bjr1)a*)

> (bo — my)(1 '-—«’E)J—

and also
Alz) = Y. ai(a7 - 1)
j=0
= (1 -=z)(ao - kZI(Zkam) )
=1 7=
= (1-2) (X aj)a*!
k=1 j=k
Hence
1 A(x) 1 (- -1 1 o L1
dr > — aj) - k= = — %
B(z) bo — my k—1(J§c 2 bo — my ng K Z—-:l k



y A(z)

which is finite since ¥ arlnk < oco. Thus J = [} P@ . elo By =
+00 and hence the MBPIR is recurrent.

If (iii) holds, then exactly repeating the proof of Corollary 2.3.6(i)
yields J = oo and hence the MBPIR is recurrent.

If (iv) holds, then exactly repeating the proof of Corollary 2.3.7(i)
yields J = oo and hence the MBPIR is recurrent.

If (v) holds, then exactly repeating the proof of Corollary 2.3.7(ii)
in the case p < 1 still yields J = oo and hence the MBPIR is recurrent.
Thus the proof is complete. [

Remark 2.4.1. Note that the recurrence criterion obtained in Theorem
2.4.2 1s the same as the conditions obtained in Theorem 2.3.4 regarding
the extinction probability of the corresponding absorbing MBPIR. In
particular, this recurrence criterion does not depend on the resurrection
sequence {h;}. In fact this is a special case of a more general result.
Indeed, let @ = (¢ij;¢,7 € Z.) be an irreducible conservative g-matrix
with go > 0. Define Q = (gi;) as follows.

~ 0, ife=0, 7>0,

= {qz-j, if i>0,§>0.
Then the Feller minimal ()-process is recurrent if and only if the extinc-

tion probability of the corresponding absorbing Q-process is 1.

Note that (i) in Corollary 2.4.3 is a sufficient but not necessary con-
dition for recurrence. Indeed, let B(s) = (1 —s)?, H(s) = A(s) = s — 1.
Then by = my = 1 together with

yA(CE) . 11 [RE-CI T 1 dy _
/()B(x)d:z_ln(l—y), and /OB(y).e B(z) dy—/ol—_—y——Jroo.

By Theorem 2.4.2, the process is recurrent but fj Bftg)dy = +00.

Now we consider the positive recurrence of the MBPIR. We need the

following preparation.

Lemma 2.4.4. Let Q = (gi;;%,J € Z4) be a regular irreducible g-matrix
and H # () be a finite subset of Z,, where () is the empty set.

(i) The process is positive recurrent (i.e., ergodic) if and
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only if the equation
Siqijy < —1, 1€Zy\ H
{ 2ieH 2j#i §ijY; < O0.
has a finite non-negative solution.
(ii) The process is exponentially ergodic if and only if for
some A > 0 with A < inf{q;;7 > 0}, the equation
iy < —Mi—1, i€Z.\H
{ YlieH 2j#i QijY; < O0.
has a finite non-negative solution.
(iii) The process is strongly ergodic if and only if the solu-
tion to the equation in (i) is uniformly bounded.

Lemma 2.4.4 is just the Theorem 4.45 in Chen (1992). The following
Lemma 2.4.5 is just the Corollary 4.49 in Chen (1992).

Lemma 2.4.5. Let Q = (gij;1,7 € Z,) be a regular conservative irre-
ducible g-matrix. Suppose that there exist constants C; > 0, Cy > 0 and
a nonnegative function (f;;¢ > 0) with lim;_,, f; = +00 such that

_Zoqij(fj — fi) L C1—-Cyf;, i>0.
j=

Then the Q-process is exponentially ergodic.

Proof. By the property of (f;;7 > 0), we can choose a finite subset of

Z. so that C; — %C’g fi< —1foralli e Z,\ H. Now the assertion follows
from Lemma 2.4.4. O

Theorem 2.4.6. The MBPIR is positive recurrent (i.e., ergodic) if and
only if by > my and

/1 —(A(y) + H(y))
0 B(y)

Moreover, If by > m;, and m,+my < 0o, then the process is exponentially

dy < +o0. (2.4.3)

ergodic.
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Proof. Suppose that by > m; and (2.4.3) holds. In order to prove the
positive recurrence, we only need to show that the equation
Yit0giy; < -1, i2>1
{ 2721 905y < 00
has a finite nonnegative solution (see Lemma 2.4.4, i.e., Theorem 4.45 in
Chen (1992)). Noting that for y € [0, 1],
H(y) = —(1-9) (3 hy)y*™" < ~h(1 - y)
k=1 j=k
where h = —hg = =2, h;. Since h > 0, we then have 1 —y < —h~'H(y)
which, together with (2.4.3), implies that f3 ]]‘3("” dy < oo for any 7 > 0.
Thus, by (2.4.3), we have

11-—-’y] fyA(w)d:c 11—y] .
. edo B@&) " dy < dy < > 0.
b By TS gy < I

Now lety; =€ o st foli I 5 “dy, 7> 0,then 0 <y; <oo (j >
0) and for any i > 1,

00 _ LA .l —EQ?:O(Iijyj v Alz) g

Z qiiY; = e~ Jo B /0 é(y) . edo B Tdy
= —e olAﬁz)d /1 iyi_lB(y) * y’A(y) - e’0 , ﬂx_dfndy
- 0 B(y)
= -1.

1 Az
As to i =0, it is easy to see that 322, qoy; < e ~ s B3de. I3 Igg)’)dy < 00.
Therefore the MBPIR is positive recurrent.

Conversely, suppose that the process is positive recurrent and thus
possesses an equilibrium distribution (7;; 5 > 0), say. That is that
o0
tli)rélopij(t) =m; >0 and J;) m; = 1.
Letting ¢ — oo in (2.2.1) yields that for s € [0, 1),
. s ] . sl < a—1
H(s)mo + A(s) - lim g pij(t)s’ + B(s) - lim ]g pij(t) - 381 = 0.
Since both ¥%2, s’ and D 38771 are convergent for s € [0, 1), therefore
using the Dominated Convergence Theorem yields
00 , 00 .
H(s)m+ A(s) - Y ms’ + B(s)- Y m-js' =0, s€[0,1). (2.44)
j=1 j=1
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Note that the above expression implies that by > my. Indeed, since
H(s) <0and A(s) < 0 for all s € [0,1) (see Lemma 2.2.1), we obtain
that B(s) - £2, 7j - js? ™! = —(H(s)mo+ A(s) - 52y m;s7) 2 0 (s € [0,1))
and hence B(s) > 0 (s € [0,1)), which, by (ii) of Lemma 2.2.1, implies
that by > my. Denote m(s) = £327;s’, then (2.4.4) can be written as

B(s) - 7'(s) + A(s) - w(s) +mo- (H(s) — A(s)) =0, s€ [0,1)

and hence

n(s) = mo [”e_f"sgg%dx' X _zi()) e 554y, se0,1). (245)

Letting s 1 1 in (2.4.5) yields

g B(;” el 5% dy
lim A < 00.

Since [ B( ) .elo B<$>d“’dy > f ;o "H ) el dedy > 0 for some sy € (0, 1)

as s 1 1, we must have [] = B( ) 2z < co. Hence

y Az o
. s —H(y) s g e B dy
lim dy < lim A < 00.
st1 /o B(y) st1 olo Bz

Combining the above two expressions yields (2.4.3), which completes
the proof of the first part. Now suppose that by > my and m, +m; < oo.
We prove that the MBPIR is exponentially ergodic. By Lemma 2.4.5
(i.e., Corollary 4.49 in Chen (1992)), it is sufficient to show that there
exist two constants C; > 0, C > 0 and a finite nonnegative function
(fi;1 > 0) with lim;_, fi = 400 such that

un( — fi)<C1—Cof;, i>0.

Let Ci=maVmy >0, Co=by—mp >0and f; =4 (i >0). Then for
any 1 > 0,

i aii(f; — fi)
7=0

Gii-1(fi-1 — fi) - Iz, (3) +I§Qiz’+k(fi+k — fi)
< C1 - Cafs,
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where Iz, (-) is the indicator function of Z. Thus the proof is complete.
O

Remark 2.4.2. Yamazato (1975) considered the special case a = 0 and
obtained that the process is recurrent (or positive recurrent) if and only
if by > my (or by > m, and [ —ﬁg)’)dy < oo respectively). As mentioned
in the beginning of this chapter, although we have assumed that a > 0,
our results apply perfect well if a = 0. In particular, if we let a = 0 (and

thus A(s) = 0) in Theorems 2.4.2 and 2.4.6, we then regain the results
obtained in Yamazato (1975).

Corollary 2.4.7. The MBPIR is positive recurrent if and only if one of

the following conditions holds.
(1) by > myp, 2, axlnk < oo and T2, A lnk < co.
(ii) by = mp and

/1 —(A(y) + H(y))
0 B(y)

Proof. If (i) holds, note that for y € [0, 1],

B(y) = (1 —y)(bo — é(ibm)yk) > (bp — myp) (1 — ),

dy < +oc.

and

we know that

1 —A(y) 1
/0 B(y) W= bo — my

™3
M8
£
Eay
R

brad
Il
o
.
I
=

I
M8
k;g.
]38
il
-
g

bp — mp

o

i
[y
.

1
o

since Y32, ax Ink < 0o. A exactly same argument yields that

o0

g

1 —H(y) 1 -1
dy < hi)-k
/0 B(y) Y= bo — ™y k=1(3§k 2
1 o0 0
= S h: Y k< oo
bO_mb ]; Jjgc
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since Y2 hxInk < co. Hence by Theorem 2.4.6, the MBPIR is positive

recurrent.

If (ii) holds, then the condition is just same as that in Theorem 2.4.6

for the case by = m; and hence the MBPIR is positive recurrent.

Conversely, suppose that the MBPIR is positive recurrent. By The-

orem 2.4.6, we have by > myp and

/1 —(A(y) + H(y))
0 B(y)

If by = my, then this condition is just (ii). If by > my, then for y € [0, 1],

B(y) = (1 —y)(b Z(me) *) <bo(1 - )

dy < 4o0.

k=1 j=
and hence
)P
dy > —- a;)- k7t
/(; B(y) bO kgl(_yzz;c J)
= —->a; Yk
bo j=1 7 ik
Therefore,

0 (o0
Ya; Yk < oo
j=1 " j=k

since fO BA%)dy < oo. Hence 232, axInk < 0co. A exactly same argument

yields that

since [} B((y)dy < co. Hence 32, hxInk < co. The proof is complete.
O

As a direct consequence of Theorem 2.4.6, we have the following
Corollary 2.4.8, note that if a = 0, i.e., mg = 0, then the following

Corollary 2.4.8(i) is just the results obtained in Yamazato (1975) (see
Remark 2.4.2).

Corollary 2.4.8. Suppose that m, < co.

(i) The MBPIR is positive recurrent if and only if by > my and

/ B dy<+
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(ii) If by > my and my, < oo, then the process is exponentially

ergodic.

Proof. (ii) is just the last assertion in Theorem 2.4.6. By the first as-

sertion in Theorem 2.4.6, we see that in order to prove (i), we only need

to show that [] = Bl )) dy < oo under the conditions by > my, m, < oo and

Iy = B(y) Dy < co. Indeed since —H(y) = (1 —y) - TR (24 hy)y*~! >

h(l1 — y) we have fj 5 By < 0o. On the other hand, —A(y) (1 —
Y) © Tro(TR ka1 a;)y* < mq(1 — y) which implies that f§ 5 _A(

ma Jy 5 11- y dy < 00. The proof is complete.

O IA

Theorem 2.4.9. Suppose that the MBPIR is positive recurrent. Then
its equilibrium distribution (7Tj;j € Z+) is given by

) 380, sci0.1). (2.46)

_ ~fsA(Z)dx
W(S)-WO{I—I—e o B&) / B

where 7(s) = 52 ;5.

Proof. Suppose that the MBPIR is positive recurrent. In the second
part of the proof of Theorem 2.4.6, we proved that if the MBPIR is
positive recurrent then (2.4.5) holds, i.e.,

5 A@) g s _H( )

— Jo B(z) nyBa:)d‘rd 0.1).
71'(8) o [1+€ B 0 B(y) y ) SE[ ) )

The above equality is just (2.4.6). The proof is complete. O
Finally, we have the following conclusion.
Theorem 2.4.10. The MBPIR is never strongly ergodic.

Proof. Assume that the MBPIR is strongly ergodic, then by Theorem
2.4.2 or Theorem 2.4.6, by > my. By Proposition 6.3.3 in Anderson
(1991), the process is strongly ergodic if and only if sup;s; Ei|og] < oo,
where oy is the first hitting time of state 0. Suppose that @ = (g;;) is the
g-matrix of the MBPIR, define Q = (g;;) as follows:

(0, ifi=0, j>0
W= Vg, ifi>1, j>0.

By Lemma 2.4 in Chen (2002b), E;[oo] = E;[m], (¢ > 1), where 7y is the
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extinction time for the @—process. However, by Theorem 2.3.8, we have

E 1 A(z) A(z;d du > 1 1
-e v B =75 = O0.
up Film) B Y= b Bly)
Therefore, the MBPIR must not be strongly ergodic. O

2.5. Examples

In this section, we use two examples to illustrate our conclusions
obtained in the previous sections. Our first example is that both state-
independent immigration and resurrection are presented with the special
property that a; = h; (§j > 0) and thus A(s) = H(s). Then the basic
equation (2.2.1) takes the special form of

0Fi(t, s) O0F;(t,s)
ot Os
where Fi(t,s) = T2 pi(t)s’ (1>0, -1 <s<1).

A(s) - Fy(t, ) + B(s) - (2.5.1)

Equation (2.5.1) is a first order partial differential equation. The
method of solving such first order partial differential equation can be
found in Anderson (1991) (page 104-109). However, we shall not use
such routine techniques here, but rather, just point out some special
properties which can be obtained by using our method adopted in this

chapter.

We first point out that the transition functions of the process possess

the following interesting property.

Theorem 2.5.1. Let (p;;(t);4,j € Z,) be the Feller minimal Q-function,
where @ is a BIR g-matrix. Suppose further that H(s) = A(s). Then

Fi(t,s) = [Fi(t, )"/ [Fo(t, )7L, i>1 (2.5.2)
and in particular,
pio(t) = Pro(t)/be (1), 2> 1, (2.5.3)
where Fi(t,s) = %2, pii(t)s’ (1 >0, ~1<s<1).
Proof. To prove (2.5.2), we only need to show that
Fi(t,s) - Fo(t,s) = F;_y(t, s) - F(t,s), 1>1,
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or equivalently,
J J
kZOPOk(t)pij—k(t) = 2. pu(t)pi-1-k(t), 12>1, 7 >0.
= k=0
Let 7 > 1 be fixed and denote
J J
fi(t) = kZOPOk(t)Pij—k(t), g;(t) = X pu(t)pi-1j-x(t), 5> 0.
= k=0

It is clear that f;(0) = g;(0) = §;;. By the Kolmogorov forward equations,

we have

f(t)
j j—k+1 i fi—k+1

= 2 pok(t) ( > pir(t)qrj—k) + > ( >, POr(t)qrj—k) pik(t)
k=0 r—0 k=0 \ r=0
j+1j—r+1 J+1j—r+1

- EO kgo pOk(t)pzr( )q?"_] Kt Z Z pOr( )pzk( )QTj—k
311 ];1

— nzog__: pOn( )pzm( )[Qmj—n + qnj—m]:

where g =0 (kK > 0, [ < 0). It follows from the identity Gnj—m + Gmj—n =
Qn+mj + Aj_(n+m) = (jn+mj (here arp — Oif k£ < O) that
Jj+1

fit) = filt)ar
k=0

Similarly, by the Kolmogorov forward equations, we have

g;(t)
J j—k+1 i [j—k+1
= 3 pult) ( > pi-lr(t)qm’—k) + > ( > plr(t)qrj-k) Pi—1x(?)
k=0 r=0 k=0 \ r=0
j+1j—r+1 j4+1 j—r+1
= Y > pu®)picr()grjk + 2 2 P1r()pi-1k(t)gri—k
r=0 k=0 r=0 k=0
j+1 j+1
— Z Z pln(t>pi——1m(t>[Qmj—n + an—m]a
n=0m=0
le.,
/ j+1 i
gj(t) = kZng(t)qm
On the other hand, note that
[ hj, ifi=0,7>0
i ibi a1+ @i, if 1> 1,5>
Gij = @i +aj_i=4 ”.f. T
2by, if 121,7=1—1
L0, otherwise
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where h; = h; + a; and a@; = 2a;. ie., Q is of the same form as the
@ defined in (2.1.1)-(2.1.2). Thus, a same argument as in the proof
of Theorem 2.2.4 yields that the solution of the Kolmogorov forward
equations for the g-matrix Q = (g;) is unique, the only difference is
that h; and a; should be replaced with h; and @; respectively. Thus
fi(®) = g;(t) ( > 1) which implies (2.5.2). Letting s = 0 yields (2.5.3).
g

Secondly, we point out that for this special case (i.e., A(s) = H(s)),
the moments and the equilibrium distribution have also some special
properties. Let {X(¢);¢ > 0} be the corresponding process and denote

its first and second moments as

Mi(i,t) = E;X (), M(i,t) = E;X%(t), i > 0.

Theorem 2.5.2. Suppose that A(s) = H(s).
(i) For any ¢ > 0, M;(3,t) < oo if and only if A’'(1) + B'(1) < co.
Moreover, under this condition, M;(i,t) is given by

i+ A'(1)t, if B'(1) =0,

Ml("’)t) = {iCB,(l)t 4+ g:—g% . (eB’(l)t _ 1)’ Zf B/(l) ?é 0. (254)

(ii) For any ¢ > 0, M>(i,t) < oo if and only if A”(1) + B"(1) < .
Moreover, under the latter condition, if B’(1) = 0 then

My(i,t) = &+ [A(1) + A"(1) +i(24'(1) + B"(1))]t
HA)(A(1) + B (1)) (2.5.5)

while if B’(1) # 0 then

My(i,t) = ;2e2B'(t | A (12)34,-(114) (1) .(623,(1” )
+(2A(1) + B"(1) — B'(1)) - (B M — 1)
z-eB'(l)t+ A’(l) B
B Tae ¢ D] (2.5.6)

(iii) Suppose further that the process is positive recurrent (as stated
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in Theorem 2.4.6) and that by > my, A'(1) = H'(1) < oo, then
the equilibrium distribution (7;; € Z, ) satisfies

Mg

ézk __hmme() j=

Proof. It follows from (2.2.1) that for |s| < 1,
o0 ] ; t o0 t .
> pit)s’ —s' = H(s). || pio(w)du+ A(s) - X ([ pij(u)du)s?
j= J=1

+B(s) - i(/ot pir(u)du) - ks* 1. (2.5.7)

By dividing s — 1 on both sides of (2.5.7), we obtain that for |s| < 1,

s §—-1 1-¢
2 pilt) -y

_ H(S / pzo A—(—)l / p,] du)

s—1 j=

Letting s 1 1 in the above equality and using the Monotone Convergence
Theorem yield that

M(z’ ) —
/sz'U/)du‘l‘A/ Z/pw )du+ B'(1) - [ Mi(i, u)du

Suppose that H'(1) = A’(1), then
Mi(i,t) —i= A(1)t+ B(1 / M (4, w)du (2.5.8)

If A'(1) + B'(1) < oo then solving (2.5.8) immediately yields (2.5.4) and
M (i,t) < co. Conversely, if A'(1) + B'(1) = oo then (2.5.8) implies that
Mi(i,t) =

We now prove (ii). Differentiating (2.5.7) with respect to s yields
oo

3 pij(t) - g8t —ist!
i=1

/on )du + A'(s f: / pij(u)du) - s

j=1

o7



+[A(s) + B'(s)] § / pi;(u)du) - 55771

—l"B(S) Z / Pij u)du (] — l)sj"2.

Noting (2.5.8) we have

e
- H’(Sz = i{,(l) ‘/Otpz'o(u)du
LA 5 pij (w)du) - sfl—- A(1) £, 5 pig(w)du
LA() + B'(s)] - E?il(fc'i;;(U)dU)  jsi=l = B'(1) - £2, (i pij(u)du) - §
Bls s—1

+

2 S P 56 - D5

-1 5
Suppose that H"(1) = A”(1). If A”(1) + B"(1) = oo then letting s 1 1
yields that M(7,t) = co. Now assume that A”(1) + B”(1) < co. Letting
s 11 in the above equality and using (2.5.8) yields that
M, (i, t) — 4°
= A1) + A"Vt + A1) + B'(D) — B(D)] - [} Myli,u)d
+2B'(1 / My(2, u)du.
If B'(1) = 0 then above equality becomes
Ma(i,t) - = [A/(1) + A"()]e+ 24°0) + B'(D)] - [ My(i, w)du
Noting that fj M (i, u)du = it+3A’(1)¢%. Substituting this into the above
equality immediately yields (2.5.5).
If B'(1) # 0, then noting that

t o g : A1) 1 :
M d — B (l)t _ B (l)t _ .
Substituting this into
My(3,t) — i2

= (AW + AW+ AW+ BW) - BO)]- [ MG w)d
+2B'(1 / Ma(i, w)du
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and then solve it yields (2.5.6). Finally, suppose further that the process
is positive recurrent and that by > my, A'(1) = H'(1) < oo, then by (i),

X X . . A'(1) mg
kz::l kmy = lim k; Jpi;(t) = lim My(i,t) = CB(1)  bg—my
The proof is complete. O

Remark 2.5.1. If one checks the proof in Theorem 2.5.2 carefully, one
will find that the strong condition A(s) = H(s) is not really necessary
to get the conclusions in Theorem 2.5.2. Indeed, by checking the proof
of Theorem 2.5.2, one can find that only the condition A'(1) = H'(1)
is needed in obtaining (2.5.8), the much more strict condition A(s) =
H(s) is not necessary. Therefore, the weaker condition H'(1) = A'(1)
is sufficient to obtain (i) while a further assumption H”(1) = A”(1) is
enough to get (i1).

Our second example is that the underlying branching takes a simple

birth-death structure and the immigration is Poisson. More specifically

Letbp = p >0, b0 =X2>0,0,=0( >2),a1 =a>0, aj =
0 (7 >1)and h = 0. Then B(s) = (1 —s)(u— As), A(s) =a(l — s) and
H(s) = 0. Let us agree to call this model as a Birth-Death-Immigration

process without resurrection. By our results obtained in Section 2.3, we

can get the following conclusion.

Theorem 2.5.3. A Birth-Death-Immigration process without resurrec-

tion is always honest. Furthermore, we have the following conclusions.

(i) Ifu>Aorifa<p=A\ thenap=1(:>1)and

1 -y’ -
A { =~ do (1—y)(u—Ay)1“‘”dy’ r>A (2.5.9)
00, of p=A

(i1) If @ > p = A, then
;!

0 = (a//\+z'—1)(a/).\—|—z'—2)---a/)\

<1, i>1, (2.5.10)

and E;[1o|m9 < 00] < oo (i > 1) if and only if a > 2).

59



(iil) If © < A, then

kky
Z =i Tiia
2k=0 (k+a/X\)- (1+a/)\)a/)\

where ¢ = u/A < 1, and Ej[rg|m < oo] < oo for all 2 > 1.

Proof. Note first that in our current situation we have my = A < 0o and
bo = p. Thus by Theorem 2.2.3, the process is honest. Now, in either of
the two cases in (i), the quantity J defined in (2.3.4) is

ds

1 ]_ fs Al
€
( )1 —a/\

%) dg a/A~1, —a/X
0 B(z) = .
o B(s) do = XD [

J =

= Q.

Therefore, by Theorem 2.3.4, ajo = 1 (¢ > 1) and then by Theorem 2.3.8,
(2.5.9) holds.

If a > pu =M, then

N ds 1
J=A ./()(1_8)2_a/)‘_a_)\<oo,

and that for any 7 > 1,

el BB% g
_ s'
= A /0(1_8)2_(1/Ads

Jii = /0 B(S)

T a/A-1 A /0 (1-— s)l‘a/Ads’
and thus
i 3! 1
Ji = —— - Ji-1= : : - .
a/A+i—1 (a/A+i-1)(a/A+7—2)---a/X a— A

Therefore, by (2.3.5) in Theorem 2.3.4 we obtain

J; 7!
0= 7 = : , 21,
40 =7 (a/A+i—1D(a/A+i—2)---a/A v21

which proves (2.5.10). Also it follows from Theorem 2.3.9 that E;[ry|ry <
oo] < 0o (¢ > 1) if and only if a > 2.
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Finally, if 4 < A, then ¢ = p/X < 1. Note that for any k¥ > 0 and
a > 0, we have

_/Oq_s
k

— k—o Y
=) (=g

k—a k!
.(k—l—a)-u(l-{-a)a

= q
Thus we get that

qg 1 s A(z)
D: = /0 . eo B ¥ g

B(s)
1
— )1 —-a/X\ q d
Y
ok
— 1_—a/X
Al 2/0 q_sla/Ads
o0 kkl
— . . )\-1 ~2a/A
(kzzo (k+a/)\)---(1+a/)\)a/)\) 1
and that for any 7 > 1,
g s s AG)
D’i: — . fO B(z)dxd
[y - B
00 kL
— Alg2Al 3y q

E et a/N (1 +a/Na/x
Therefore, by (2.3.6) in Theorem 2.3.4, we know that for any 7 > 1,

kk'
D;  Tkii Gxay-(FaNa/A

K )
D =0 (rra/N (1 +a/Na/x

a;o —

which proves (2.5.11). Finally, by Theorem 2.3.10, it is easily seen that
Ei[mo|m9 < 00] < oo for all ¢ > 1. The proof is complete. 0

2.6. Notes
The three sequences {b,;n > 0}, {a,;n > 0} and {h,;n > 0} are
the basic known conditions of our model.

The special case of birth-death and immigration process was consid-

ered by many authors. For more details, refer to Anderson (1991).
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Foster (1971) and Pakes (1971) considered a discrete branching pro-
cess with immigration occurring only when the process hits state 0, while
Yamazato (1975) considered the continuous version of the latter, i.e., the

special case a = 0.

Here we study the much more general case by combining immigration

and resurrection together.

Lemma 2.2.1(i)—(ii) are well-known, while Lemma 2.2.1(iii)—(v) are
new and important to our study despite their simplicity. Lemma 2.3.3
comes from Chen (1992). All the results (except Lemma 2.2.1(i)—(ii) and
Lemma 2.3.3) in this chapter are new. This chapter has been submitted
for publication in Li and Chen (2004).

The model considered in this chapter is a natural generalisation of or-
dinary Markov branching model and hence it is significant in applications.
In this model, the underlying structure is an ordinary Markov branching
process and the particles act independently. We mainly concentrated on
the study of the influence of immigration and resurrection. From the
next chapter on, we shall consider generalising branching models from
another point of view. In the models we will consider in the following
chapters, the independence property is no longer true (i.e., particles act
dependently) and the corresponding g-matrix takes quite different form
from the model considered in this chapter. Hence, the models consid-
ered in this chapter and in the following chapter possess quite different
properties.
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Chapter 3. Weighted Markov Branching
Processes

3.1. Basic Concepts

Markov branching processes form one of the most important classes
of Markov chains and have a vast range of applications. With the devel-
opment of the modern science, it is necessary to consider more general

branching models. In this chapter, we consider the following model.

Definition 3.1.1 A ¢-matrix Q = (gi;; 4,7 € Z4) is called a weighted

branching g-matrix (henceforth referred to as a WB-g-matrix), if
wibj_i+1, if 121 321-1
qij =

_ (3.1.1)
0, otherwise

where

b;ZO(]Zl), by > 0, O<—b1:ij<OO, wj>0 (]21)
71

Definition 3.1.2 A weighted Markov branching process (henceforth
referred to as a WMBP) is a Z_-valued continuous time Markov chain
whose transition function P(t) = (p;;(t); ¢,5 € Z,) satisfies the Kol-
mogorov forward equations
P'(t) = P()Q (3.1.2)
where () is a WB-¢g-matrix as in (3.1.1).
Note that MBP is a very special case of WMBP, i.e., w, = n (n > 1).
It is well-known that MBP has the branching property. Conversely, Chen
(2001) proved that if a Q-process satisfies the branching property, then

its g-matrix must take (1.4.1)—(1.4.2). Therefore, the branching property
is no longer held for the general WMBP.

3.2. Preliminary
As same as in Chapter 2, let

B(s) =Y b;s’
=0
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and

w .
my = Y jbjs.
j=1

The property of the generating function B(s) can be seen in Lemma
2.2.1. And also let g(< 1) denote the smallest positive root of B(s) =0

as in the previous chapter.

Now, further define a sequence of functions {G;(s); i > 1} as
Gi(s) = {(1.—— si)/B(s) , zf by > my
(¢" —s')/B(s), if bop<mp<+oo
and denote G(s) = G1(s). Each G;(s) is well-defined at least in (-1, 1).
For convenience, sometimes we shall view G;(s) (i > 1) as a complex

function.

Lemma 3.2.1. The complex function G(z) is analytic on the disk
{z; |2| < 1} and thus G(s), as a real function, can be expanded as a

Taylor series
G(s) = Iigksk ,  |s] <1 (3.2.1)
where gy = G®(0)/k! (k > O)_ satisfies the following properties:
i) 0<gr<go (k>0).
(ii) If by < mp < +o00, (and thus B(s) = 0 has a root g € (0, 1)),

then the limit lim,_,, g, exists, denoted by g, and that
l1—gq

oo =

a—— (3.2.2)

In particular, go, > 0 if and only if m; < 4+o0.

Proof. Denote
_ fbo/g, if bo<mp < +oo
- bo, of by > my
and
Zfﬁzl bk+mqm—17 '&f by < my < 400
Zm=1 bk+m, 'Lf by > my,
It is clear that {px; k > 0} is a nonnegative sequence with py > 0 and
X = po, if bp < mp < 400
> Pk .
k=1 < po, tf by > my.
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A little algebra then immediately yields

G(=) = (po = 3 Pz (3.2.3)
Since pp — 2 prz® is analytic on the disk {z;|2] < 1} and |py —
T2 pkzF| > po(1 — |z]) > 0 for all |z| < 1, we obtain that G(z) is
analytic on the disk {z;|z| < 1} and thus can be expanded as a Taylor
series (3.2.1).

Since (3.2.1) and (3.2.3) hold for all |s| < 1 we obtain
pogo =1, pogn =3 prgn-k, n > 1 (3.2.4)
k=1

and then (i) immediately follows.

Now suppose by < mp < +00. After rewriting (3.2.4) as
- an gkan—k =¢n (n > 0)
k=0

where ag = 0, ay = pg px (k > 1) and ¢, = py ' don and noting that
{gn; m > 0} is bounded and ¥32 ; ay = 1, we recognize that (3.2.4) is just
a renewal equation. It follows (see Theorem 3.1.1 in Karlin(1966)) that
lim,, o gn = goo €Xists and
_ Co B 1
 ERika XRiker
Let p(s) = =2, prs”, [0,1). By the definition of pg,

|
M8
M

Q| »

So,



Differentiating the above equality yields that
gp(1) + a(s — q)p'(s) = ¢B'(s) + bo(s — q)-
Letting s 1 1 and noting that p(1) = by/q yields that

(1—-9q)p'(1) = B'(1).

Thus,
e B'(l) my, — bo
k = o 1) = = .
kgl pe=p(1) =77 i
The proof is complete. O

Remark 3.2.1. It follows from Lemma 3.2.1 that for any 7 > 1, G;(2)
is also analytic on the disk {z;|z| < 1} and thus can be expanded as a

Taylor series

o P
Gi(z) = E{)sz!(o)zk, (2] < 1,5 > 1)

where G,(k)(O) is the k’th degree derivative of G;(z) evaluated at 0. By
using (3.2.1), it is easily seen that for any 7 > 1,

) «nAG-D) n=0

G (0) { W) kg if by < mp < +oo
k=0  In—k; of bo > my

(n)
which implies that {gi—n—!@; n > 0} is also nonnegative and bounded. In
particular, by (3.2.4) we have that g,—x < (po/p1)* - gn for 0 < k < n,
and hence for each 7 > 1,

G (0)

Clgn S I
n.

< Cagn, mn2>0
where the positive constants €7 and Cs, which may depend on ¢ > 1, are
independent of n.

The following key lemma plays an important role in our future anal-
ysis.

Lemma 3.2.2. Let (p;;(¢);%,5 € Z;) and (¢i;(N);4,5 € Z.) be, re-
spectively, the Feller minimal @-function and Q-resolvent where Q is a

WB-¢-matrix given in (3.1.1). Then forany <> 1and 0 <s < 1,
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i pi;(t)s’ = B(s)- S pis(t)west ! (3.2.5)
J=0 k=1

and

A éd)ij()\)sj = s' + B(s) - gj dir(Nwys* 1. (3.2.6)

Proof. It follows immediately from the integral recursion scheme (1.3.2)
that

J+1
(A +gj) (H)()\)S%-l—Zcb(n)( MNw - |bj—ks1l,  5>0, n>0.

Noting Y%, |bx| - |s|* < —2b; for all |s| < 1 and using the mathematical
induction principle yields that for any n > 0,2 > 0and 0 < s <1,

> qﬁ,(-Z)()\) cwg - 85 < Fo0.
k=1

Also by the integral recursion scheme (1.3.2) and (3.1.1), we have

S (A q;) s ()8 s+z¢ D Nwest L (bo+ 3 brs™ ). (3.2.7)

7=0 m=1

It follows from (3.2.7) and the above inequaility that

. . o0
—b; 2 sV - wis? < s'— b1 Y dip (Nwgst! < +oo (3.2.8)
k=1

since —bjw; < A+ g and by + £2_; byps™t! < —by for all s € [0, 1].

Now if we define A(A) = ¢7™V(\) — ¢P(A) (n > 0). Then
Ag?)()\) > 0 and
lim A (A\)=0  for dll i,j€ Z,. (3.2.9)

n—o0

Using this notation, (3.2.7) can be rewritten as
A z #57NS = '+ Bls) X gii) (Nuws'™

+bys Z AT (N wysi 1. (3.2.10)
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Also, by (3.2.8),

—by i (gbz(?ﬂ)( )s — gbg-’)(/\)) -szj_l <s selo1].

j=1

Lettmg s = 1 in above inequality and noting A( +1)()\) = ¢(n+1)(/\) —
45” (A) (n > 0) yields that

S AW N we < —1/b, n> 1.
k=1

Hence applying Dominated Convergence Theorem and using (3.2.9) we
obtain that for 0 < s < 1,

w .
A Zl AT Nw;si ™ = 0.

j=
Letting n 1 co in (3.2.10) and using the above limit leads to the fact that
for 0 < s <1,

A lim Z ¢(n+1 (N)s? = 5"+ B(s) - Jim i Z (N wgs®L.

Tl—)OO :
Noting qﬁz-;" (A) 1 ¢i(A) (see (1.3.2)) yields that for 0 < s < 1,
AY ¢ii(N)s! = s+ B(s) - lim Y- 650 (M) wis* (3.2.11)
j=0 k=1

provided that B(s) # 0. However by Lemma 2.2.1(ii), we may find an
e > 0 such that B(s) # 0 for all 1 —¢ < s < 1. Hence by (3.2.11) we

have
o0
lim > ¢§Z)(A)wksk'1 <400, for s€[l—g,1).
k=1
The above inequality trivially implies that
o0
lim kgl ¢§Z)( Nwis* ™! < +o0o0, .for s€0,1).

Using Monotone Convergence Theorem and noting the above inequality
then yields that for s € [0, 1),

5 aumst™ = i 5 POt <voo. (3219)

Substituting (3.2.12) into (3.2.11) yields (3.2.6).
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Finally, since A %2, ¢ij(\)s? — st and =324 ¢i;(\)w;s?~1 are just the
Laplace transforms of 32 p;; (t)s! and X2, p; j(t)w;s’~! respectively, i.e.,
(3.2.6) is just the Laplace transform of (3.2.5). However, both sides of

(3.2.5) are continuous functions of ¢, and thus (3.2.5) holds for all ¢ > 0.
O

Lemma 3.2.3. Let (p;;(t); i,7 € Z,) be the transition function of the
Feller minimal WMBP.

(i) For any i, k£ > 1, we have

1 ¢¥ (o)

/Ooopik(t)dt = wy, ) (k‘ _ 1)'

< +00 (3.2.13)

where ng_l)(O) denotes the (k — 1)’th degree derivative of G;(s)

at 0, and hence lim;_, px(t) = 0. Moreover, for any ¢ > 1,

P 1, af bp<my <
lim pio(t) = {q o bo <y < oo (3.2.14)
t=oo 17 Zf bO 2 ™myp

where 0 < ¢ < 1 is the smallest positive root of B(s) =0 on [0, 1].
(i) If £ (gr_1/wk) < +oo, in particular, if §2;(1/wx) < +oo,

then for any 2 > 1

[T (3 pa®)dt < +o00 (3.2.15)
k=1
and hence .
lim Y pir(t) = 0. (3.2.16)
t—oc k=1

Proof. For any fixed i > 0, it follows from the Kolomogorv forward

equations that
t
pio(t) = dio + bo/O pir(u)du
which clearly implies that [§° p;1(t)dt < co. Suppose that [5° pir(t)dt <

oo for k < j. jFrom Kolmogorov forward equations we can see that

J . .
pij(t) — 5z'j = kz_:l wkbj—k+1 . /0 pz-k(t)dt + ’wj+1bo/0 pij+1(t)dt
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and hence [§° p;j+1(t)dt < oo. Therefore, the left-most quantity in (3.2.13)
is finite by the mathematical induction principle. Hence all states 7 = 1

are transient. It then follows that

lim p;;(t) =0, (Vi>1,52>1). (3.2.17)

t—00

We now prove (3.2.14). If by > my, then B(s) > 0 for all s € [0, 1].
Therefore, from (3.2.5) we can see that for s € [0, 1),

3 pij(t)s? —s' > 0.
=0
Letting ¢ 1 0o and noting lim;_,c p;j(t) = 0 for all j > 1 yields that

lim pio(t) > s, s€]0,1)

t—o0

which implies (3.2.14). Next consider the case by < mp < +00. Recall
that for this case, the equation B(s) = 0 possesses a smallest positive
root g such that 0 < ¢ < 1. Letting s = ¢ in (3.2.5), we obtain that for
all t > 0,

0.

S pii(t)d =¢, i>1. (3.2.18)
j=0

Now letting ¢ — oo yields
lim pio(t) + lim 3° pi;(t)d’ = ¢'. (3.2.19)
7=1

t—oo

Note that here both limits in (3.2.19) do exist. Now since 0 < ¢ < 1,
we may apply the Dominated Convergence Theorem in (3.2.19). This
together with (3.2.17) immediately yields (3.2.14).

We now proceed to prove the equality in (3.2.13). Integrating with
tin (3.2.5) yields

i pij(t)s’ — s = B(s) 3. (/Ot pir(w)du) - wy - s*71. (3.2.20)
20 k=1

For s € [0,1), letting ¢ 1 400 in (3.2.20) , using the Dominated Conver-
gence Theorem and (3.2.17) in the left-hand side of (3.2.20) and applying
Monotone Convergence Theorem in the right-hand side of (3.2.20) yields
that

lim pz-o(tl) — s = B(s) é(/ooo pir(u)du) , Wy, - g1,

t—o0
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Dividing B(s) on the both sides of the above equality yields

limy oo pz’O(t) — & X, [ k—1
B(s) — ké:l(/o pir(u)du) - wy - s° .

Noting (3.2.14) and the definition of G;(s), we rewrite the above equality
as

Gi(s) = gjl(/ooo pir(8)dt) - wy - $F7L. (3.2.21)

Since (3.2.21) holds at least for all 0 < s < 1, we obtain, by using the

uniqueness of Taylor expansion, the equality in (3.2.13).

Finally, we prove (ii). Suppose that ¥ (gk—1/wi) < +oo. Then by

Remark 3.2.1 we see that for any + > 1, 232, wik : Q(g,,:—__—li)(—!o) < 4+00. Now

using (3.2.13) immediately yields (3.2.15). In particular, if ¥2,(1/wi) <
+00, then since {gx} is bounded we obtain

S (gh_1/wk) < +00
k=1

and thus (ii) holds. O

3.3. Regularity and Uniqueness

We now discuss the regularity and uniqueness of the process. First

consider the case by > mg.

Theorem 3.3.1. If by > m;, then the WB-g-matrix @ is regular. That
is, the Feller minimal Q-process is honest and thus there exists only one
WMBP.

Proof. If by > my, then by Lemma 2.2.1(ii), B(s) > 0 forall 0 <s <1
. It then follows from (3.2.6) that

AS di(N)s? > s, 0<s<1l
=0

Letting s T 1 yields that X332, ¢;;(A) > 1. However, the converse in-
equality always holds and thus A £ ¢;;(A) = 1. Hence the Feller mini-
mal Q-process is honest. 0

Theorem 3.3.2. Suppose 20, (1/wy,) = +00.
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(i) If my < 400, then Q is regular, i.e., the Feller minimal WMBP
is honest and thus there exists only one WMBP.

(i) If mp = +oo and T2, (ge_1/wg) < 400, then Q is not regular,
i.e., the Feller minimal WMBP is dishonest.

Proof. We prove (ii) first. Suppose the contrary is true, then
m .
1—pio(t) = > pu(t), Vi1
k=1
which, together with (3.2.15) in Lemma 3.2.3, yields

[T = puo(t))dt < oo.

Hence we obtain lim;_, pio(t) = 1 which contradicts with (3.2.14) in

Lemma 3.2.3 since we have assumed that my = +o0.

We now prove (i). If by > my, the assertion is just Theorem 3.3.1. So
we only need to consider the case by < mp < +00. Using the definition

of G(s) we may rewrite (3.2.6) for < =1 as
(- 5) g:l pre(Nwes*~! = G(s)[\ 20 p1e(N)s* — s].

Since the above equality holds for all s € [0,1), we derive that, by com-
paring the coefficients of both sides and noting (3.2.1), for n > 1

qP1n+1(A)Wnt1 — d1a(A)wy = ké/\cﬁm(/\)gn_k — On_1. (3.3.1)

Noting Lemma 3.2.3 and the fact that 32, Ap1x()) < 1, we obtain (see
for example Theorem 2.5.5 in Hunter (1983)) that

T 3 AN gt = goo - 3 Adus(Y), (3:3.2)
k=0 k=0

where go, > 0, guaranteed by the condition by < my < +00, is given in
(3.2.2). We now claim that for any A > 0 we have

> Ag() = 1. (3.3.3)
k=0

Indeed, if (3.3.3) does not hold then there exists a A > 0 such that
1 - APy d1x(A) > 0. Letting n — oo in (3.3.1) and using (3.3.2) and
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(ii) of Lemma 3.2.1 we obtain
Jim (¢1n(A)wn — gdins1(\)Wnr1) = goo - (1 — 3 Ad1x(X)) > 0.
k=0

Hence there exists a constant 6 > 0 and an integer N > 1 such that for

all n > N, we have

$1n(X) > 6wt
This is a contradiction since ¥, w;! = +00. Thus (3.3.3) holds for all
A > 0. It follows from (3.3.3) that

S k(N =1 (¥A>0)
k=0

for all « > 1 since the set of all positive states forms a communicating

class. As for 7 = 0, it is trivially true. This completes the proof. O

Theorem 3.3.3. Suppose 2 ,(1/w,) < co. Then @ is regular if and
only if by > my.

Proof. By Theorem 3.3.1, we only need to prove that if by < my < +o00,
then @ is not regular. However, this is easy. Indeed, since {gx; k£ > 0} is
bounded we know that ¥ ;(1/wx) < oo implies Y22 ;(gx—1/wk) < oo and
thus the conclusion follows from the first part of the proof of Theorem
3.3.2. O

The previous three theorems established regularity criteria. If a WB-
g-matrix @ is regular then there exists only one WMBP. However, the
converse may not be always true. Indeed, if a WB-g-matrix () is not reg-
ular, then although there exist infinitely many (even honest) Q-functions,
there may still exist only one WMBP since our WMBP must satisfy the
Kolmogorov forward equation (3.1.2). Therefore, in addition to the reg-
ularity criteria, we also need to establish uniqueness criteria. We first
consider the case ¥ ;(1/wy,) = +oc. Interestingly, although there exists
infinitely many honest @-functions, there always exists only one WMBP,
as the following result shows. Although by Theorem 3.3.2 we only need
to consider the case my = +oo, we shall not confine ourself to this case

since the proof is the same.

Theorem 3.3.4. Let Q = (¢;j;%,7 € Z) be a WB-g-matrix. f 2 ,(1/w,) =
+o00, then there always exists only one WMBP.
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Proof. By Anderson (1991) (see Theorem 2.2.8 there) or Yang (1990),

we know that for any g-matrix @, if the equation

{Y(” ~@)=0 (3.3.4)
0<Y,Y1< +oo

has only a trivial solution for some (and therefore for all) A > 0 where
1 denotes the column vector on Z, whose components are all equal to
1, then there exists only one Q-function satisfying the Kolmogorov for-
ward equation. For our case, WMBP satisfies the Kolmogorov forward
equation, therefore, we only need to prove that (3.3.4) has only a trivial

solution for X = 1.

Suppose Y = (y;;¢ > 0) is a non-trivial solution of the equation
(3.3.4) for A = 1. Then (3.3.4) can be rewritten as

n+1

Yn = Y YjWibp_ji1, n >0
J=1
or, equivalently,
{y1w1bo = Yo, 235
Yn+1Wnt1bo = Lo Uk + Lo YkWk - (Z52p_i2b5), n > 1. (3:3:5)

It is easily seen that if yg = 0, then y, = 0,Vn > 0. So we may assume
that yo > 0. It follows from (3.3.5) that

Yo
bOwn+ 1

Ynh1 Z

Since 52 1(1/wy) = +00, we obtain that %y, = +o0o which shows
that Y = {y;; ¢ > 0} is not a non-trivial solution of Equation (3.3.4) for
A = 1. This is a contradiction. The proof is thus complete. O

In contract to Theorem 3.3.4, the conclusion regarding uniqueness

is much more subtle for the case ¥22,(1/w,) < +oo.

Theorem 3.3.5. Let Q = (gi;;%, j € Z+) be a WB-g-matrix. If Yoy (1/wy,)
< 400 and by < mp < 400, then there exists only one WMBP if and
only if

Ean=+oo | (3.3.6)
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1 n —
Ry = 1, R,= + Z MRk_l, (n > 1) (337)
bown1  f=1 bownit
with
Th = D, b, (n > 1). (3.3.8)
J=n+l1

Proof. By Theorem 3.3.3 we see that if by < my < 400 and ¥, (1/w,) <
+00, then the WMBP g-matrix @) is not regular. Hence there exists only
one (-function which satisfies the Kolmogorov forward equation (3.1.2)
if and only if the equation (3.3.4) has only a trivial solution for some (and
therefore for all) A > 0 (see, for example, Anderson (1991)). However
by the proof of Theorem 3.3.4 we have seen that any non-trivial solution
Y = (y;; ¢ > 0) of the equation (3.3.4) for A = 1 can be obtained by
(3.3.5). Now denote 0, = 2F_oyx, (n > 0). It is clear that (o,;n > 0)

is an increasing sequence and, by (3.3.5),
n
(On+1 — On)Wni1bo = 05 + D (0% — Oh—1)WETp—k+1, 7 > 1, (3.3.9)
k=1

if we define the sequence {7,; n > 1} as in (3.3.8). It follows that there
exist more than one WMBP if and only if {o,; n > 0} is bounded. Now

we claim that

Fo(o1—00) <opy1—0pn < Frop, n>1 (3.3.10)
where
et (3.3.11)
bows
and
F,= LTI S WkTkrlp s (3.3.12)

bowny1 k=2 boWn4
Indeed, by (3.3.9),

01 (01 — UO)'wlTl

o9 —01 —

bowo bows

1 -|—’w17'1

> ———— (01— 09)
bow

= Fi(o1 — 09)
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and

01 o1w1n
o9 — 01 <
bowy  bowy

Suppose that (3.3.10) holds for n < m. Then by (3.3.9),

= Flal.

Om+2 — Om+1

1 m+1
= 3 NOmt1 + D (0, — Ok—1) Wk Tm41-k+1
0Wm+2 | k=1
o1 — 0y i m+1
2 N1+ w1 g + Z Fi_1 - WrTmy2—k
boWrm4-2 | k=2

14+ wiTme1 " WeTmt2—k
— (01 — 00) : b + Z b ) Fk_l
0Wm+2 k=2 00Wm+2

= Fni1- (01— 0p)

and
Om+2 — Om+1
1 m+1
Noma1 + (01 — 00)W1Tim41 + D Th—1WkTm+2-k
boWm+2 b=
1+ wiTmer 1 WeTimpo—k
< [ +Z 'Fk—l * Om+1

boWm+2 k=2 bowmyo
Frs1 Omy1.

By the mathematical induction principle, (3.3.10) holds. Note that o; —
oo = 1 = yo(wibg)™! > 0 and thus the boundedness of {g,; n > 0}
implies

> F <4+ (3.3.13)
n=1

by using the left-hand side inequality in (3.3.10). Conversely, if (3.3.13)
is true then using the right hand side inequality in (3.3.10) we obtain

10.9)

> (an+1 —1) < +o0
n=1 On

which implies {¢,; m > 0} is bounded. Therefore there exist more than
one WMBP if and only if (3.3.13) holds. However, it is trivial to see,
by comparing (3.3.7) with (3.3.11)—(3.3.12), that if we let Ry = 1 then
F, = R,, (n>1). This completes the proof. 0

The advantage of criterion (3.3.6) is that the sequence {R,} in (3.3.6)
can be obtained by using (3.3.7) and (3.3.8) since {b;} and {wi} are
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known sequences. In some cases, even the closed form of the sequence
{R,; mn > 1} can be given and thus our criterion is satisfactory. For
example, although we shall not provide details here, we point out that in
the case when there exists a positive integer N such that b, =0 (V¥n >
N), then (3.3.7) can be easily transformed into a finite difference equation
with constant coefficients and hence a general closed form for {R,; n >
1} is completely available. That is, all the values of R, are known and
therefore (3.3.6) can be checked directly.

For general cases, however, checking criterion (3.3.6) may not be
always simple since the sequence {R,; n > 1} is given recursively in
(3.3.7). Fortunately, in many cases particularly in the models which
have important applications, we do not need to check (3.3.6). Indeed,
a much better sufficient condition can be given as the following result
shows. Because of its importance, we shall write it as a theorem rather

than a corollary of Theorem 3.3.5.

Theorem 3.3.6. Let Q = (gij;7,j € Z;) be a WB-g-matrix satisfying
o2 1(1/wn) < 400 and by < mp < 400 and thus the equation B(s) = 0
possesses a positive root g such that 0 < ¢ < 1.

(i) If limsup, o {/Wn+1 < 1/g, then there exists only one WMBP
and this unique WMBP is just the Feller minimal Q-process
which is dishonest.

(ii)) If liminf, o ¢/wnt1 > 1/4q, then there exist infinitely many
WMBPs. Exactly one of them is honest which is not the Feller
minimal @J-process.

(iii) Suppose that lim, . ¢/Wnt1 = w exists. Then if w < 1/q
there exists only one WMBP which is the (dishonest) Feller
minimal Q-process while if w > 1/q, then there exist infinitely
many WMBPs with exactly one of them being honest.

Proof. We only need to prove (i) and (ii) since (iii) is just the spe-

cial case of (i)—(ii) (i.e., the case lim, o {/Wns1 = w exists). Suppose
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(i) is not true then by Theorem 3.3.5, ¥, R, < +oco, where {Rn} is
given in (3.3.7). It follows that limsup,,_,., /R, < 1 (otherwise, 2521 18
convergent), so if we define h, = R,w,11 (n > 0), then

lim sup \75; < limsup v R, - linri)sup JWni1 < 1/q. (3.3.14)
n—00 n—00

n—00
Thus there exists an ¢ € (0,1 — q) such that for any s € [0,q9 + €)
the generating function of {h,}, denoted by H(s) = 52, hns", is well-
defined and finite, in particular, H(g) < co. In consideration of the fact
that the sequence {7,,} defined in (3.3.8) is decreasing and thus bounded,
the generating function ¥, 7,,s” is also well-defined and finite at least

on [—1,1). Now, we rewrite (3.3.7) as

n
bownr1Ry =1+ > wpTpop1Re—1, (n>1),
k=1

ie.,
n
bohn =14+ > Tn—kt1hi—1, (n>1).
k=1
Therefore for any s € [0,q+¢) C [0,1),

o S 6. 0) n
bo D hns™ = + 2 (2 Tnk+1he_1)s"

S = k-1 k+1
= -+ Z hi_15 . Z Tn—k+1S" +
1-s =21 nek
S
1-—s
S x (o0}
= +H(s)- > 3 bjpis™

1-s m=1j=m

00 J
+ H(s)- > bjy1 > s™
J=1

m=1

o0
+ H(s): Y 1ps™
m=1

l1—s
s+ sH(s) £ by (1~ o)

]':

I

since T, = Y32, bi41. By reviewing the definition of B (s) and noting

that hy = Ryw; = w;, we may rewrite the above equation as
B(s)H(s) = s+ bowi(l—5), 0<s<qg+e<1. (3.3.15)

Letting s = ¢ in (3.3.15) and noting B(g) = 0 we obtain that H(q) = 400
which contradicts with (3.3.14). This completes the proof of (1).
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In order to prove the first part of (ii), we only need to prove that
if iminf, o ¢/Wat7 > ¢!, then 2%, R, < 400 (see Theorem 3.3.5).
Similarly as in the proof of ( ), by using (3.3.7) and again denoting h,, =
Rowni1 (n > 0), we may get for s € [0,1) and any positive integer
N > 1,

s — giV+l n

N N
bo Z hy,s" “_1—_—:9— + Z(Z Tn—k+1Mk— 1)
k__

n=1 n=1 k=

3—8N+1 N

N
— n—k+1
- 1 Z hk : Z Tn—k+18
— S k=1 n=k

S

0
1 —I—th AR D A
— S k=1 m=1
S N oo 00

1_S+thsk-z ij+18m

k=0 m=1j=m

VAN

IN

— 1 +thS-ij+1ZS
— 5 k=0 j=1 m=1
N 00

S .
= 1 _ 8[1 -+ Z hksk . Z bj_|_1(1 — 8‘7)].
k=0 j=1

ie.,
bo(1 — s) ‘E hps" < s+s % his" - i bir1(1—s")
n=1 k=0 i=1
and so N
B(s) .nz() hps™ < s+ bowi(1 —s).
Since B(s) > 0 for s € [0,q), (see Lemma 2.2.1(ii)), we obtain that for
s € [0,q) and any positive integer N

N s + bow;y (1 — s)
hps™ < :
ngo T B(s)

It follows that ¥52 4 h,s™ < +o0 for s € [0, q) and thus
.. . n . -1
111{1_1> golf Y Wpaq - h{i sup v R, < hzri) sup vVRywny1 < g
Since liminf, o #/Wni1 > q !, we then obtain from the above that

limsup v R, <1

n—o0
which implies that ¥32 ; R,, < +o00. The first part of (ii) is thus proved.
Finally, by Theorem 14.2.7 in Hou and Guo (1988), for a conservative
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g-matrix @, if the equation (3.3.4) has just one linearly independent so-
lution, then there exists exactly one honest Q-function satisfying the
Kolmogorov forward equation. In the present case, since we have known
that there exist infinitely many WMBPs, i.e., the equation (3.3.4) has a
nontrivial solution. By (3.3.5), we see that this solution is linearly inde-
pendent. Therefore, the other part in (ii) holds. The proof is complete.
O

Criterion (iii) in Theorem 3.3.6 is very useful and simple in applica-
tions. Indeed, in many applicable models, we actually have lim, 00 {/Wn+1
= 1 which is less than 1/q when by < m, < 4+00. Hence Theorem 3.3.6
is immediately applicable. Therefore Theorem 3.3.6, together with The-
orem 3.3.4, can answer nearly all the uniqueness questions. For example,
for the models discussed in Chen (2002a, b), we have w, = n’ where
6 > 0 and thus lim,, o /Wry1 = 1. Now suppose by < mp < 400 and
@ > 1 we know that there exists only one WMBP by applying Theorem
3.3.6. On the other hand if 0 < 6 < 1, then using Theorem 3.3.4 we get

the same conclusion.

3.4. Hitting Times

We now turn to consider the hitting times, particularly the extinction
time and explosion time. From now on, we shall only consider the Feller
minimal WMBP. Let {X(¢);¢t > 0} denote the Feller minimal WMBP

with a given WB-g-matrix @) and 7y be the extinction time defined as

; _{inf{t>O;X(t):O}, if X(t)=0 for some t>0
" | oo, if X()40 for all >0,

For every ¢ > 1, let
aio = lim piy(t) = Fi(70 < o0)

denote the extinction probability when the process starts at state § > 1.
Here and henceforth P;(-) denote the conditional probability P(-|X(0) =

Theorem 3.4.1. For the Feller-minimal WMBP starting at state ; > 1
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the extinction probability is given by

t< 1, if by <mp <400
aioz{q 7 b b= (3.4.1)

17 ’lf bO Z my
where 0 < ¢ < 1 is the smallest positive root of B(s) = 0 on [0,1]. The
mean extinction time E;[7g] is finite if and only if both by > m; and

> 1(gx_1/wk) < 400 hold and, under these conditions, is given by

x> 1 GFY(0
Ei[ro] = k; R 1()!), (3.4.2)

where FE; is the mathematical expectation under P;. More specifically, if
bo > my, then E;[79] < +oo if and only if 32 ; (gk—1/wk) < +oo and when
this holds, E;[r] is given in (3.4.2). In particular, if ¥2;(1/wk) < 400,
then for all 2 > 1, E;[ry] < +00. On the other hand, if by < mp < +o00,
then E;[1] = +o0.

Proof. The proof of (3.4.1) has been already given in Lemma 3.2.3, see
(3.2.14). We now prove the latter part of the theorem. Suppose by > my,
then by Theorem 3.3.1 the Feller minimal WMBP is honest. Hence by

Lemma 3.2.3, we have

1

1
Wi (k — 1)!

Eifro] = /Ooo(l — pio(t))dt = /Ooo(glpik(t))dt = 21

(k~1)
which is finite if and only if Y32 1(gk—1/wk) < +o00 because {@_ﬂ)_.

' k >

k-1 0 " =

1} is bounded for each ¢+ > 1. See Remark 3.2.1. The last statement
in the current case also follows from Lemma 3.2.3. On the other hand,
if by < my < +o0o, then a0 = 1 — ¢¢ <1, (¢ > 1), and therefore

Ei[T()] = 4-00. O

By Theorem 3.4.1 we see that if by < mp < +00, then E;[r) = +o0.
The reason for this uninformative fact is that in this case we have P;(1o <
4+00) = ¢¢ < 1for ¢ > 1. Hence instead of considering the uninforma-
tive Fj[ro] itself, we are now interested in finding the conditional mean
extinction time E;[mo|7o < oo] when the process starts at state ¢ > 1,
where E;[-|70 < oo] is the conditional mathematical expectation under
the condition {79 < oo} with respect to F;. By conditional mathemat-

ical expectation, E;j[1o|1y < 00| = E;[10 {r,<o0})/ Fi(T0 < co). Note that
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701 {ry<o0) i random variable and thus, although it is finite almost surely,

the mathematical expectation may not be finite.
Theorem 3.4.2. Suppose by < mp < +00.
(i) If 222, (gk—1¢"/wi) < oo, then for i > 1, Ei[rg|ro < 00] < +00

and in which case

(3.4.3)

In particular, if £, (¢ /wi) < +oo (especially, if $22,(1/wg)
< 400), then for 1 > 1, E;[r|m < oo < +o0.
(i) If 22, (gr—19%/wk) = +oo, then for 1 > 1, E;[1o|70 < 0o] = +o00.
Proof. Noting that P;(ry < t|7 < 00) = pio(t)/¢* and thus by (3.2.18)

and Lemma 3.2.3 we have

Efnlm <oo] = [~ (1= Pmn < t/r < c0))dt

o0

= ¢ [ —pa®)at = [7(S pu(t)g)a

—1

o 1, GV ko : :
By Remark 3.2.1 we see that ©32, - “fpr ¢ < +o0 (i 2 1) is
equivalent to Y%2,(gr_1¢"/wkr) < +oo and this together with Lemma

3.2.1 completes the proof. O

We are now in a position to consider the mean explosion time. By
Theorem 3.3.1, we only need to consider the case by < mp < 4+00. Let
T denote the explosion time, i.e., the time epoch that the WMBP tends
to infinity and let a;c = Pi(7e < 00) denote the explosion probability.
In addition, let p;(t) denote the explosion probability by time ¢.

Theorem 3.4.3. Suppose that by < my < +o00 and T (gr—1/wy) <
oo. Then for any z > 1,

Qi =1—¢'>0 | - (3.4.4)
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1 G{Y(0)
l—qz k=1 Wi (k*"].)'

(1 - ¢%) < +0. (3.4.5)

In particular, if ¥32 (1/wi) < 400, then for all 1 > 1, Fj[r,|7e < 00] <
+0Q.

Proof. Since by < mp < +oo and T2,(gr_1/wi) < oo, we know by
Theorems 3.3.2 and 3.3.3 that p;(¢) > 0 for all ¢ > 0 and

Pico(t) =1 — é)pij(t) (3.4.6)

which yields (3.4.4) by letting ¢ — oo and using (3.2.14) and (3.2.16).
Also noting that

P10 <t < 00) = pico(t)/(1 = ') (3.4.7)

by (3.4.4) and (3.4.7),

Ei[Too|Too < 00] = /000(1 — P(Too < t|70 < 00))dt
1

T 1o q /000(1 - qi — Pico(t))dt.

Using (3.4.6) and (3.3.20) in above equality yields that

Ei|Too|Too < 9]
1

= T I pal®) = o+ pa(®)at

[

Noting (3.2.13) yields that

L g G¥(0)

1 k
. 1—gq
1 —q" g3 wg (k"l)!( )

Ei[ToolToo < OO] =

which is finite by the assumed condition. In particular, if %2 ,(1/wg) <

+00, then 22 ,(gk-1/wk) < +o0 since {gr; £ > 0} is bounded, thus the
Jast statement holds. The proof is complete. O
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Finally, we consider the following question. Suppose a WMBP starts
at state ¢ > 1, then before the final extinction or explosion, the process,
with probability 1, will “enjoy” its life by wandering over the positive
states. We are now interested in obtaining the overall mean holding
time at each positive state j > 1, since it provides important and very
useful information regarding the evolution behaviour of the WMBP. Let
us agree to call them the global holding times. More specifically, for any
1>1,72>1,let

o0
pij =: Ei[lix@)=5] = /0 pij(t)dt

denote the mean global holding time at state j before extinction or explo-
sion. Clearly p; = 352, pi; is the mean total survival time of the WMBP
when the process starts at state ¢ > 1. However, the solutions to this
question have been implied by our previous work and thus we only need

to summarize them here.

Theorem 3.4.4. Suppose the Feller minimal WMBP starts at state
1> 1.

(i) For any j > 1, the mean global holding time at state j is always

finite and given by

1 G700
wj (G-

Mij = (3.4.8)

(ii) The mean total survival time of the WMBP is finite if and only

if £%21(gj-1/wj) is convergent and, in which case, is given by

© 1 GYY(0)
=iwy (-1

(3.4.9)

Proof. By the definition of u;j, (¢,7 > 1), pi; = J5°pij(t)dt. On the
other hand, by (3.2.13) in Lemma 3.2.3, /§° p;;(t)dt = w% : —qg;)(?) Hence
(i) holds. Summing (3.4.8) over j > 1 yields that (3.4.9). Using Remark
3.2.1, we see that (3.4.9) is finite if and only if ¥32,(gj-1/w;) < co. The

proof is complete. 0
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3.5. Probabilistic Approach

As in nearly every branch of random processes, there are two meth-
ods, i.e., analytic method and probabilistic method. In analytic method,
we can use the related results in different mathematical branches and thus
more explicit results can be obtained in general. However, probabilistic

method can bring us deeper probabilistic and intuitive insight.

The methods used in the previous sections are mainly analytic. In
this section we shall use probabilistic method to regain most of the results
obtained before. From the definition of the ¢g-matrix () of WMBP, we can
see that WMBP is closely related with compound Poisson process. The
latter is well-discussed and has many deep properties. Therefore, we will

use compound Poisson process to study the WMBP.

For this approach, it is more convenient to denote the weight function
w; as w(z) and define w(0) = 0. Let {Y(t); ¢ > 0} be a compound
Poisson process on the set Z of all integers with the generator, i.e. the
conservative g-matrix Q* = (q;"j), where the elements of Q* are given by
(here only the non-zero off-diagonal elements are specified)
. bj—iv1, if 7>1
T = {bo, if j=i—1.

The properties of this process are, of course, well-known.

(3.5.1)

Now let Ty be the first hitting time of state 0 of the process {Y(¢)}
and define

n(t) = /OMT" ;—U(—}‘is(—@, t>0.

It is clear that n(¢) is an increasing function of £ > 0 with probability
1 and thus possesses a limit, denoted by n(7p), as t — oo as well as a
right-inverse function, denoted by 6(t). It is easily seen that
To ds
Ty) = — -
1) = e

is finite on the set {Ty < oo}, for if Ty < oo then Y(¢) has only finitely
many jump points until 7. On the other hand, n(Tp) can be either finite
or infinite on the set {Tp = oo}. Note that for any ¢ > 0, 6(t) is only
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well-defined on the set {n(Tp) > t}. If n(Tp) < oo, then the process X (t)
we are studying stops at time 7(7p). For this reason, we shall extend its
definition to the set {Ty < oo, n(Tp) < t} by defining it as Tp. It follows
that for any ¢ > 0 we have

o(r) = [ 0w B oty =t i 0(To) > ¢
To, if n(Tp) < tand Ty < oo.
We shall leave 6(t) undefined on the set {n(Tp) < t, Ty = oo}. Fur-
thermore, for any stopping time 7, particularly the jump times on, of

the compound Poisson process Y (t), we define n(7) = fg Ao U(}%sﬁ' Now

(3.5.2)

suppose Y (t) starts from some positive state and define

X(t) =Y(6(), >0, (3.5.3)

0(t) = [ w(X(s))ds. (3.5.4)

Indeed, by (3.5.2) we see that 9(t) < T on the set {n(7p) > ¢t} and so

/H(t)
0

_ [BOAT ds
ey

1 do(t) 1 do(t)
wY(0R)) &  w(X@®) dt
This yields (3.5.4) by noting 6(0) = 0. Note that (3.5.4) also holds on
the set {n(Tp) < t, Tp < oo} since we have defined w(0) = 0.

Hence
1 =

By (3.5.2) and (3.5.3) it is clear that the process X(t) possesses
the same jump behaviour as Y'(¢) until Y(¢) first hits the state 0 at Tj.
Furthermore, with probability 1, the process X (¢) shares the same sample
path behaviour with Y'(¢) until, again, Y (t) first hits the state 0 at T}
except that the length of sojourn times may not be the same. It is easily
seen, however, that the sojourn time at any state £ > 1 of X(t) is the
scaled, by 1/w(k), sojourn time of the compound Poisson process Y (t) at,
the same state before the latter first hits the state 0 at Ty. The difference
is that the process X (¢) will stay at 0 forever after it hits the state 0 and
thus 0 is an absorbing state for X (t). Therefore X(t) is just the Feller
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minimal WMBP whose ¢g-matrix Q is given in (3.1.1) (see (3.5.1)). Hence

we have proved the following obvious conclusion.

Theorem 3.5.1. The process {X(¢t); t > 0} defined in (3.5.3) is the
Feller minimal WMBP whose g-matrix Q is given in (3.1.1).

In other words, any WMBP, including the well-discussed ordinary
Markov branching process, can be viewed as a random time change of
some compound Poisson process. This explains the reason why WMBPs
share so many common properties with the ordinary Markov branching
process. These properties will be shown more clearly below. From now
on, we shall always assume that both X(¢) (the WMBP process) and
Y (t) (the compound Poisson process) start at the same state 1 > 1. As
defined in Section 4, let 7y = inf{t > 0; X(t) = 0} and 7, denote the
hitting time at 0 and the explosion time of X (t), respectively. Also recall
that Ty denotes the first hitting time of state 0 of Y(¢). It is then easily

seen that ‘
To, tf Tp < o0

Tp) =

7w {Too, if To=
Furthermore, let T} (Y) be the time spent at state k(> 1) of Y (¢) until
Y (¢) first hits the state 0. Similarly, let

(3.5.5)

Tp(X) = /0 Iix@-nydt, k>1

denote the total time spent at state k > 1 of the WMBP X (¢) where I,
is the indicator function. From the definition of X(t), we know that if
w(n) = 1 then T(Y) = Tx(X). Suppose that w(n) = 1 and let (p;;(t))
be the Q-function of X (¢). By Kolmogorov forward equation,

> pij(t)s’ —s' =B Z f pir(w)du) - 5571, |s| < 1.

Letting t T oo in the above equality and noting the definition of G;(s)
yields that
Gz(s) = Z (/Ooopik(t)dt> . Skal, |8| < 1.
k=1
Hence,

(k1)
BIT(Y)] = BN = [ pa(tdt = Gy k>
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where E; denote the conditional expectation when the process starts at
state ¢ > 1 and Gj(s) is defined in Section 3.2. Note that the above result

18 not new, see, for instance, Chen (1986).

The following result establishes a close link between the properties

of the Feller minimal WMBP X (¢) and the compound Poisson process
Y ().

Theorem 3.5.2. The Feller minimal WMBP X () is honest, i.e., the
corresponding g-matrix @ is regular, if and only if P;(n(Tp) < oo, Ty =
00) = 0 (i > 1). The extinction probability of X (t) is just P;(Tp < oo)
under the condition that X (t) starts at ¢ > 1. In particular,

(i) if by > ms, then Q is regular, i.e., the Feller minimal WMBP is
honest and, furthermore, the extinction probability is 1.

(if) If =32, 1/w(n) < oo then Q is regular (i.e., the Feller minimal
WMBP is honest) if and only if by > m;,.

(iii) If by < mp < 400 then the extinction probability is ¢ when
the process starts at ¢ > 1 where ¢ < 1 is the smallest positive
root of B(s) = 0 on [0, 1].

Furthermore, for any k£ > 1, the following relation holds

T(X) = Tu(Y)/w(k). (3.5.6)

Proof. By (3.5.3) it is easily seen that the WMBP is honest if and
only if for all ¢ > 0, 8(2) is well-defined almost surely. However, the latter
happens if and only if for all ¢ > 0, B(n(Tp) < ¢, Ty = o) = 0, see (3.5.2)
and the sentence immediately follows it. It is easily seen that this last
condition is equivalent to P;(n(Ty) < oo, Ty = o0) = 0. The extinction
probability of X(¢) is F(1y < 00), which is just Fi(Ty < oo) by (3.5.5).
This proves the first part of the theorem.

Now, if by = mny then the compound Poisson process Y (t) is recurrent
and thus will visit state 0 infinitely many times with probability 1 by
irreducibility. Hence for all i > 1, P;(Ty < co0) = 1 which vyields all the

conclusions in (i). If by > my, although transient, the compound Poisson

88



process will eventually drift to —oo and thus will hit 0 with probability 1

(assuming the process starts at ¢ > 1). Therefore again P;(Ty < 00) =1
which proves (i).

In order to prove (ii), we first prove (3.5.6). Denote the successive
jump times of Y (¢) until Ty as {o,; n > 1} and let 09 = 0. Now recall
that n(c,) is defined as [§*"(w(Y (s)))~1ds, we see that 5(co) = 0 and
{n(on); n > 1} are the jump times of X (¢). Hence

o0

Ti(X) = >_ (n(on+1) = 1(on)) - Iixmion))=k)

n=0
On+l — Op Ty (Y)
—_— - I o — . I o o ju—n .
TLZZ:O ’LU(IC) {Y(0n)=k} {on<To} 'UJ(k)

o0

We are now ready to prove (ii). Note first that we actually have
> Ti(X) = n(To). (3.5.7)
k=1

Now, if 2 ,(1/w(k)) < oo, then by (3.5.6) we have that for any 7 > 1
x 1
Ei[n(TO = —— - E;|Ti(Y)] < o0
1= 5 - BIY)]
since {E;[Tx(Y)]; k > 1} is bounded. Therefore we have P;(n(Tp) <
oo) = 1 and hence P;(n(Tp) < oo, Ty = oc) = F(Tp = oo) which is zero
if and only if by > m;. This proves (ii).

The proof of (iii) is immediate. Indeed, by the just proven result,
the extinction probability of X (¢) is the hitting probability of state 0 of
the corresponding compound Poisson process Y (t). For the latter, the
conclusion (iii) is well-known. It can also be easily obtained by using the

corresponding result of the ordinary MBP. O
The following result can now be easily proven.
Theorem 3.5.3. The conclusions in Theorems 3.4.1—-3.4.4 hold.

Proof. It follows from (3.5.6) that for any ¢,k > 1
1
E[Ti (X)) = — - Ei|Tx(Y
which is just (3.4.8) in Theorem 3.4.4. Expression (3.4.9) then easily

follows by summation over k > 1. Hence Theorem 3.4.4 is proven.
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If by > my then 19 = 32, Tx(X) and hence

Ei[TO] = kgl E(l—kj . Ez[Tk(Y)]

If by < mp < +00 then
= liTk(X) on {m < oo}
since {7y < oo} happens if and only if {T) < co}. So
Ei[ro|T0 < o0] = io: . Ei|T(Y)|To < oo.
k=1 w(k)
On the other hand, it is easy to see that
Ei[Tw(Y)|Ty < oo = ¢ E;[T1(Y)]. (3.5.8)
Indeed,
E{TWY) - Iineon)) = [ BY(t) =k, t < Ty < oo)dt
= / E; [I{Y(t) k, t<Tp) - Pr(To < oo)]dt
= ¢ [T R(Y(t) =k, t < Ty)dt = ¢"E[Tx(Y)].

This yields (3.5.8). Theorems 3.4.1 and 3.4.2 then immediately follow.
We now consider Theorem 3.4.3. Assume that by < my < 400. It is
easily seen from (3.5.5) and (3.5.7) that for any 7 > 1

Pz-(kéTk(X) < 00) = Py(1y < 00) + Pi(7e0 < 0).

If 2,(9x/w(k)) < oo then E;[Y2;Ti(X)] < oo which implies that
P,(Z22 Tk(X) < 00) = 1. By Theorem 3.5.2(iii),

Qico = Pi(Too < 00) = Pz'(liTk(X) <) —P(rg<oo)=1 -
which is (3.4.4). Also clearly, we have
Ei[Too|Too < 00] = g:lEi[Tk(X)lToo < ).
However, )

E{Ti(X) - Iiroco)] = [ PIX(t) =k, t < o0 < 00]dt
= /OOO EilIix )=k} - Pelreo < 00]Jdt = (1 — ¢*) Ei[T(X))],

90



and thus
k

1 © 1-—gq
=g & k)
This proves (3.4.5) and the proof of Theorem 3.4.3 is thus complete. O

Ei[Too|Too < 00] = - ;[T (Y)).

3.6. Non-linear Markov Branching Processes

An important class of weighted branching model, which was con-
sidered in Chen (2002a,b), is non-linear Markov branching process, i.e.,
w; = 1% (¢ > 1), where 0 is a positive constant. Note that the ordinary
MBP is a special case of the non-linear Markov branching processes, i.e.,
6 = 1. The key property of ordinary MBP is the branching property, i.e.,
different particles act independently when they give offspring. However,
different from the ordinary MBP, the non-linear branching process no
longer has this independence property, i.e., the particles may act depen-
dently when they give offspring. One of the basic questions in studying
the non-linear Markov branching process is the regularity problem. For
the ordinary MBP, this question was first answered by Harris (1963) who

obtained a very satisfactory criterion, known as the Harris condition.

Unfortunately this regularity problem still remains open for the gen-
eral non-linear Markov branching processes, in spite of the fact that ex-
tensive progress has already been made for such processes. This seriously
affects the analysis of the non-linear branching process. Indeed without
knowing whether the corresponding process is honest or not, it is hard

to deepen the further investigation.

The aim of this section is to answer this important question. We
shall provide a criterion which is very easy to check. It is a natural
generalisation of the Harris condition and so we call it the general Harris

criterion.

A g-matrix Q = (¢ij;%,j € Z,) defined in (3.1.1) is called non-linear
branching g-matrix if
wp =, 121 (3.6.1)

where 8 > 0 is a constant.
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A non-linear branching g-matrix is called super-linear if # > 1, and
sub-linear if 0 < 8 < 1. Note that this classification is based on whether

¥  n~? is finite or not.

A WMBP is called a non-linear Markov branching process if its
g-matrix is a non-linear branching ¢g-matrix. The non-linear Markov
branching process is called super-linear or sub-linear based on the corre-

sponding g-matrix () is super-linear or sub-linear.

Before giving the main results, we need the following lemma which
can be seen in Chen (2002a).

Lemma 3.6.1. Let (p;;(t);4,7 € Z+) and (¢i;(A); 4,7 € Z,) be the Feller
minimal )-function and @-resolvent, respectively, where Q) is a non-linear

branching g-matrix given in (3.6.1). Then for any 2 > 1 and 0 < s < 1,

3 _ 1 e ERom(0)y S g1
k‘;p #(t)s" = T'(9) J %(y) - (In ;)‘9 dy (3.6.2)
and
s A Eoo ¢U ()\
Z 2 9) b= B(y) (ln y)9 'dy. (3.6.3)

where I'(#) is the gamma function.
Now we can present our main results in the following.

Theorem 3.6.2. Let () be the non-linear branching g-matrix. If by > my
then @ is regular. While if by < mp < +00 then the following statements

are equivalent.
(i) The non-linear branching g-matrix @ is regular, 1.e., the corre-
sponding non-linear Markov branching process is honest.

(ii) For some (or equivalently for all ) € € (g, 1), we have

1(1—s -1
/e ( —B()s) ds = +o0. (3.6.4)

(iii) For some (or equivalently for all ) € € (g,1), we have

/1 (—Ins)f-1

“B(s) Tt | (3.6.5)
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(iv) The following integral is infinite, i.e.,

/01 - 8)11(3—(—81)n s - oo (3.6.6)
(v) For any:>1,
lim Zp”( ) >0 (3.6.7)

where (p;;(t); i,7 € Z,) is the Q-function of the corresponding
non-linear Markov branching process.

Proof. If by > my, the statement is just Theorem 3.3.1. We now assume
that by < mp < 4+00. Note that limgy 11 = 1, we see that (ii)<(iii).
By the definition of G(s) and Lemma 3.2.1, we see that for € € (g, 1),

q—s
B(s)

Thus, for € € (g, 1),

= G(s) < G(e) < 0, s€|0¢]

e (g — 5)(—1ns)?!
/0 : B(s) d

S

i.e., for any € € (g, 1), we have

/0E = S>l(3—(-sl)n S)a_lds < 400. (3.6.8)

Now we rewrite the integral in (3.6.6) as

/ (g—s)(—In S)HdS

B(s)
(g9 —1ns> (g s)(=Ins)
/ ds —l—/&_ B(s) ds,
where € € (g, 1). Be}il(3.6.8), (iv) is equivalent to f] (q_s)(g(il)ls) " ds = 00
But limg (q—(ls)_(ix)lf_)l = q — 1, thus (iv)<(ii). Hence to complete the

proof, we only need to show that (i)=(v)=-(iii)=(i).
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We first prove that (iii) implies (i). Now suppose (iii) holds but the
non-linear Markov branching process is dishonest. Then 1— X52¢ ¢i; (A) >
0 for some (therefore for all) A > 0 and some ¢ > 1. Denote this quantity
by p(A). So for a fixed A > 0 and ¢ > 1, there exists an ¢ sufficiently close
to 1 such that s* — )\Z°°O¢”()\)37 > p()‘) > 0 for all s € [e, 1]. Therefore
for such ¢ and A, we have by (iii) that

1 ’\Z]Q.;O ¢ij()‘)5j ~ 5" 9—1 p(A) 1 (=1In 5)0_1
— - ds =
A) B(S) ( lnS) ds 2 9 L —B(S) § 00
Using (3.6.3)for s = 1 we obtain
> #i(A) =
j=1

which is a contradiction since we always have ¥22, ¢;5(A) < 1/A. Thus
P(t) is honest and (i) is proved.

Secondly we prove that (v) implies (iii). Suppose that (iii) does not

hold, i.e., f} (—hgy()y) dy < +oo for some ¢ € (g,1). Note that, by Theorem

1.2.2, | =2, pj;(0)y’] < 2010} (t)] < 2¢: = —2w;b; for any given ¢ > 1,
then we have that for y € [, 1),

| 2220 5 (t)y] 0—1
|B(y)| (=1ny)
(—Ilny)’!

|B(y)]
(—Iny)’!

—B(y)

since B(s) < 0 for s € (g,1). By the assumption, [} %dy < 00,

thus we are justified to apply the Dominated Convergence Theorem to

< 2g

= 2g;

obtain

(— Iny)®dy

. AR p;(t)y
a / B(y)
)9—1

_ jy (—Iny
- /6<hmzpm<) )BT

t—00

t—00

_ / (Z}lg‘o pi;(t)y’) - (—glé))e_ldy =0 | | (3.6.9)

94



since limy,q, pi;(t) = 0 for all i and j (see, again, Chung (1967)).
In addition to (3.6.9), we also have from (3.2.5) (with wy, = k%) that
|Z?io Pf/zj(t)yj
B(y)
=X pik(t)k’y* (= Iny)* !

k=
(i": Keb=1) (= Ing)P!
k=1

M - (=Iny) 1, y € [0,¢)

(—Iny)’|

IA

I

and
/ M- (—lny)?tdy = M - / (—Iny)?'dy = MT(6) < +oo,

where the positive constant M = ¥, k%*~! (independent of t) is finite.

Hence we may, again, use the Dominated Convergence Theorem to get

e X phi(t)y?
lim/ Xiopi;(t)y
t—o0 JO B(y)

since limy o0 pj;(t) = 0 for all 4,5 > 0. Combining (3.6.9) with (3.6.10)
yields that

(= Iny)?ldy =0 (3.6.10)

TRty
lim =04

I B(y)
Letting s = 1 in (3.6.2) yields that

(—Iny)?~ldy = 0.

t—o0

X 1 1 ZR0p5(0)y -1
kX::lpik(t) = F(Q) /0 OB(y) : (—— In y)9 dy.

Therefore, letting ¢ — oo in the above equality yields that

1 XXy o
Jim > p(0) = gy im ) =y (- Ino)*dy =0

which contradicts with (v). Hence (v) does implies (iii).

Finally, we prove that (i) implies (v). Note that for any ¢ > 1, it is
easy to see that 32, p;;(t) is a non-increasing function of ¢ and thus when
t — oo, the limit does exist. Indeed, write Y32, p;;(t) = T2 pi;(t) —

pio(t). It is well known that the first term is a non-increasing function
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and pip(t) is an increasing function of ¢ > 0 and thus the difference is
non-increasing. Hence if (v) is not true, then this limit must be zero. By

honesty, we then obtain
- - w
Hm pio(t) =1 — lim ng pij(t) =1

which contradicts to by < my < +oo since for the case by < mp < +00
we have limy oo pio(t) = ¢ < 1 (since that by Theorem 3.3 of Chen
(2002a), if by < m; then the extinction probability for non-linear Markov
branching process starting at state s > 1 is ¢* < 1). The proof is thus

complete. O

Note that although criterion (3.6.4) is the most simple one, criteria
(3.6.5)— (3.6.7) are more essential since they possess a clear probabilistic

interpretation.

The following two corollaries are direct consequence of Theorem 3.6.2

but are much more informative.

Corollary 3.6.3. A super-linear Markov branching process (i.e., § > 1)
is honest (i.e., the corresponding ¢g-matrix @ is regular) if and only if

bo Z myp.

Proof. Just note that if 6 > 1 and by < mp < +o00 then the integral

in (3.6.4) is always finite since by Lemma 2.2.1(ii), 1 is a simple root of
B(s) = 0. O

Corollary 3.6.4. A sub-linear Markov branching process (i.e., 6 < 1) is
honest (i.e., the corresponding sub-linear branching g-matrix Q is regular)
if and only if either

(i) mp < +00 Or
(ii) mp = +oo together with the requirement that for some (or,

equivalently for all) € € (¢, 1) we have

1 (1 _ 8)0—1
/6 ds = 00 (3.6.11)
where g € (0,1) is the smallest root of B(s) — 0 on '[0, 1]. |
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Proof. Let 0 < § < 1. If my = 0o, then (3.6.11) is just the same integral
as (3.6.4). Therefore, we only need to prove that if by < mp < +oo then
the process is honest. If by > my then by Theorem 3.6.2, the process is

honest. If by < my < +00, then
. 1—s 1 1
lim = =

sT1 —B(S) B’(l) my — Mg
It then follows that

1 (1 . 8)0—1
/6 B(s) ds = oo

since [}(1 — 5)°72ds = co. Hence by Theorem 3.6.2 (ii), the process is
honest. The proof is complete. O

Note that by Corollary 3.6.4, in particular, putting § = 1 in (3.6.11)
we immediately recover the original Harris condition. Also by Corollaries
3.6.3 and 3.6.4 we see that in most cases, we do not need to check whether
the integrals (3.6.4)—(3.6.6) are convergent or not. Indeed, only in the
case my = +oo for the sub-linear process do we need to check the integral
(3.6.11) directly. In addition, by Corollaries 3.6.3 and 3.6.4 we see that
there is a substantial difference in the honesty condition between the

super-linear and sub-linear Markov branching processes.

As another direct consequence of Theorem 3.6.2, we may obtain the
following interesting result which provides further information regarding

the limit in (3.6.7) and will be very useful in further investigation.

Corollary 3.6.5. Let P(t) = (pi;(t); ¢, 7 > 0) be the transition function

of a non-linear Markov branching process and denote o;(t) = 352, pi;(%).
If the process is super-linear, then for all 2 > 1,

(i) If by > my then

oi(t) =1, pp(t) +1 and io: pij(t) L 0 (ast — o0).
=1

(ii) If by < mp < +oo then

1> 0i(t) L ', pio(t) 1 q and io: pij(t) 1 0 (ast — o0).
j=1
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While if the process is sub-linear, then for all 7 > 1,
(iii) If by > my then

oi(t) =1, pi(t)T1 and i pi;(t) 0 (ast— 00).
j=1

(iv) If by < my < +o00 or if m, = +oo but the integral in (3.6.4) is

divergent, then

oi(t) =1, p(t)Tq¢ and i%lpij(t) l11—¢ (ast— 0).
i=

(v) If my = +oo and the integral in (3.6.4) is convergent, then

1>0;(t) ] g, pio(t) T ¢ and io:lpz-j(t) 10 (ast— 00).
i=

Where g € (0,1) appeared in (ii), (iv) and (v) is the smallest root of
B(s) =0 on [0,1].

Proof. We first note that, by the basic property of transition function,
oi(t) is a non-increasing function of £. Since 0 is the absorbing state, we
know that pip(t) is an increasing function of ¢ and hence =2, p;;(t) =
oi(t) — pio(t) is a decreasing function of .

Suppose that by > m;y. By Theorem 3.6.2, Q is regular, i.e., 0;(t) = 1.
By Theorem 3.4.1, pio(t) 1 1 and thus ©52, p;;(¢) 4 0. (i) and (iii) have
been proved.

Suppose that the process is super-linear and by < m; < oco. By
Theorem 3.4.1, pio(t) 1 ¢*. By Corollary 3.6.3, Q is not regular, i.e.,
oi(t) < 1. Furthermore, by Theorem 3.6.2, we must have S pii(t) 4 0

and thus o;(¢) | ¢'. (ii) is proved.

Suppose that the process is sub-linear. If by < my < 0o or if mpy = co
but the integral in (3.6.4) is divergent, then by Theorem 3.6.2, Q is
regular, ie., 0i(t) = 1. Again by Theorem 3.4.1, pio(t) 1 ¢* and thus
T2, pi(t) L 1—¢'. (iv) is proved.

Suppose that the process is sub-linear. If m; = co and the integral

in (3.6.4) is convergent, then by Theorem 3.6.2, @ is not regular, i.e.,
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o;(t) < 1 and £ 1pi(t) 4 0. Again by Theorem 3.4.1, pio(t) 1 ¢' and
thus o;(t) | ¢*. (v) is proved. 0

Note that for the ordinary Markov branching process, by Lemma 2.2
in Chen and Renshaw( 1993b), if the process is honest then p10(t) T ¢,

o1(t) 1 and so lim;_,, 01(t) = o exists. Furthermore,
(a) =24 pi(t) L ¢ (Vk >0, t — 00);
(b) 0 < ¢ <o <1, with o <1 if and only if Q is not regular;
(c) if ¢ < 1 then ¢ = ¢;
(d) if @ is regular then o1(t) = 0 = 1;
(e) if @ is not regular then o1(t) <1 (Vt > 0) and 0,(¢) L 0 < 1.
These results agree with Corollary 3.6.5 in the case 6 = 1.

Theorem 3.6.6. For the non-linear Markov branching process. The
extinction probability is given in (3.4.1) and the mean extinction time is
finite if and only if both by > my and f§ 1—13@% - (= Iny)’~ldy < co and in

which case is given by

Ei[ro] = P(lg) /01 1B—(yy; - (—Iny)’dy.

Moreover, if by < mp < +00, then the conditional mean extinction time

is given by

1 aq" —y' q\o-1
E; < 0| = — . - (In = dy,

while if by < mp < +o00 and ) %%3% (= Iny)?~!dy < oo, then the explosion

probability and mean explosion time are given by
Qico = 1— qi

and
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respectively. Finally, the mean global holding time and mean total sur-

vival time are given by

and

L = {F(") fo }9—(31) (—Iny)’dy, if by > my
') fO B(y) ( lny)g ldy” zf bO < my <+OO

Proof. Recall that the extinction probability given in (3.4.1) does not
depend on the sequence {wy; k > 1}, so the extinction probability for the

non-linear case is still given in (3.4.1).

Note that for s € [0, 1),
() . (1 S18-1
|| Gi(y) - (in , W

o (k=1) .
= S e

k=1 (k—1)!
00 (k~1)
= I'(9) - Igl-kl—o - Hsk. (3.6.12)

If b(] > myp, then letting s 1 1 in the above equality and noting
Gi(y) = 55 12V yields that

11—y 6~1 o
(—lny)"'dy =T'(0) -
b Bg) - 6)- 3
In particular,

11—y 6-1; _ X 9k-1
/()———B() (=Iny)"dy =T(9) P

. el (k)
since g = 1k!() G (O)

Using Theorem 3.4.1 and Substituting above
two equations into the expressions in Theorem 3.4.1 yields that the as-

sertion regarding E;[rp] holds.
If bo < my < oo, then letting s 1 ¢ in (3.6.12) and noting G; i(y) =

( ylelds that

ql—y ' e ( ‘



In particular,

00 k

99—Y qd\9-1 gr-19

2 (I Y¥1dy = T'(9) - .
/‘)B(y) ( y) y=T0) Igl k9

Using Theorem 3.4.2 and Substituting above two equations into the ex-

pressions in Theorem 3.4.2 yields that the assertion regarding E;[ry|m <
oo| holds.

If bg < my < 00, letting s 71 in (3.6.12) yields that

= [V (gl
L TTE b By Ry

By Theorem 3.4.3, the assertions regarding explosion probability and
explosion time hold. Finally, by Theorem 3.4.4 and above expressions,

the last two expressions are true. The proof is complete. O

3.7. Examples

In this section we give some examples, which cover some applicable
models, to illustrate our results. It will be seen that the calculation of the
quantities involved, in particular, the quantities (3.4.2), (3.4.3), (3.4.5)
and (3.4.8), are usually quite simple.

We first give two examples in which the sequence {b;; j > 1} takes

some special form while the sequence {w;; j > 1} is arbitrary.

Example 3.7.1. Letby=d >0,b; =0 (V5 > 3) and bp =b > 0. This
is just the case of birth-death process with an absorbing state zero. For
this example, it is easily seen that B (s) = (1 — s)(d — bs) and that
(1 kAL (dyi .
G(k_l)(o) A Z i (3) , ’lf d<b

i ) kNt Zf d=>

s =
k—1)! b .
( ) Ldzlc/\z( ) —], Zf d > b.

Applying our results obtained in the previous sections, we can get the

following conclusion.
Theorem 3.7.1. (i) There exists only one birth-death WMBP if and

only if one of the following conditions is satisfied:
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(a) d>b,

(b) d < band Z,;“i.lal-:+oo

(c) d<b, £fLy 5 < +ooand X2, wk(Z)k = +00.
Moreover, @ is regular 1f and only if either (a) or (b) occurs.

(ii) The extinction probability and the mean extinction time

are given by

1, if d>b
and
IR o SR, if d>b, TR 1w (B < 00
Ei['To] = -Il;zloc?-:l %/:i, ’I,f d= b, Ekzl wk < o0
+00, otherwise.

(iii) If d < b, then the conditional mean extinction time is given by

F IR o - TR (R, if z;:%u} (H)F < o0
-I-OO, Zf Ek 1wk (d)k oQ.

Ei[TO|TO < OO] = {

(iv) If d <band =2, ;01; < oo, then the explosion probability and

the mean explosion time are given by

Qico = 1 — (g)Z
and
. 00 _ (4 A1
Bifrelro < 0] = (001 = () £ 1510 By

(v) The mean global holding times are given by

. sTEM ()i~ if d<b
Hz‘k=w—k' kf,\z, if d=b
Lykn (B, if d>b.

Proof. Since b; = 0 (Vj > 3), we have my = b. By Theorem 3.3.2
and Theorem 3.3.3, @ is regular if and only if either (a) or (b) holds.
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Hence for the uniqueness criterion, we only need to prove that under the
conditions d < b and Y32, wik < 400, there exists only one WMBP if and
only if %2, El,;(%)k = +oo. To this end, note 4 = b, 7, =0 (n > 2), by
(3.3.7) we know that Ry = 1 and

1 n bw,,

R, =
dwpi1  dwp

Rn—h n > 1.

Denote h, = w,R,,_; for n > 1, we rewrite the above equality as

1 b
hn —_ —hn7 > ]..

1= 7 + 7 n 2
Therefore, by mathematical induction principle and note that h; = wy,

(b/d)" — 1 b

hn — - n >
Thus 1 A =1 b
Rn — ° _ . n 3 > O
Wn41 [ b—d +w1(d) ] "=

By Theorem 3.3.5, the assertion regarding the uniqueness holds. By

(k-1)
Theorem 3.4.1 and the expression of G(' k—l)(!O) in the present case, (ii) holds.

By Theorem 3.4.2, Theorem 3.4.3, Theorem 3.4.4 and the expression of

(k—1)
H in the present case, we see that (iii), (iv) and (v) hold respectively.

O

Example 3.7.2 Let by > 0,0, =0 (j >4), by > 0 and b3 > 0. We
are interested in this example since it is beyond the birth-death process
and little is known, even for the uniqueness question, until now. Now
applying our results, much information can be obtained. Indeed, for this

example, we have
B(S) = (]. - S)(bo - (bz + b3)8 — b382)

and thus B(s) = 0 has exactly three roots, 1, g; and g2, where

. —-(b2 + b3) + \/(bz + b3)2 + 4bybs S
- 2b3

and

_ _ 2+ 4bgb
g = 2t b) ¢2(Z2 o)+ dbobs (3.7.2)
3
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Here the positive root g; is less than, equal to or great than 1 depends
upon by < by + 2b3, by = by + 2bs or by > bg + 2b3, respectively. An easy
calculation then yields the form of G;(s) and hence for k£ > 1,

( kN1 . 1 i—j .
G(k“l) (0) (1- Q2)b3 Zk/\ ( &E-FII_—J')QI ; zf b() < b2 + 2b3
(_;_T)v:ﬁa o T ) i b=bt 2
| | (n—a2)bs Ekm( A qk+1 J) if bo > by + 20b3.

Theorem 3.7.2. Suppose that the WMBP g¢-matrix @ satisfies b; =
0 (324)andb3>0

(i) There exists only one WMBP if and only if one of the following
conditions holds.
(a) bo > by + 2b3;
(b) bo < by + 2b3 and S o- = +o0;
(c) bo < b2+ 2b3, X2 - < +00 and

D L (3.7.3)
—(— )" = 4+00 .
k=1 Wk q1
where ¢; is given in (3.7.1).
(ii) The extinction probability and the mean extinction time are

given by

. _{qi<1, if by < by + 2b;
T, if by > by+ 2bs

E,'[To]
1 zoo 1 kA 1 _ b b 2%
{ (41—42)53 k=1 wk 7=1 k+1-] qk+1—1) Zf 0 > 2 ‘I" 3, Ek 1 _E <o

o ™ Skt g Zj”“l(l F7), if bo=by+2b5, T2, L <o
109, otherwise.

(iii) If bp < bg + 2bs3, then the conditional mean extinction time is

given by
-[7‘0|7'0 < o0]
kni 1 k-7 . k
_ (1 Q2)b3 Zk =1 w Z z( 'q2E+1—j)QI ) Zf E]c:;o:]_ l_%lk— < 00
. k

104



(iv) If by < by+2b3 and T2, — - < 00, then the explosion probability
and the mean explosion time are given by
Aico = 1 — qli
and

1
b3(1 - CJ2)(1 - Cﬁ) k=1 Wk j=1 - g2

Ei[ToolToo < OO] =

(v) The mean global holding times are given by

4

T=¢2)bs qz)bg ka (1 - ;51—7)(11 70 af by < by + 2b3
k ; 2
{ (‘h-lfh)ba k/\ ( - qk+1 J) of by > by + 2bs.

ik =

Proof. As in the proof of Theorem 3.5.1, we only need to prove that
under the conditions by < by + 2b3 and T34 wik < 400, there exists only
one WMBP if and only if 32, El,;(qll)k = +o0. However, this conclusion
is an easy corollary of Theorem 3.3.5. Indeed, by this theorem, there
exists only one WMBP if and only if

00

TLZ_JI R, = +o0
where {R,} is given in (3.3.7). However, since b; = 0 (j > 4) we
have 7;, = 0 (Vj > 3) and 71 = by + b3, 7» = b3. Hence if we let
fn = bowpi Ry, (n > 0), ¢ = Q2b+—0b3 and ¢co = 2—2, then the recursive

formula (3.3.7) can be rewritten as

fn+2 =1+ len-l—l + C2fn7 n >0

which is a second order linear difference equation with constant coeffi-

cients. By solving this difference equation we get that

1 1
boRpwn+1 = o= Al(—)n + A2(_)n + As
q1 q2
where ¢; and ¢o are given in (3.7.1) and (3.7.2) and Aj, Ay, A3 are three

1

constants, determined by the known initial conditions. Now since ¥32, -

< 400 and |ql—2| < 1, it is easily seen that ¥ ; R, = +oo if and only if
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¥, =2 (1) = +o0, or if and only if (3.7.3) holds. This completes the

1 Wntt NG

proof. O

Remark 3.7.1. It can be seen that the conclusion (i) and the arguments
in Theorem 3.7.2 can be generalised to the case that there existsan N > 1
such that for alln > N +1, b, = 0. In such more general case, we will
obtain that

fn+N =1 +len+N—1 +02fn+N—2 + - +Can7 n 2 07

where ¢y = /by > 0 (k = 1,2,---,N). The corresponding auxiliary
equation is
IN = ClZN-1+ CZN_2+ -+ CN.
Replacing = with 1/s and noting ¢ = 71 /by yields that
N

b() — Z Tksk - 0,
k=1
ie.,
B
(8) _,
1—s
Therefore, the roots of the above auxiliary equation are qll, q_12'7 . qiN,
where ¢1, g2, --+, gn are the roots of B(s) = 0 excepting 1. It can be

proved that qi, the smallest positive root of B(s) = 0 in [0, 1] satisfies

q1 < 1< inf{|gk|;2 < k < N}. By the theory of difference equation, see,
for example, Section 2.9 in Hunter (1983), we have

N 1
bORnwn+1 = fn =D+ Z Ak(—“)n, n>0
k=1 4k
where D, Ay, ---, Ay are constants. Note that although the explicit

expressions of the roots g are not available, we only need the smallest
root ¢q; to check that ¥°°; R, < oo or not. Examples 3.7.1 and 3.7.2 are
actually special cases of N = 2 and N = 3, respectively. See (3.7.3) in
Theorem 3.7.2 and (c) in Theorem 3.7.1.

Next, we give three examples in which the sequence {w;; j > 1}

takes some special form while the sequence {b;; j > 1} is arbitrary.

Example 3.7.3. Let wy =1 (Vk > 1). This example may be viewed
as an M* /M/1 queue stopped at state zero which plays an important
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role in the Markovian queueing models. For more details, see Chen and
Renshaw (1997, 2003).

For this example, the g-matrix @ is bounded and thus the uniqueness
question is trivial. That is, the g-matrix @ is regular and the Feller
minimal WMBP is honest and thus explosion is impossible. It is also
clear that if by > my, then

G*-1(0) 1—3_{ L if by >my

— lim bo—mp?

L (k=1 " WL B(s) 400, if by=m

o0
Z
and if by < my < +00, then

0 G(-k_l)(O) gt — s i-q
—t =g lim = < +00.
k; (k—1)! S0 B(s) —B'(q)

Theorem 3.7.3. Suppose that wy =1 (Vk > 1). Then there always
exists only one WMBP which is the honest Feller minimal process. The
extinction Probability is given in (3.4.1) and the mean extinction time is
given by

Ei[n] = {bo my’ if bo > my
+00, ?’f bO < myp < +00.
Moreover, if by < mp < +00, then the conditional extinction time is given

by
2
—B'(q)
and the mean global holding time and mean total survival time are given

by

Ei[’To"FO < OO] =

GI0)
§=—— 21
and ; ,
i = r—— if bg>my
Z 00, if bo < my < 4o00.

Example 3.7.4. Let wy =k (Vk > 1). This is just the case of ordinary
Markov branching process and also a special case of non-linear Markov

branching process. Let

saj— Y

F;(s) :/0 B(y) dy, for 1>1 (3.7.4)
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and
then Fi(s) is well-defined for s € [0,1) and F;(0) = 0. So
X roo x F(k) (0) 1 a;g— yi
Z. — dy, i>1.
k;/‘) Pal? g o "B(y)

Theorem 3.7.4. There always exists only one ordinary Markov branch-

ing process which is the Feller minimal process. This Feller minimal
process is honest, i.e., Q) is regular, if and only if either by > my or

bp < my < 400 and "
o ik
> 0 _ 400 (3.7.6)
k=0 k!

or, equivalently, limg, F'(s) = +o0o where F(s) is given in (3.7.5). The

extinction probability is given in (3.4.1) and the mean extinction time is

given by

&mz{

Moreover, the conditional mean extinction time is always finite and given

by

fll ydy, if bp>my and fll ydy<oo

+00, otherwise.

aq' —y'
dy
B(y)
and the explosion probability and mean explosion time are given by
1=, if § §8dy < oo
Aioo = O, zf J'O].qydy_

Ei[ro|lm < 00] = ¢7*

and

1 lqi—yi
Ei oo| oo - -
e < 0ol = =55 |, gy

respectively. Finally, the mean global holding time and mean total sur-

vival time are given by

g!
where Fz-(j ) (0) denotes the jth derivative of Fi(s) evaluated at 0 and Fi(s)
is defined in (3.7.4), and

R i hzm
z Jo B(y) dy7 if by < my < +o0.
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Proof. Let # = 1 in Theorem 3.6.2 and Theorem 3.6.6 we obtain all
the conclusions. O

3.8. Notes

Different from the ordinary Markov branching process, the WMBP
considered in this chapter does not satisfy the branching property. If
w; = i(i > 1), as shown in Athreya and Ney (1972), the process has

branching property. Conversely, Chen (2001) proved that the branching
property implies w; = i(z > 1).

As far as we know, this model was first considered in Chen (1997),

where some sufficient regularity conditions were obtained.

Chen (2002a,b) considered the special case: w; = i’ (i > 1) where
6(> 0) is a constant.

Here we further considered the most general case and some new

results have been obtained.

Theorems 3.3.1 and 3.3.3 are due to Chen (1997), here we have
presented a different and easy proof. The idea of Theorems 3.3.5 and
3.3.6 is based on Chen etc. (2003).

Sections 3.2, 3.3 and 3.4 (except the results mentioned above) has
been submitted for publication in Chen, Li and Ramesh (2004a). Section
3.6 is submitted for publication in Chen, Li and Ramesh (2004c). Section
3.5 is in preparation (Chen, Li and Ramesh (2004d)).

It is worth pointing out that from Theorem 3.3.1-3.3.3, in case my <
+00, the WMBP is regular if and only if by > my or X5 ,(1/w,) = oo,
while in case my = oo, the WMBP is not regular if ¥2° ;(gn—1/wy,) < 0.
In other words, condition ¥°°;(gn—1/w,) = 0o is necessary for the pro-
cess to be regular. However, this condition is also sufficient for ordinary
WMPs and non-linear Markov branching processes considered in Section
3.6. We conjecture that this condition is still sufficient for the most gen-
eral case WMBPs. If this is true, then the regularity problem will be

completely solved.
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The technique of random time changes used in Section 3.5, which is
due to Lamperti (1967b), reveals the relation of WMBP and MBP. This
probability approach could be applicable in other situations. For exam-
ple, this chapter only considers the case where the underlying process is
a compound Poisson process with discrete state space. Note that Lévy
process is a class of processes with independent increments. A discrete
compound Poisson process is a pure jump process with independent in-
crements and hence it is a very special Lévy process, it would be very
interesting to investigate properties of such processes which are the ran-
dom time changes of a Lévy process (for instance, Mrakov branching

process with continuous state). It will be considered in future.

;From the next chapter on, we shall consider a different kind of

branching models where there maybe exist two absorbing states.
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4. Collision Branching Processes

4.1. Background

Consider an ensemble of particles that evolves as follows. Collisions
between particles occur at random, and, whenever two particles collide,
they are removed and replaced by k& “offspring” with probability p; (k >
0), independently of other collisions. In any small time interval (¢, ¢t + At)
there is a positive probability 0A¢ + o(At) that a collision occurs, and
the probability that two or more collisions occurring in that time interval
is o(At). Suppose there are ¢ particles at time f. Assuming all pair
interactions are equally likely, then after time At, there will be 7 particles
with probability (5)0p;_i+2At + o(At). We may therefore take X (¢), the
number of particles alive at time ¢, to be a continuous-time Markov chain
with non-zero transition rates g;; = (3)bj_it2 (j > ¢ — 2,1 > 2), where
by = —0(1 — p2) and b; = Op; (j # 2).

This leads us to the following formal definition.

Definition 4.1.1. A conservative g-matrix Q = (g;j, 1,j € Z) is called

a collision branching g-matrix (CB g-matrix) if it takes the following

form: i\ S i g
gij = {(2) i W22 7> (4.1.1)
0, otherwise,
where
b; >0 (j#2) and —by=) b <+o0 (4.1.2)

j#2
together with by > 0 and 252365 > 0.
It should be pointed out that the term “collision” implies a process

operating in space and time, here there is no spatial component.

;From the above definition, we see that {b;; j > 3} and {bg, b1}
denote, respectively, the birth rates and death rates of the model and

that goo = ¢11 = 0 and thus both states 0 and 1 are absorbing.
Remark 4.1.1. A CB g-matrix is called degenerative if by;j41 = 0 (Vj >

0). In this case, the essential state space degenerates into either {0,2,4, - -}
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or {1,3,5,---} (according to the starting state is an even or odd integer)
and thus there is essentially only one absorbing state. Although this case
has its own interest, it essentially reduces to the WMBP case and thus
has already been considered in Chen (1997) and in Chapter 3. For this
reason, we shall assume that the CB g-matrix is not degenerative from
now on. Note that, however, most of the results obtained in the following
apply well to the degenerative case if some statements are amended in an

obvious way, while the conditions by > 0 and 523 b; > 0 are essential.

It differs from the ordinary Markov branching process, the branching
events are effected by the collision/interaction of pairs of particles, rather

than by the particles individually.
In order that the branching property holds for the ordinary MBP it

is necessary that its transition function obeys the Kolmogorov forward
equations. Guided by this fact, we formally define the collision branching

process as follows.

Definition 4.1.2. A collision branching process (CBP) is a continuous-
time Markov chain taking values in Z, whose transition function P(t) =

(pij(t), 4,7 € Zy) satisfies the forward equation

P'(t) = P(t)Q, (4.1.3)
where () is a CB g-matrix.

Since CBPs have two absorbing states 0 and 1, there is a need to
evaluate probabilities of absorption for these states individually. Also,
since rates of change are quadratic functions of the state, one might expect
explosive behaviour to occur more readily than for the MBP. We will

examine both matters in detail.

4.2. Regularity and Uniqueness

Since () is stable and conservative, by Theorem 1.3.1, there always
exists a CBP, namely the Feller minimal process. But, under what condi-

tions is it unique? In order to investigate this question, we introduce the

112



generating function B(s) of the known sequence {b;, j > 0} as follows:
©
B(s) = Y_ b;s’, |s| < 1.
§=0
mq = 2bg + b1, My = ) jbji2
i=1

j
B(s) is well-defined at least on [—1,1]. It is clear that B(0) = by > O,

B(1) = 0 and B'(1) = my — mq. This latter quantity mp — mg measures
the drift away from 0, because we see that, after normalizing by 3,2 b;,

mp — myq is the expected jump size from any state .

The sign of my — my determines the number of zeros of B in [0, 1],

as the following simple result demonstrates.

Lemma 4.2.1. The equation B(s) = 0 has at most two roots in [0, 1]

and exactly one root in [—1,0). More specifically,

(i) If mg > my then B(s) > 0 for all s € [0,1) and 1 is the only
root of the equation B(s) = 0 in [0, 1], which is simple or has
multiplicity 2 according to myq > my or mg = my, while if
mg < my, < 400 then B(s) = 0 has an additional simple root ¢
satisfying 0 < ¢ < 1, B(s) > 0 for 0 < s < ¢ and B(s) <0 for
g < s < 1. we always denote ¢ the only root of B(s) =0 in
(0, 1) in the later case.

(ii) B(s) = 0 has exactly one root, denoted by g4, in [—1,0] with
—1 < g« < 0 and this g, is simple.

(iii) B(z) = 0 has only real roots on the disk {z; |z[ < 1}.

Proof. Since B(0) = by > 0 and B(—1) < 0 we know that B(z) = 0 has
at least one root g, € (—1,0). So it follows from B(g.) = B(1) = 0 that

B(z) = (1—2)(bo+ (bo+b1)z — é a2 t)

00 k o
(1—2)(z— g)(bo+b1— D o X qfﬂz’)
k=1 7=0
00 00 k o
= (1-2)(z— q«)(bo+ b1 — > akqf - > 0k ) Qf—JZ])
k=1 k=1 ]=1
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CQ

= (=90 - E(E uecrat )

where o = £52; bj+2 (k > 1). In the last step above we have used the
equality by + (by + b1)g. = T§2q orgs™.

If mg > my, noting that XX, 0:¢* 1 >0, 52, 05451471 >0 (52>

2) and 2, 2, Ojrk-1¢F1 = —Z—Z — BT we can see that
—— =Y Y ojk-1gr A2 ——(1—|z]) + T _a ||
d«  j=1k=1 4« — 4«

where the equality holds if and only if z = 1. Hence 1 and g, are the only
two roots of B(z) = 0 on the disk {z; |z| < 1}, moreover, g, is simple

and 1 is simple or has multiplicity 2 according to mgq > my or mg = my.

If mg < mp < 400, then the equation B(z) = 0 has an additional
root ¢ € (0,1). So

B(z) = (1-2)(z-0)(~2 = £(X sjusadd )
- (-e-a)a-) Eay g
= (1-2)(z—g)(g-2) §<;akzq igi~1)71
:o o_o qk —1+1 k—I1+1
= (1-2)(z—¢.)(g—2) (X ok - .
1=1 k=l q — g«
0o o0 k __ .k
= (1—z>(z—q*)<q—z)2(zak+l-‘-’ L)
=0 k=1 -
o0 1
= (z—a)(g—2)(- - l:zl(q—q*k= (¢F — ¢¥))2)

In the last step above we have used the equality q_l—q* Y20k (¢F —¢F) =
—é’;?;- Noting B(z) = (1 — z)(¢g — Z)[qu + Z321(ZR21 054k-105"1) 29)] we
know that B(z) > 0 for z € (0,9) and B(z) < 0 for z € (g,1). Since
B(-q) = 2%, b2k+1|q*|2k+1 > 0, we have —g, < ¢. It is clear that
S TR bkea(@F - 6 > 0, 2 SR bea(e - ¢) >0 (1> 1) and

b
Z br+1+1 (q — q*) —
qx k=1 QQ*

© 1
)
=19 —
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Thus by the same argument as in the previous case we see that ¢, €
(—=1,0), g € (0,1) and 1 are the only three roots of B(z) = 0 on {z; |z| <
1} and they are all simple. The proof is completed. O

By Lemma 4.2.1, we will always denote by ¢ the smallest positive
root of B(s) = 0 on [0,1] and denoted by ¢, the largest negative root
of B(s) =0 in (—1,0). Therefore, g is strictly less than 1 or equal to 1
according to B'(1) > 0 or B'(1) < 0.

Lemma 4.2.2. Let (p;(t);4,j € Z) be the Feller minimal Q-function,
where @ is a CB g-matrix given in (4.1.1)—(4.1.2). Then all the states
k > 2 are transient, i.e., for any 7 > 0 and k > 2,

/000 pzk(t)dt < o0
and hence lim;_, o pix(t) = 0.

Proof. For any fixed i > 0, it follows from the Kolomogorv forward
equations that
pio(t) = dio + g20 - /Ot pia(s)ds
which clearly implies that [§° p;2(t)dt < co. Suppose [§° pir(t)dt < oo for
2 <k < 3. (From Kolmogorov forward equations we can see that
Pij-1(t) = 8ij1 = ’é(g)bj—kﬂ [ partdt + (3o [ pijia ()t

and hence [§° p;i+1(t)dt < co. Therefore, by the mathematical induction
principle we have [§° p;r(t)dt < oo for all k > 2. Hence limy o pix(t) = 0.
O

We now answer the question of uniqueness.
Theorem 4.2.3. The CB ¢g-matrix is regular if and only if B'(1) < 0.

Proof. Suppose B'(1) < 0 and let P(t) = (p;;(t)) be the Feller minimal
Q-function. Substituting (4.1.1) into the forward equations (4.1.3) gives
/ j+2 ) _
Pij(t) = kg:zpik(t)(z)bj—kwa 2,7 > 0.

Multiplying s’ on both sides of the above equality and summing over j
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yields that for any ¢ > 0 and s € [0, 1),
o0 , : oo J+2 k .
> pi;(8)s = 2 (2 pir(t)(2)bj—k+2)s’
= X X pir(t)(5)bj-rs28’
k=2 j=k—2
= ) Dik ()(k)sk 2. Z bys™
k=2
= B(s) 3 pu(t)(5)s" %
k=2
1.e.,
> pli(t)s’ = B(s) Y (§)pu(t)s*%, s€0,1), i>0. (4.2.1)
7=0 k=2

Now Lemma 4.2.1 implies that the right-hand side of (4.2.1) is strictly
positive for s € (0,1). Thus, on integrating the left-hand side, we see
that

sz,() —s>0, i>0,0<s<l. (4.2.2)

The interchange of derivative and sum can be justified as follows. By
Theorem 1.2.2, for all ¢t > 0,

Z pi;(1)] < 24, (4.2.3)

i=0
where ¢; := —q;; = —(})by < co. Therefore, the series 3320 pi;(t)s’ con-
verges uniformly on [0, 1), for every ¢, and, since the derivatives p;;(t) are
all continuous (see for example Proposition 1.2.4(2) of Anderson(1991)),
the derivative of 32 pi;(t)s’ exists and equals ¥2° 720pi;(t)s?. Now, letting
s T 1in (4.2.2) yields %24 pi;(¢) > 1, implying that equality holds for all
i > 0. We deduce that the minimal Q-function is honest, and hence that
Q@ is regular.

Conversely, suppose that B’(1) > 0. Define a (conservative) birth-
death g-matrix Q" = (g}, i,j € Z4) by
)b, if j=i+l,i>0
, if j=i—1,i>2
B +a*), if j=i>2

|0, otherwise,

*

dij =
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where b* > a* > 0. Q* is a birth-death ¢g-matrix. Since

i ( 1 dnn-—-1 dnn-1-"" q32)

+ ++
dnn+1 dnn+19n—1n dnn+1 - °° 423

n=2

2 00 1 a* 1 a*n—Z 1
o _ S _|_ _ . .« .. .

b* ng2 (’n(n —-1) b (n—1)(n-2) o b2 2. 1)
n (a*/b*)n—k

By Theorem 3.2.2 in Anderson (1991), Q* is not regular. Our aim is to
choose a* and b* in such a way that a comparison of Q* with the original

CB g-matrix @Q leads to the conclusion that @ is not regular.

To this end, first note that B’(1) > 0 is the same as 2by + by <

£ jbjre (< +00), and so we may choose a* and b* with

2bp + b1 < a* < b* < ) gbjia. (4.2.4)
Jj=1

Since Q* is not regular, the equation
(A —Q")u=0 (A >0) (4.2.5)

has a non-trivial (non-negative) bounded solution, which we shall denote
by u* = {u;()), i > 0}. Clearly u* depends on both a* and b*. By
Theorem 2.2.7 in Anderson (1991), if u* = {u;(A), ¢ > 0} satisfies

At < Qut, (4.2.6)

then Q is not regular. Therefore, we only need to choose a* and b* such
that (4.2.6) holds.

We will first prove that a* and b* can be chosen so that both

00 j a* k-1 ,
Z b]'+2 Z (Z):) >b (427)
j=1 k=1
and e
bo (ZI,—;) + (bo + bl) <a (428)
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hold. Let {a,} be a sequence such that a, || 2by + b;. (A double arrow

denotes strict monotone convergence), i.e., 2—"%@ ™ 1, thus

I
|
S
N

and

Qbo-i‘bl)k 1 O

io: +2 Z ( ™ lebﬂ-z
j=1 j=

k=1 Qn
as n — 00. Since E;il bj_|_2 2‘2:1 (ﬁo-g—él—)k TT Z;x;l jbj+2 > 2b0 + bl as
z {) 2by + by, we see that b* in (4.2.4) may be chosen so that

o0

$ b 2 (227

2bg + b\ F 7!
0t 1) > b, (4.2.9)

Similarly, by considering any sequence {a, } with a,, 17 b*, it can be seen
that a* may be chosen so that both (4.2.4) and (4.2.8) hold. Now (4.2.9)

holds good if 2by + b; is replaced by (the larger) a*, which is to say that
(4.2.7) holds.

To prove (4.2.6), noting the definition of Q*, the equation (4.2.5) can
be rewritten in the terms of elements as

and

b* (ui+1(A) —wi(A)) = @7 (wi(A) —uima (V) + dwi(N)(5) 71, > 2. (4.2.10)

In particular, for i = 2 we have b*(u3()) — uz())) = (a* + A)ua(A) (> 0),
implying that {u;(A)} is strictly increasing in i for each fixed \. From
(4.2.10) it is easily seen that, for all k > 1 and ¢ > 2,

a

| b1 | | | |
Uirk(A) — Uigr-1(A) > (b*) (wis1(A) — ui(X)) (4.2.11)
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and

wio1(A) — wi_o(N) < (

b) (ui(A) — ui-1(N)). (4.2.12)

a

Equation (4.2.6) is trivial true for s = 0 or i = 1. For i > 2, we have

(Qu);

I

where (Qu); =

) -

(5
+

(ui-2(A) = w;(N)) + by(ui—1(A) — wi(N))

[bo
~§lej_i+2(uj()\) — ui(A))]

(5) (~1a+ 1) (4.2.13)

Id = b()(uz()\)

we have

Iy

VvV

Y320 Gi%s, Iv = 52,00 bj—iya(uj(A) — wi(X)) > 0 and

—Ui_g()\))‘l-bl(’ui()\) —ui_l()\)) > 0. By (427) and (4.2.11),

M8

bjva(uiri(A) — ui(A))

o,
I
—

[VJ8

. bj+2 é(uwk()\) - Ui+k—1(/\))

J

M8

k-1
3 ]+2 Z ( ) (Ui-l—l()‘) - Uz()\))
() — (V). (4.2.14)

o,
Il

S
*

Similarly, by (4.2.8) and (4.2.12), we have

Iy

IA

A

(bo + b1)(uwi(A) — wi-1(N)) + bo(ui—1(A) — ui_z(N))

(b ( ) (b + bl)) (ws(\) — w1 ()
2" (ui(A) — w1 (\). (4.2.15)

In view of (4.2.14) and (4.2.15), equations (4.2.10) and (4.2.13) together
verify (4.2.6). The converse is thus proved. O

Theorem 4.2.3 establishes that if the drift B’(1) is non-positive, the

CBP is unique. However, even when this conditional fails, and indeed
even if B'(1)

is a unique solution to the forward equations (4.1.3).

= 400, there is still only one CBP, for, as we shall see, there

Theorem 4.2.4. There exists only one CBP.
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Proof. As already remarked, we need only consider the case 0 < B’ (1) <
co. In order to prove that the CBP is unique, we will show that the for-
ward equations have a unique solution. We will verify Reuter’s condition
(Theorem 2.2.8 of Anderson (1991)) that the equation n(A)(A — Q) =0,
0 < n(X) € 1y, has only the trivial solution for some (and then all) A > 0.
Suppose the contrary is true and let n = {n;, 7 > 0} be the non-trivial
solution corresponding to A = 1. Then, by (4.1.1) we have

i+2
nj = 2 Mi()bj-i+2, 720, (4.2.16)
1=2
with
o0
nj =20 (720 and Y m; < +oo. (4.2.17)
=0
It is clear that the non-triviality of the solution n implies that
x
2. m; > 0. (4.2.18)
j=2

Condition (4.2.17) guarantees that ©52,7;s’ < oo for all s € [0,1]. Note
that for any s € [0,1), let § € (s,1), then lim;(3)s?/5 = lim;_,00(3) -
(s/3)7 = 0, thus there exists an ky > 2 such that (§)s? < & (Vj > ko).
Therefore, Z?‘;z(g)njsj < Z?":z(g)njsj + 23 kot n;8’ < oo and hence

o

> G)mis’ <400,  0<s<1 (4.2.19)
j=2

because, by the root test, these series have the same radius of conver-
gence. It then follows, from (4.2.16), (4.2.19) and Fubini’s Theorem, that
2078 = B(s) 25(5)ms*%, 0 < s < 1. Now, (4.2.17), (4.2.18) and
(4.2.19) imply that both 2, 7;s7 and ¥X,(4)n;s*=2 are strictly positive
for all s € (0,1) and thus B(s) > 0 for all s € (0,1), which contradicts
Lemma 4.2.1 because B'(1) € (0, 00]. The proof is complete. O

4.3. Extinction and Explosion

Having established that the CBP is uniquely determined by its q-
matrix, we will now examine some of its properties. Let {X(t), ¢ > 0}

be the unique CBP, and let P(t) = (p;;(¢)) denote its transition function.
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Define the extinction times 79 and 7 for states 0 and 1 by

o { inf{t >0, X(t) =0} if X(t) =0 for some t >0

)
)

+o00 if X(t)#0forallt>0
S inf{t >0, X(¢t) =1} if X(t) =1 for somet >0
+00 if X(t)#1forallt>0

and denote the corresponding extinction probabilities by
ajp = P{mg < +00|X(0) =1} and a;y = P{mn < +00|X(0) =1}.
Theorem 4.3.1. The extinction probabilities satistfy

aip + qai = ¢, (4.3.1)

where recall that g is the smallest root of B(s) = 0 in [0,1]. More
specifically,

a0 + a;1 = 1, ’Lf B’(].) _<_ 0, (432)
aio +qain = ¢ < 1, if 0 < B'(1) < 4+o0. (4.3.3)

Proof. Since agy = a1; = 1 and ag; = aig = 0, (4.3.1) holds for ¢ = 0
and i = 1. So, suppose that ¢ > 2. We shall first establish (4.3.2). Refer
to the proof of Theorem 4.2.3. Since B'(1) < 0, (4.2.2) holds. Also,
limy_s00 pij(t) = O for all 4,5 > 2, because states 1 > 2 are transient
(see Lemma 4.2.2). Thus, on letting ¢ — oo in (4.2.2) and using the
Dominated Convergence Theorem, we find that a0 + sai1 2 s', for s €
[0,1). Letting s 1 1 leads us immediately to (4.3.2) because ap+a;; < 1.

Next we will prove (4.3.3). Since 0 < B'(1) < +o0, Lemma 4.2.1
implies that ¢ < 1. On putting s = ¢ In (4.2.1) and noting that

B(q) = 0 we discover that, for any ¢ > 0, >20 pi’j(t)qj = 0, implying

that 324 Jg pi;(u) du ¢’ = 0. Hence, for any t > 0, we have
o0 . . .
Y.pmit)d =q¢, 122 (4.3.4)
=0
On letting ¢ — oo we obtain
o0 . .
tliglo pio(t) + tl—iglop“(t)q * tlil?ojgpij(t)qj =q, 12> 2,
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noting that all of these limits exist. Since ¢ < 1 we may apply the
Dominated Convergence Theorem in the last term on the left-hand side
to obtain (4.3.3). =

Theorem 4.3.1 states that if B’(1) < 0 then the process is eventually
absorbed at either 1 or 0 with probability 1, while if 0 < B’(1) < +o0
absorption occurs with probability less than 1. Our next result establishes
that if in this latter case absorption does not occur, then the process
must explode. In preparation, define a family of probability generating
functions F' = {Fy(t,s), i > 0} by Fi(t,s) :== =32 pi;(t)s’ and note that
F satisfies its own set of forward equations: from (4.2.1) we get, for
s € [0,1),

dFi(t, s) O%F,(t, s)
ot §B( °) 0s?
with Fy(t,s) =1 and Fi(t,s) = s.

i > 2, (4.3.5)

Lemma 4.3.2. The transition function P(t) = (p;;(t)) satisfies

lim Z pij(t) =0, i > 2. (4.3.6)

t—)oo

Proof. Fix i > 2. First note that the limit exists because 32, p;;(t) is
decreasing in ¢t. This follows from the identity
x
pio(t) + pi(t) + Z pij(t) = _Zopij(t) ’ (4.3.7)
j=2 j=
because first two terms on the left-hand side are increasing, while right-
hand side is decreasing. Thus, we only need to prove that the limit in
(4.3.6) equals 0. When B'(1) < 0, P(t) is honest (Theorem 4.2.3) and
a0 + ai1 = 1 (Theorem 4.3.1), so letting ¢t — oo in (4.3.7) achieves the
desired result.

Now suppose that B’(1) > 0. Observe that (4.2.1) holds for all

s € [0,1] no matter what the value of B'(1); when s = 1 or s = ¢, the
right-hand side is zero. Thus, we may write

ﬁ > plj(t)s’ = ;2( 3)pik(t)s" 2, (4.3.8)

for all s € [0,1). The apparent singularity at s = ¢ in the left-hand side is

removable, because the series on the right-hand side certainly converges
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for all s € [0,1). Moreover, the left-hand side is continuous and strictly
positive (indeed increasing) on this interval. Therefore, we can rewrite
(4.3.5) as ;

L CREL
where F)(t,y) := 0F;(t,y)/0t. Integrating above equality with respect to
y on [0, z] yields that

- AP Il — ﬂiFi’(t,y)
2 palie™ =2 [ g,

Integrating the above equality with respect to z on [0, s], we have

dy, 1> 2.

pii(t)s’ =2 ( AN d)da:, i> 2.
R o o "By)

Using Fubini’s Theorem on the right hand side and noting the definition
of Fi(t,s), we deduce that, for any s € [0, 1),

Rt,s) = po() +pa()s +2 [ GoyF/ )y, (439

where Letting s 1 1 shows that (4.3.9) also holds for s = 1, and so
me = 2/ ——F (t,y) dy (4.3.10)

Thus, the proof will be complete if we can establish that

_ 11—y _
lim | By )F (t,y)dy =0. (4.3.11)

To this end first observe that, for € € (0, 1),

. 1-el —y .
i ) i a =,

since by (4.3.8) the integrand is dominated by 1/(1 —1)?, and because the
limit as ¢ — oo of the left-hand side of (4.3.8) is equal to 0 for s € [0, 1).
It therefore suffices to prove that

1 1—y B
tllglo 1-e B(y )F(t y)dy =0,
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for some suitable e. We will use (4.2.3), together with the fact that the
root s = 1 of B(s) = 0 has multiplicity 1 when B’(1) > 0 (because
B'(1) > 0). In particular, (4.2.3) implies that

—F{(t,s) = |F{(t,s)| < Z [pi;(B)ls” < Z P <2¢, g<s<l,
7=0 =0
remembering that F/(t,s)/B(s) > 0 for s € [0,1) and B(s) < 0 for
s € (g,1). Therefore, if we take e < 1 — g, we get

1 1—y 1 1—-y
/IEB()F(ty)dySqu/_ _B()dy<oo

and so again dominated convergence can be used to obtain the desired

result. O

In order to evaluate the absorption and explosion probabilities ex-

plicitly, we will need the following result.

Lemma 4.3.3. The extinction probabilities satisfies
aio + quai1 = g - (4.3.12)

Proof. Substituting (4.1.1) into the forward equations (4.1.3) gives that

pLi(t) = z P @ Obsksn, 0> 0.

Multiplying s/ on both sides of the above equality and summing over j
yields that for any 7 > 0 and s € (—1,1),

00 ) oo J+2 -
> plt)s = S (3 pirlt) (§)bjpr2)s
J=0 §j=0 k=2
= X Z Pik(t)(3)bj—k+28
k=2 j=k-2
= 3 )2 3 bs™
k=2 m=0
= B(S)Ifijzpik(t)('z“)sk‘z

i_‘éop;j() B(s)Z(m (H)st2, se(=1,1), i>0.
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Integrating the above equality yields that for s € (—1,1) and 7 > 0,
S 0 (£)sh — st — B(s)S ([ pon(a)du) - (F) k2
_Zopzy( )s’ — ' = B(s) kZZ( | Pik(u)du) - (3)8"°.
]: =
Letting s = g, in the above equality and noting B(g,) = 0 yields that
m . .
> pij(t)el = ¢..
i=0

Finally, letting ¢ — oo and noting lim; e pio(t) = @40, limy_y o pi1(t) = an
lim; 00 =529 3j(t) = O (see Lemma 4.3.2), we see that ao + g.a:1 = ¢.

The proof is complete. O

Theorem 4.3.1, as well as Lemmas 4.3.2 and 4.3.3, allow us to evalu-
ate the extinction probabilities a;y and a;;, as well as a;,, the probability

of explosion starting in state <.

Theorem 4.3.4. (i) If B'(1) < 0 then

e e
and a; = 0.
(if) Tf 0 < B/(1) < oo then
aio = (aqk — ¢.4")/ (g — @), (4-3.14)
ai = (¢ — )/ (¢ - ¢.) (4.3.15)

and @i = (q(1 — ¢)) — ¢x(1 —¢") — (¢ — ¢)) /(g — q4).
Proof. We have already noted, in the proof of Lemma 4.3.2, that when
B'(1) < 0 the honesty of P(t) implies that ¢" + ¢ = 1. On the other
hand, when B’(1) > 0 we have

ajp + @i + Gico = 1, 12> 2, (4.3.16)

by virtue of Lemma 4.3.2.

If B/(1) < 0 then by (4.3.2) in Theorem 4.3.1 and (4.3.12) in Lemma

4.3.3, we know that
{ ap+a;; =1

aio + g«a;1 = q..
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Solving above equation yields (4.3.13). Then by (4.3.16), ajco = O-
If 0 < B'(1) < o0, then by (4.3.3) in Theorem 4.3.1 and (4.3.12) in

Lemma 4.3.3, we know that
{ aio + aing = ¢
aip + gxai1 = ¢’
Solving above equation yields (4.3.14) and (4.3.15). Then by (4.3.16)

yields the explicit expression of a;q. O

Next we will evaluate the mean hitting times. Let
Hik = E[Tkl{,,-k<oo}|X(0) = ’i], k= O, 1

denote the expected extinction times starting in state . Similarly, let

Pico = E[T0I{r, <0} X(0) = 7], where 7, is explosion time.
Theorem 4.3.5. (i) If B'(1) <0, the expected extinction times are all
finite and are given by

2 /01 (1 - v)*fiy)

_ 0 (y —q.)(1 — ) fiy)
Hio = m[—q* J d

Bw “the T BR vl
(4.3.17)

dy] (4.3.18)

2 t(1-9)°fiy) , 0y —g¢)1—v)fily)
orth 5w YhT B
for 1 > 2, where

Nz'1=(

fily) = ¢, - 2-(1 - ¥) Il )

T Ty (4.3.19)

(ii) If 0 < B’(1) < 400 then, again, the expected extinction times are all

finite. They are given by

2 0 (@-v1*fi®) 4, [ (v - ¢.)(a — v) fily)

0= g b BG) TBw W
2 q (¢ —y)*fily) 0 (¥ — ¢.)(a - v) fi(y) 320
=i B YT he B W 432
for ¢ > 2, where
; . i z) | 1—1 i—1
fily) =i — (5_ yy + qy(qq — yy ) (4.3.22)



Proof. To begin with, note that all of the integrals in (4.3.17), (4.3.18),
(4.3.20) and (4.3.21) are finite; since the function f;(y) defined in (4.3.19),
respectively (4.3.22), is bounded on [—1,1] (indeed, |fi(y)| < 27j for y €
[—1,1]), also note that, by Lemma 4.2.1, if B'(1) < 0, then ‘

B( )
(?jl?_(g;) are bounded on {0, 1] and [g,, 0] respectively, while if 0 < B'(1) <

00, then (%(5)2 nd (y q) are bounded on [0, q] and [gs, 0] respectively,
therefore, all the 1ntegrals are finite.

and

Note that in the proof of Lemma 4.3.2, we proved that (by inte-

grating (4.3.5) with respect to s and using Fubini’s Theorem), for any
s € [0,1),

S—Y
) /(t,y) dy, (4.3.23)

where F}'(t,y) = 0F;(t,y)/0t. Similarly, integrating along the negative

Fi(t,s) = pio(t) + pa(t)

real axis gives, for any s € [g,, 0],

Fi(t, s) = pio(t) + pa(t)s + 2/

= (y) (¢, y) dy. | (4.3.24)

We first prove (ii). Since 0 < B'(1) < o0, ¢ € (0,1). Let s = ¢ in
(4.3.23) and s = g, in (4.3.24), and use the fact that ¥32, pi;(t)¢’ = ¢’
and ©52 pi;(t)q? = ¢., which follow from the fact that both ¢ and g, are
roots of B(s) = 0 (again refer to the argument leading to (4.3.4)). This

gives

pio(t) +pa(t)g = ¢ —2/qq ?;F (¢,y) dy,

y qx
pio(t) + pia(t) g = ¢, — 2 /q F!(t,y) dy.

B(y)

Now, in view of (4.3.1) and (4.3.12), the above equations can be rewritten

as

(aio — Pio(t)) + (a1 — pu())a =2 [ ‘jgz )F (t,v) dy,

(aio — pio(t)) + (aa — pia(t))q '(t,y) dy.

Integrating above two equations with respect to ¢ and noting F;(0,y) = Y
yields that

/Ot(aio — pio(u))du + Q/Ot(au — pi(u))du = 2/0q g'iy—g)j(ﬂ(t, y) — y')dy,
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Jy o = po(w)du+ a. [ (o~ pa(u)au =2 [V 2t 5) — )

Note that [ l‘i’}(y)dy < oo and fO yB(q) dy < oo, letting ¢t — oo in the above

two equations and using Dominated Convergence Theorem yields that

79~ i
tio + gl = 2/ q——y(Fi(OO,y) —y')dy,

B(y)

0 . ;
pio + Guptin =2 | 2 yq) (Fi(c0,y) — ')y

since a;;y — pix(t) = P(t < 7 < 00| X(0) =14), k = 0,1, (7 (k = 0,1)

are defined at the beginning of this section,i.e., the extinction times for

states 0 and 1 respectively), where F;(oco,y) := lim;_,o Fi(t,y). Using the
identities F;(oo, y) = a0 + a;1y yields that

q — a;p + a;1y — J
pio + ping = 2/0 (=) lg’(y) o )dy (4.3.25)
0 (y — g«)(aio + any — v*)
tio + ping /q B(y) dy (4.3.26)

Solving for pio and p;1, we eventually arrive at (4.3.20)—(4.3.22).

We now prove (i). Since B'(1) < 0. Note that (4.3.26) still holds.
Next, let s 1 1 in (4.3.23) and using Monotone Convergence Theorem in
integral on the right-hand side of (4.3.23) yields that

pio(t) +pin(t) =1 -2 /01 ;—y?ﬂ'(t, y)dy

since 52, p;;(t) = 1. Now, in view of (4.3.2), the above equation can be
J q

rewritten as

(aio — pio(t)) + (air — pa(t)) =2 2{ ?)JF’(t y)dy.

Integrating the above equation with respect to t and noting F;(0,y) =
yields that

t t 11— :
| (a0 = pio(w))du + [ (an — pu(u))du=2 [ W;)J(Fi(t, y) — o')dy.

Note that by (4.3.5) and Lemma 4.3.2, Fi(t,y) is increasing with respect

to ¢t and Fi(t,y) T aip + ai1y. Also note that [} (;(ygzdy < 00, letting
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t — oo in the above two equation and using Dominated Convergence
Theorem yields that

Hio + qpin = 2 Oq gl?@—‘?;(ﬂ(oo,y) —y')dy,
since a;y — pir(t) = P(t < 7 < 00|X(0) = 1), k = 0,1, (7 (k = 0,1)
are defined at the beginning of this section,i.e., the extinction times for
states 0 and 1 respectively), where Fj(oo,y) := limy F;(t,y). Using the
identities F;(0o,y) = a; + a;1y yields that

)(azO +any —y )

pio + ping = 2 dy.

/ B(y)
Solving the above equation and (4.3.26) for u;p and p;1, we eventually
arrive at (4.3.17)-(4.3.19). The proof is complete. O

Next we will evaluate the expected time to explosion. By Theorem
4.3.4, only the case 0 < B'(1) < 400 need be considered. Since we are

dealing with the minimal process,
Pico(? ) =1- Z ng( )= P17 < th( ) =1), (4.3.27)

is the probability of explosion by time ¢ starting in state ¢, and p;(t) —

Aiso &S T — O0.

Theorem 4.3.6. If 0 < B'(1) < 400, then the expected explosion time

is finite and is given by

Hioco
B 2 1(1-y)lg—y), _1-q a(q—y)° ,
el U e e L
1—q (0(y—aq)(g—y)
+ g — g« /- B(y) fily )dy) (4:328)

for 1 > 2, where f;(y) is given in (4.3.22).

Proof. Fix ¢ > 2 and observe that u; < 00, because, as already noted,
all of the integrals in (4.3.28) are finite. Since 0 < B'(1) < 400 we
know that pi(t) > 0. Furthermore, p;00 = f8°(@i00 — Pico(t)) dt, because
P(t < Teo < 00| X(0) = i) = @00 — Pico(t). However, a;oo = 1 — ajo — as,
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where a;o and a;; are given in Theorem 4.3.4(ii). This, together with
(4.3.27), yields

=2 / pij(t) dt — pio — pan, (4.3.29)
=20

where p;0 and p;; are given in (4.3.20) and (4.3.21), respectively. Note
that [§° p;;(t) dt < oo for all j > 2, because all states j > 2 are transient.
Moreover, by virtue of (4.2.1), this integral can be evaluated explicitly;
on integrating (4.2.1) with respect to ¢ from 0 to oo, we get

a;p + a;18 —
B(s)

and extracting the coefficient of s*72 gives

= Z(z)/ooopik(t) dts*2, |s] < 1, (4.3.30)

00 2 (k-
[ pa@dt=—6EP0),  ix2 k>2, (4.3.31)

where :
a;p + a1 — s

Gi(s) =
(s) B(s)
Now, integrating (4.3.30) twice with respect to s yields

Sl ™ E_og [° |
Ez/o pik(t) dt s* = 2/0 (s —y)Gi(y) dy
and letting s 1 1 shows that
0 roo 1
Y J, pat)dt =2 [[(1 - 4)Giy)dy. (4.3.33)

Substituting (4.3.33) into (4.3.29) then yields

(4.3.32)

Hico = 2/ 1-— (y)dy Hi0 — M1, (4334)

and, after substituting the expressions for a;y and a; given in (4.3.14)
and (4.3.15) into (4.3.32) yields that

9¢: — 44" + (¢' — @)y — (g — ¢,)¢/
Gily) = ( )y —(9—a.)y

(g - Q*)B(y)
(¢ —y)fi(y)
(9—-a.)B(y)’
where f;(y) is given by (4.3.22). Thus
. /01(1 ~¥)Gily dy / (q q* )f,( )dy, (4.3.35)‘
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On the other hand, by (4.3.20) and (4.3.21),

) o 1"(]*) (q_ fz( )
/1'20‘*‘#'11 - ( _q*) / y) y

_2(1—gq) / (v —a:) (g —y) fily)

dy.

(g —a.)* B(y) g
Finally, substituting the above equality and (4.3.35) into (4.3.34) yields
(4.3.28). The proof is complete. O

We have proved that the CBP either explodes, or is absorbed, in
finite-mean time. Our final result concerns the time spent in each state

over the lifetime of the process. Let T} be the total time spent in state &
(> 2) and let pjx = E[Tx|X(0) =4}, 1 > 2. Then,

Hik = E [/000 I{X(t):k} dt‘X(O) = ’L} = /Ooopik(t) dt.

This expression was evaluated in (4.3.31). We have therefore proved the

following result.

Theorem 4.3.7. All of p;z, ¢ > 2, k > 2, are finite and given by

Wik HG(’“ 2(0) (4.3.36)

where Gz(k—2)(0) is the (k — 2)-th derivative near 0 of G; given in (4.3.32).

In particular,

, . i-1 _ i—1
iy = 0 _ qq.(q a.”") i
B(O) bO(q - Q*)
for example po2 = —qgx/bo, and, 529 ik = io + Hi1 + Hico-

Remark 4.3.1. The argument used in proving Theorems 4.3.5-4.3.7
may, in principle, be extended to obtain results concerning the variance
and the higher moments of the extinction, explosion and total holding
times. We only give a brief sketch of such extension in the following.
For example, Suppose that we consider u%) = Ei[’rgI{TO@o}] and ,ug) =
Ei[131(7,<c0}] in the case 0 < B'(1) < oco. Recall that in the proof of we
obtained that
(aio — pio(t)) + glair — pi(t)) =2 /Oq gB—z—y%Fi’(t: y)dy,

(aio — pio(t)) + a.(an — pi(t)) y)dy.
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Multiplying the above two equalities with ¢ and integrating with respect
to t yields that

% i — 1 RO o [19— =Y '
| e —pio(t))dt+g [ tan—pa(t))dt =2 [ B0 [ LFY(¢, y)dt)dy,

) Haio—pio(®)dt+a, || tlan—pa()di =2 [ yB_(yq)* ( /0 LF!(t, y)dt)dy

If u( ) < 00 and ug) < oo then
6.8) o0
uly = [ Bdpio(t) =2 [ (aio — pio(t))dt

i) = /O t*dpir(t) = 2 /0 t(ai — pa(t))dt.
On the other hand,

/0oo tF;(t, y)dt
= /Ooo td(pio(t) + pir(t)y) + g(/ooo tdpir(t))y*

/Ooo(aio — pio(t))dt +y /Ooo(an — pa(t))dt + ki;(/ooo Dik (t)dt)yk

= k
= > piy".
k=0
Therefore, we can obtain

(2) _ k
Hio" + q# =4 Z Hik / B dy,

(2) k

usy) + qupls —4Zuz ——y'd

’ L5 B(y) g
()

(2)

Solving the above equations yields p,;

and p;;". The other moments can

be similarly obtained.

4.4. An example

As an example, we will investigate the upwardly skip-free case in
this section. This will serve to illustrate our results and to show that
formulae such as (4.3.36) can be evaluated easily. Let a;, ay and b be
positive constants, and set by = az, b1 = a1, b3 = b and b; = 0 for all
7 > 4. The generating function B(s) is given by

B(s) =ax+ays — (a3 +as + b)s2 + bsS,
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It has three zeros: two positive ones, 1 and

1
p:?b(a1+a2+\/(7(11+a2)2+4agb),

and the third, strictly negative zero

1

%= (a1 +ay — /(a1 + as)? +4a2b> .

Also, B'(1) = b — a1 — 2a2. If b < a; + 2a3 (B'(1) < 0), then p > 1 and
q=1.If b= a;+2ay (B'(1) = 0), then g = p = 1 is a multiplicity-2 zero,
while if b > a1 + a3 (B'(1) > 0), then ¢ = p < 1. We can use Theorem

4.3.4 to evaluate the hitting probabilities. If b < a; + 2a9, the extinction
probabilities are given by

Qi_Q* 1_‘Qi
, a1 = d th i a; :‘—‘1,
- =T (an us aijp+aip = 1)

a;p =

while if b > a; + 2as, the extinction and explosion probabilities are given
by

L — g _r-d
aip = y o 1 =

P — G pP— s

and Qo =1—a;0 —a;; > 0.

In order to get more concrete results let us assume that the process
starts in state ¢ = 2. Using Theorems 4.3.5, 4.3.6 and 4.3.7 obtain the

following result.

Proposition 4.4.1. For upwardly skip-free CB process the follow are

true:
(i) If b < 2ag + a1 then ax = —q, and ay; = 1 + g, with agee =0,
while if b > 2as + a1 then

a1+ a b— (a1 + 2a
azo:a—b%a az = 1(, = and A200 = (@ 2)>0.

b

(ii) If b > 2a2 + a1 then
2 (1 — g,)90-9)
= —1
SRR ( |

¢g—¢q) \(1-q)0-9

)
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9 9 (1-— q)(l—q)(l-Hl*)

and thus pgg + f21 + H2co = Zieg Hox = 2/b.
(iii) If b = 2a2 + a1 then
2 2
20 = ‘5111(1 —qi), P2 = b (1-In(1- a))

2
= > 2

and thus pag + pa1 = X529 tor = 2/b.
(iv) If b < 2a3 + a; then

and thus

H20 + P21 = §H2k= -Z—(l— (p—1)In (1—1)) . (4.4.1)
k=2 p

Notice the simple form for the expected time spent in state k£ when

b > 2as + a1, this being proportion to the reciprocal of (%). Notice also
that expected lifetime of the process is simply Y32, por = 2/b. Yet, the
behaviour of the process in the two cases b = 2as+ a; and b > 2a3 + a; is
quite different. In the former case the process will eventually be absorbed
at either 0 or 1 (B’(1) = 0), while in the latter (B’(1) > 0) the process
has a positive probability of explosion. And, the same total life time 2/b
comprises only pgo and p; for the former case, but pog, uo; and pge
for the latter. In contrast, when b < 2a3 + a; (B'(1) < 0) the expected

lifetime is strictly smaller than 2/b; see (4.4.1).
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4.5. Notes

This model was considered by several authors, including Ezhov (1980)
and Kalinkin (2002), and can be traced back to Sevast’yanov (1949).
They studied the extinction probability and also gave a sufficient condi-
tion for the regularity. Here, a different but significant method is used
to further study this model, a satisfactory “if and only if” condition for

the regularity is presented and some further important properties are

obtained.

This chapter is due to Chen, Pollett, Zhang and Li (2004). More
specifically, Lemma 4.2.1, Lemma 4.3.3 and Theorem 4.3.5 are due to Li,
Lemma 4.2.1, which considers the function B(s) and its roots (especially
the negative root), makes it possible to obtain the extinction probabilities
and also plays a key role throughout the further study of CBP. Further-
more, this idea can be used to study interacting branching models with
more than 2 absorbing states. Theorem 4.3.4, Theorem 4.3.6 and The-
orem 4.3.7 are due to Li and the other authors. While the idea in the
“only if?” part of the proof of Theorem 4.2.3 is due to Chen (1997).

It is interesting to compare the behaviour described in Theorems
4.2.3,4.2.4, 4.3.1 and Lemma 4.3.3, with that of the ordinary MBP. The
behaviour of CBP is similar as MBP in the subcritical or critical case (i.e.,
B'(1) < 0 or B'(1) = 0 respectively). However, in the supercritical case
(B'(1) > 0), the behaviour of the two processes is different. Whilst both
are absorbed with probability less than 1, the CBP is always dishonest,
whereas the MBP can only be dishonest when B’'(1) = +o00, and this
happens when and only when Harris’ integral condition fails. By Lemma
4.3.2, unlike the MBP, the CBP may never drift passively towards infinity.
If absorption does not occur, the CBP will certainly explode. The latter is
also true of the MBP, in that when the MBP is dishonest (B'(1) = 400
and Harris’ condition fails), it is either absorbed or it explodes with
probability 1 (see Chen and Renshaw (1993b)).

In the next chapter, we shall consider a class of more general collision

branching models.
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5. General Collision Branching Processes with
2 Parameters

5.1. Introduction

In Chapter 4 we studied collision branching process where branching
events are effected by the interaction/collision of pairs of particles, rather
than by the particles individually. In this chapter, we consider a new class
of collision branching models which is more general than that considered
in Chapter 4. We will see later that for the model considered in Chapter 4,
the results regarding extinction probabilities, extinction time, explosion
probability and explosion time can be deduced from the related results
in this chapter. However, the differential equation about the generating
function of transition probability is not available for the general model in
this chapter (except for the special case CBP); in addition, the regularity
criterion is very simple for CBP while it is more subtle for the general

case considered in this chapter.

The g-matrix @) of the process discussed in this chapter is defined as
follows.

Definition 5.1.1. A conservative g-matrix Q = (g;j; ¢,7 € Z.)is called a
general collision branching g-matrix with 2 parameters (henceforth simply

referring to as a GCB g-matrix) if it takes the following form:

(G —1)Pb;_ip0, if i>2, j>i—2
qij = { = D% . g (5.1.1)
0, otherwise,
where
a>0, >0, bp>0, b; >0 (j#2) (5.1.2)
and
00
Y b;>0, 0<—=by=) b; <+oo. (5.1.3)
j=3 J#2

Furthermore, a GCB ¢-matrix is called super-explosive if « + 8 > 1 and

sub-explosive if o + 8 < 1.
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By Remark 4.1.1, we may assume that the GCB g-matrix is not

degenerative, i.e., 2520 b2j+1 > 0.

;From (5.1.1), in addition to the sequence {b;; 5 > 0}, the two pos-
itive constants a and f are two parameters which affect the speed of
birth and death events. These two parameters, not necessarily integers,
may be interpreted as acceleration (for alpha, 8 > 1) or deceleration (for
a, < 1) index of the interaction among different particles. A GCB
g-matrix is super-explosive (respectively, sub-explosive) if and only if

PO A Wkl-w is finite (respectively, infinite).

If welet = 8 =11n (5.1.1), we recover the model considered in
Chapter 4 (there, the transition rates are proportional to {i(s — 1)/2}
rather than to {i( — 1)}. However, the constant 5 can be absorbed in
the sequence {b;}. Hence the model considered there is super-explosive.
As will be shown later, the behaviour between the super-explosive and

sub-explosive cases is quite different.

Definition 5.1.2. A general collision branching process with 2 param-
eters (henceforth simply referred to as a GCBP) is a continuous-time
Markov chain taking values in Z, whose transition function P(t) =

(pij(t); i, 7 € Z4) satisfies the Kolmogorov forward equations
P'(t) = P(¥)Q, (5.1.4)

where @ is a GCB g-matrix. A GCBP is called super-explosive (sub-

explosive) if the corresponding g-matrix Q) is super-explosive (sub-explosive).

5.2. Regularity and Uniqueness

By Theorem 1.3.1, there always exists a GCBP which is the (possi-
bly dishonest) Feller minimal process. Now we study the regularity and

uniqueness problems. Similarly as in Chapter 4, let

oo

B(s) = Y_b;js!, |s| < 1.

7=0

oo
md - 2b0 + bl) mb — Z ]b]+2
i=1
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Note that the mean birth rate m; may be infinite and we shall not exclude

this difficult but interesting case in our study.

The detailed property of B(s) can be seen in Lemma 4.2.1. Again, by
Lemma 4.2.1, let ¢ and g, denote the smallest positive root and largest
negative root of B(s) = 0. In addition to Lemma 4.2.1, we also need
the following four lemmas. They are not only essential in settling the

question of uniqueness, but also are very useful in the later sections.

Lemma 5.2.1. Let (p;;(¢);4,5 € Zy) and (¢4;(A);4,5 € Zy) be the
Feller minimal Q-function and @Q-resolvent, respectively, where @ is a
GCB g-matrix given in (5.1.1)—(5.1.3). Then for any ¢ > 0 and |s| < 1,

ipéj(t)sj = B(s) - kipm(t)k“(k — 1)fs" (5.2.1)
and
A i $ij(A)s’ = s' + B(s) - ;—2 dis(M\)k(k — 1)PsF2, (5.2.2)

Proof. Substituting (5.1.1) into the the Kolmogorov forward equation
(5.1.4) yields that for |s| < 1,

oo J+2

S o (] — L j
]g)pij(t)s — E)({: p%k( ) ( - 1) ka(k _ 1)3)3
= 2 pu(B)R%(k 1)fs* 23_:%_2 Wk TP k+2

B(s) kj’; i)k (k — 1)PsE2.

Justification of using Fubini’s theorem in the above second equality is
guaranteed. Indeed, since the convergence radius of the power series
>, k%(k — 1)Ps*~2 is 1 and thus for any |s| < 1,

oo J+2

_1)8 |31 j
‘E)(szk() ( 1) ka( ) )I |
s a - — lq JI j—k+
< 2 Ok (k= DIl 3 M spits
< —2by i k*(k —1)P|s|F2 < 400.
1—|s| k=
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Thus (5.2.1) holds. Finally taking Laplace transform we can get (5.2.2)

from (5.2.1). Indeed, the Laplace transform of the right-hand side of
(5.2.1) is

B(s) - 3~ pu(t) - k*(k — 1)%s*2,
k=2
while the Laplace transform of the left-hand side of (5.2.1) is
/0 (3 By (B)at
_ ~Xt, / j
= S e w0
= Z: $ij(N)s’ — &'

By (5.2.1), we know that (5.2.2) holds. The proof is complete.

O
In order to obtain more informative forms than (5.2.1) and (5.2.2),
we define a family of probability generating functions F' = {F;(t, s); i >
0} of the Feller minimal @Q-function (p;;(t); 1,7 € Z+) as

Rits) = Lpi()s', Jsl <1 (523

Lemma 5.2.2. Let (p;j(t);4,5 € Z;) and (¢ij(N);i,7 € Z4) be the
Feller minimal @)-function and ()-resolvent, respectively, where () is a
GCB g-matrix given in (5.1.1)—(5.1.3). Then for any 7 > 0, s € [0, 1],

T'(a)T(8) - i pz-ka)s’“

— s e 1 (w1 = WP () rdudy, (5.2.4)

S

T(a)T(8) - 22 Sie(A)s*

S)\Z??—‘ QS”( ) I~y 1 a-1 -1 u
= s, B(")(lny)f’a_ﬂy (f et Grduydy (5:25)

where F}(t,y) = aFa(tt ¥) and ['(-) is the gamma function.

Proof. (5.2.4) and (5.2.5) are trivial for ¢ = 0 or 1 since the states 0

and 1 are absorbing. So we assume ¢ > 2. Using (5.2.3) we may rewrite
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(5.2.1) as
Fi(t,y)
Dik k—1 Byf~2 5.2.6
Bl = 3 paltk(k ~ Dy (526
for all y € [0,1) provided that B(y) # 0. Note that by Lemma 4.2.1 if
mq > mp then the left-hand side of (5.2.6) is well-defined for all 0 < y < 1

while if mg < my < +00, the only singularity at y = g on the left-hand

side of (5.2.6) is clearly removable, because the series on the right-hand
side certainly converges for y € [0, 1) (for more details, see Remark 5.2.1
below). It follows that (5.2.6) holds true for all y € [0,1) in both cases.
Moreover, the right-hand side and therefore the left-hand side of (5.2.6) is
a continuous, increasing and strictly positive function of y on this interval.
Now for any given s € [0, 1], multiplying (In £)*~!- (In 5)3‘1 on both sides
of (5.2.6) and integrating on 0 < ¥y < z < s yields

5 xFiI(t7y) -1 Sya-1
b, Bly) (lny)ﬂ dy) - (1n;) dz

szk( Ok (k- 1) [* [" 420 0 ) Z)P (1n 2)*dyda.

For each term k > 2 in the right-hand side of the above equality, perform

the transformation In E = o7 and In 2 = 7, then we obtain that

/ /x k- 2 ﬂ 1(ln )O‘—ldyd:c

=S et P e e rdudy
0 Jo (k=11 ko1 k(k—1)

Sk o0 o0
. f-1_-u . a—1
— ka(k — l)ﬁ /0 u’ e Udu /0 v

_ I(@r)

ke(k—1)8°

here and throughout this chapter, I'(-) denotes the gamma function.

Therefore,

s zﬂ’(t, ) 1 Sva—1 o0
/O ( 0 B(y) (ln )ﬁ dy) (ln _) dz = F(a)F(ﬂ) kg2pik(t)8k

Y T
and hence
/Os F;'](Z/Z)J) _ (/ys(ln a:) '(In y)ﬂ ld:z:) dy =T'(a)T'(B) épik(t)sk
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Using the transformation u = (In 5)'1 In? in the integral

( In~)#~1d
[ n ) ()P
on the left-hand side of the above equality then achieves (5.2.4) for the

case 0 < s < 1. Now we rewrite (5.2.4) as

I'(a)T(B) - épik(t)sk

= s /01 B(sx)l?ztl’rfgl—a—ﬂ : (/01 w11 — w)tetdu)dz, s€]0,1).

By (5.2.6), FB((t Sg)” is an increasing function of s, therefore, letting s 11
in above equality and using Monotone Convergence Theorem yields that
(5.2.4) holds for s = 1. Finally, since (5.2.5) is just the Laplace transform
of (5.2.4), we know that (5.2.5) holds. The proof is complete. O

The following lemma shows that any state ¢ > 2 is transient which

in turn yields far-reaching consequences.

Lemma 5.2.3. Let (p;;(t);i,7 € Z) be the Feller minimal Q-function,
where @ is a GCB g-matrix given in (5.1.1)—(5.1.3). Then for any 7 >
2, J > 2 we have

|7 pii(t)dt < oo. (5.2.7)

Furthermore, if mg > m; then
lim pio(t) + lim p;1 (t) = 1 (5.2.8)

while if mg < mp < 400, then

tllg}; piO(t) +q tli)lg pﬂ(t) - qi (529)
and thus
tlirgopio(t) + lim p; (t) <1 (5.2.10)

where g € (0,1) is the smallest positive root of B(s) = 0.

Proof. For any fixed ¢« > 0, it follows from the Kolomogorv forward

equations that t
pio(t) = dio + g0 - /0 pia(s)ds
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which implies that [§° pp(t)dt < co. Suppose [§° pik(t)dt < oo for 2 <

k < 3. From Kolmogorov forward equations we can see that

J 00 00
pij—1(t) — dij_1 = kZ k*(k —1)Pb; k11 /0 pir(t)dt + (5 + 1)"‘]'360/0 pij+1(t)dt
=2

and hence [§° pi;j+1(t)dt < co. Therefore, (5.2.7) follows from the math-
ematical induction principle. Thus all states 5 > 2 are transient which
then implies

lim p;;(t) =0, (Vi>2,7>2). (5.2.11)

t—oo

For the need of the following proof we note that, for any i > 2, p;(t)
and p;1(t) are increasing with respect to ¢ since states 0 and 1 are both

absorbing, hence both lim;_,, p;o(t) and lim;_,o, ps1 () exist.

Now, assume mg > m;, then Lemma 4.2.1 implies that the right-
hand side of (5.2.1) is nonnegative (strictly positive if ¢ > 2) for s € (0, 1).
Thus, on integrating the left-hand side of (5.2.1), we see that

> pij(t)s' —s° >0, i>0,0<s<1. (5.2.12)
j=0

The interchange of derivative and sum can be justified as follows. By
Theorem 1.2.2, for all £ > 0,

0
_Z% p;(t)] < 245, (5.2.13)
J:

where ¢; = —i%(i — 1)Pb; < oo (see also Proposition 1.2.6(2) of Ander-
son (1991), for any transition function (p;;(t)), if ¢ is a stable state, then
2520 1Pt (8)] < 2gi for all £ > 0). Therefore, the series =32, pf ;(t)s? con-
verges uniformly on [0,1), for every ¢, and, since the derivatives pi;(t)
are all continuous (by Proposition 1.2.4(2) of Anderson (1991), if i is a
stable state, then p;(t) exists and is finite and continuous on [0, 00) for
all j > 0), the derivative of $224p;;(t)s’ exists and equals ©520 1} (t)s7.
Letting ¢ — oo in (5.2.12) and using (5.2.11) yields

lim pio(t) + s lim pia(t) > 8 s €[0,1). (5.2.14)

Now letting s 1 1 in (5.2.14) and using the fact that p;(t) + pa(t) < 1
yield (5.2.8).
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If mg < mp < +00, Lemma 4.2.1 implies that ¢ < 1. Letting s = ¢
n (5.2.1) and noting that B(g) = 0 yields that for any ¢ > 0,

00 , )
> pij(t)qJ = 0.
j=0

Integrating with respect to ¢ yields that

o0 t ) j
];0(/0 pij(u)du)q =
Hence, for any ¢t > 0, we have
w . .
> piit)d =q', i>2. (5.2.15)
5=0

On letting t — oo in (5.2.15) we obtain
o0 S
tliglopio(t) + tliglopu(t)q + tllglo ]Z::sz-j(t)qj =q, 1> 2,

by noting that all of these limits exist. Since ¢ < 1 we may apply the
Dominated Convergence Theorem in the last term on the left-hand side
to obtain that

t—00

Jim pio(t) + Jim pa(a + 3 (fim py ()7’ = ¢ 22

Noting (5.2.11) we know that (5.2.9) holds. Finally, by (5.2.9), lim; e pio(t)
limy—yoo pi(t) = ¢+ (1 — @) limy oo pia () < 1 —g+¢ <1since0 < g < 1.
The proof is complete. O

Remark 5.2.1. If my < mp < 400, since

Fl(t F!(t,
L Fl(ty) o Rty

vt v = -——‘oo itkak—lﬂk_2<00
yte  B(y) vie B() gzpk() ( )'a

we can define
Fi(t,q) _
B(q)

Hence the singularity at y = ¢ on the left-hand side of (5.2.6) is removable,

= % paOk(k ~ 14"

as indicated in the proof of Lemma 5.2.2. It also follows that for any given

€ (q,1), —Iﬂ%“;—) is uniformly bounded on [0, €] (respect to y).
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Remark 5.2.2. It follows from (5.2.1) and (5.2. 6) that B((t :‘;) is non-

negative (actually, positive if ¢ > 2) for all y € [0,1) and increas-
ing on [0,1). Indeed, it is trivial true for the case my > m; while if

mg < my < +00, then from (5.2.1) and (5.2.6) we see that %}—f% iS non-

negative for y € [0,¢)U(g, 1). Moreover, for the case y = ¢, _ﬁ((_?;—) 15 also

nonnegative since the right-hand side of (5.2.6) is nonnegative. It then

follows that F/(t,y) > 0if 0 < y < q and Fl(t,y) < 0if ¢ < y < 1.
A im0 $is(Ny’ -y

B(y) _ -
increasing function of y € [0,1) and thus A2, ¢;;(A)y’ — ¢* is positive

Similarly, it is easily seen that is also a nonnegative and

or negative accordingto 0 <y <qorg <y < 1.

Using Remarks 5.2.1 and 5.2.2, we are able to rewrite Lemma 5.2.2
in a more compact and informative form which yields very useful inequal-
ities.

Lemma 5.2.4. Let (p;(t); 4,5 € Z;) and (¢;;(N);4,5 € Z;) be the
Feller minimal @-function and @Q-resolvent, respectively, where @ is a
GCB g-matrix given in (5.1.1)—(5.1.3). Then for any i > 0, s € [0, 1],

C(a)T'(B) - épik(t)sk

gt F(t, sx) p-1u
= s Blen) (o lag) o7 (/ w1 —w)f latdu)dzs.  (5.2.16)

In particular,

[(@)I(8) - § pir(t)

Fl(t,z
- /01 B(z)(— lix o p (/ (1~ u)" gt du)da. (5.2.17)
and thus

1 Fi,(t7x) a+f5-1

0 B() cx(—Inz) Py
< Ta+8) > pilt)

F/(t,x

< 01 B(fx)) (~Inz)**ds. (5.2.18)

Similarly, for any ¢ > 0, s € [0, 1],
I'(a)L'(B) - kz Pir(N)s"
=2

144



I

2 (LA ¢ij(N)(sz) — (s2)' 1 oy -1 u
) e S [ (529

and thus
1)\ZJ 0 $ij(A)z? — z° - odu
B( ) - (—lna:)1 —a=p
1 A5 ¢ij Nzl — gt
< | B )0(_511)93)1 —de. (5.2.20)

Proof. For 0 < s < 1, (5.2.16) is just (5.2.4) by letting y = sz. By
(5.2.6), E’I((t—sg)c) is an increasing function of s (see Remark 5.2.2), thus we

can let s T 1 and use the Monotone Convergence Theorem to obtain that

[()T(8) - i pix(t)

1 F’t sx)
= 1 — ﬁ 1 U
0 ;%?B(sx)( Inz)l-a-8 / w1 - ) du)dz.

Note that B(sz) and F}(t, sx) are continuous functions of s € [0, 1] for
given z € [0,1), we know that (5.2.16) is also true for s = 1 which is just
(5.2.17). Secondly, note that the integrand in the integral of (5.2.17) is
non-negative (again, see Remark 5.2.2) and for any z € [0, 1],

[(a)I'(B) L(a)I'(B)

I'a+pB) I'(e+B)
Thus (5.2.18) follows from (5.2.17). Finally, since (5.2.19) is the Laplace
transform of (5.2.16), we know that (5.2.19) holds. By (5.2.19) and the
upper and lower bounds of the integral fj u®~ 1(1—u)P~1z%du given above,
we know that (5.2.20) holds. The proof is complete. O

1
T < /0 w1 — u)Plrvdu <

We are now ready to settle the questions of regularity and unique-

ness.

Theorem 5.2.5. Suppose that mg > my, then the GCB g-matrix is

regular, i.e., the Feller minimal )-process is honest. Furthermore, we

have
lim pr( y=0, 1>2 (5.2.21)

t—)oo
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Proof. Letting s 1 1 in (5.2.12) yields ©%2,p;;(¢t) > 1, implying that
equality holds for all 4+ > 0. We deduce that the minimal @Q-function is
honest, and hence that Q is regular. Finally, (5.2.21) follows from (5.2.8).
L

In contrast to Theorem 5.2.5, if mg < myp < 400, the situation is

much more subtle.

Theorem 5.2.6. Suppose that mq < mp < +oo and thus B(s) = 0
possesses a root ¢ such that 0 < ¢ < 1. Then the following statements

are equivalent.
(i) @ is regular, i.e., the Feller minimal @Q-process is honest.

(ii) For any i > 2,

tliglojzz:zpz‘j(t) > 0. (5.2.22)

(iii) The following integral diverges

(g—s)(=Ins)etF-1
/ B ds = +o0.

(s)

(iv) For some (and therefore for all) € € (q,1),

/1 (_ ln S)OH-,B—].
g€

B e =T (5.2.23)

(v) For some (and therefore for all) € € (g,1),

1 — 3 a+p-1
| c — B) s = oo (5.2.24)

Proof. Since B'(q) < 0 (see the proof of Lemma 4.2.1), it is easily proved
that for any ¢ € (g, 1) we have

ds < oo.

c (g = 5)(= Ing)o+#-)
/0 B(s)

Indeed, recall that we obtained in the proof of Lemma 4.2.1 that

' ' 00 vqk_q-k
B(s) = (1= 8)(s = 0)(a = 9) 2(% 0w =L,
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where o = 22, bj .. Thus for s € [0,¢),

q—s 1
B(s) (1= 8)(s — q+) Z20(X521 Okt - q:_—if)sl
1
<
- 01(1 - 5)(5 — CI*)
1
S —
01¢:(1 — €)
and hence
e (g — s)(—Ins)oti!
JQUEDIC DS
0 B(s)
1 e a+f-1
— o1g(l—¢) /0 (=lne) *
1 00
< _ a+p~-1_—~y
- 0161*(1_5)/0 Y ¢
B I'a+ B)
01g:(1 —¢€)

< oQ.

Thus (iii) <(iv) follows. Note that lim,_,; T2 = 1, we know that (iv) <
(v). Hence we only need to prove (i) = (ii) = (iv) = (i). First, (i) = (ii)
follows immediately from (5.2.10) together with the fact that the limit
in (5.2.22) always exists. We now prove that (iv) implies (i). Suppose
(i) is not true. Then p =1 — A2, ¢;(A) > 0 for some fixed A > 0 and
some 7 > 2 since 0 and 1 are both absorbing. Therefore, we can find an

€ (g,1) such that for y € (g, 1),
¥ =AY i (V)Y > —g— > 0.
i=0
Applying (5.2.20) we get

% 1 1yt — AX2 i ()Y
ik(A) 2 ]
gz(ﬁk( ) > /

. —In a+p5-1
Tatph — —By YRy

AT, i (N)y _
> r(a1+ B) /el : %J,B—(()yqi]( " cy(—Iny)* " dy
pe 1 (=Ingy)*t!
T Bk BE
Noting (iv) and € > q yields
—1 a+8-1
S a2 gl [Ny = oo
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which is impossible since we always have 2, ¢ (A) <  for this fixed
A > 0. Thus (i) follows.

Finally we prove (ii) implies (iv). Suppose (iv) fails, i.e.,

/61 (= Elé)(z;ﬁ—lds < 400 (5.2.25)

for all € with ¢ < € < 1. We shall then prove that (ii) does not hold,
i.e., the limit in (5.2.22) is 0. Now by the right-hand side inequality in
(5.2.18) we see that it is sufficient to show that

. 1 Fi’(t’ y) a+p~1
lim By (—lny) dy =0. (5.2.26)
To this end, first observe that, for any € € (g, 1),
. € Fil(t’ y) a+p-1
Hm Bl (—Iny) dy = 0.

Indeed, by (5.2.6) the integrand in the above integral is dominated by
(T2, k%(k —1)Pe*2) . (= Iny)*+#~1 which is integrable on [0, ] (see Re-
mark 5.2.1), and hence we may apply the Dominated Convergence The-
orem to obtain that

. e Fi(t,y) +8-1 e .. F(ty) N
i \" N a — : i\ N a+p-1
B fy gy YTy =y lim e (<)t dy,

However, by (5.2.6) we know that for y € [0, 1)

. Fy)
T \" _ i LA (1. _ 1\B, k-2
Bm gy = a2 pi(t) - ROk — 17

Since 3925 pi(t) - k*(k—1)Py* "2 < T2, k*(k—1)Py*~% < oofor y € [0, 1),
we can use the Dominated Convergence Theorem once again on the right-

hand side of the above equality to obtain that

. Fly) & . 5 ko2
A B(y) —g(tlgggpik(t))% (k —1)7y"=

Using (5.2.11) yields that

F!
llm 1,_ (t7 y)
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and hence

: e Fi(t,y) N
'L ) . _ /8_1 _
Am )y “pgy) (Tl dy =0.
Therefore, in order to obtain (5.2.26) it is sufficient to prove that
1 E{y)
1 A (— a+B-17g, _
ios Je B(y) (—Iny) dy = 0. (5.2.27)

Remembering that Fj(t,y)/B(y) > 0 for y € [0,1) and B(y) < 0 for
y € (¢,1) (see Remark 5.2.2), we obtain by using (5.2.13) that

F(t,y) . (—Iny)otP-1
B(y) —B(y)

Now by (5.2.25) we may apply the Dominated Convergence Theorem to
obtain that

(= Iny)* Pt < 2% — 1)

: ) a+p-1
tl-l—glo e B(y) (=1ny) 4y
L Fi’(t?y) a+5-1
. Jm B(y) (= Iny)™dy

i.e., (5.2.27) holds and therefore (5.2.26) follows. This completes the
proof. O

Comparing (5.2.22) with (5.2.21) shows that the honesty conditions
are quite different between the two cases my > my and my < my <
+00. The probabilistic interpretation of these conditions will become
clear later. Also, in the four equivalent conditions in Theorem 5.2.6,
Criterion (5.2.24) is surely the most simple one. However, by the proof
we can see that Criterion (5.2.23) (also Criterion (iii)) is more essential.

The probabilistic interpretation is also clear by the proof.

Combining Theorems 5.2.5 and 5.2.6 we can obtain the following
very satisfactory conclusion regarding the honesty criterion. It tells us

that only in rare cases (i.e., in the case my = oo and a + 8 < 1)do we
need to check (5.2.24) directly.

Theorem 5.2.7. A GCB g-matrix () is regular if and only if one of the

following conditions holds.
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(l) mdzmb.
(il) mg < mp < t+ooand o+ G < 1.
(iii) mp = +o0, a+ B <1 and

1 (1 _ s)a+ﬂ—1
/e —B(s)

ds = 400 (5.2.28)

for some (equivalently, for all) ¢ < € < 1, where ¢ < 1 is the
smallest positive root of B(s) = 0.

Proof. If my; > my then by Theorem 5.2.5, @ is regular. If mg < mp <
+00, then by Lemma 4.2.1 and its proof we know that B’(1) > 0 (possibly
infinite) and thus 1 is a simple root of B(s) = 0 (also see Lemma 5.3.1
later). Therefore if o+ S > 1, then (5.2.24) can never hold true while if
mg < my < +o0o and a+ S < 1, then (5.2.24) holds automatically. Now

the conclusion follows from Theorem 5.2.6. O

It is more informative if we write Theorem 5.2.7 into two separate

corollaries.

Corollary 5.2.8. A super-explosive GCB g-matrix is regular if and only
if mq 2 my.

Corollary 5.2.9. A sub-explosive GCB g-matrix is regular if and only
if either

(i) my < 400 or

(ii) mp = +oo and [! B S)(lfi)l_a_ﬁ = —oo for some (equivalently,

for all) € € (q,1), where g € (0,1) is the smallest positive root
of B(s) = 0 which is guaranteed by the condition m; = +oo0.

Theorem 5.2.7 establishes that if the GCB g-matrix Q is super-
explosive and mqg < mp < 400 or if Q is sub-explosive, my, = 400
and the integral in (5.2.28) is finite, then @ is not regular and thus there
exist infinite many of (even honest) Q-functions. A CB g-matrix with

mq < mp is an example in the former case. For the latter case, let Q be
defined in (5.1.1)—(5.1.3) where

a = ﬁ: 1/2, b() = 1/4, b1 = 1/2,
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1 5 1 R(k-3)

o= (1- 2(k — 2)) (G- 8(k — 1)) [(k — 3)12k-3]2" £23
Denote a;, = (1 - T 1)) [(15_2_(;)?22,&]2, k > 2, then
< [2(k=2))! X
2“3 = [(k — 2)12k-2)2° (k> 2) ]E:?ay =
and
bk:ak_l—i—%, k> 3.
Hence, for s € (—1,1),
B(s) = %Jrg—lgs +§(ak 1+ 4) s*
= (s+ b-u—Z&%Zaw>
1 k=2 N
= (547 (1=9) 1= 3( 5 a)s]
k=1 j=k+1
N o [2(k-1)]
- ( +4) (1 ) [ Z_-:l[( _1)|2k 1] Sk]

= (547 (1-5)-[1-s(1- 9™

since (1 —s)"1/2 = v, K%%%%sk‘l for s € (=1,1). It is clear that
B(1) = B(—1/4) =0, B'(1) = co and

1
< M(1—s)7Y?
"B S (1—35)"7% se€(g])
where M is a positive constant. Therefore,
/( s) ds<M/ 1/2ds—2M 1—¢e < o0.
: T —B(s)

By Theorem 5.2.7, @ is not regular. Hence, by Theorem 14.2.6(4) in
Hou and Guo (1988), we know that there exist infinitely many honest

-functions.

However, Theorem 5.2.7 does not imply that there exists more than
one general collision branching process. In fact we can prove that there

always exists only one GCBP as the following conclusion shows.

Theorem 5.2.10. There always exists only one general collision branch-

ing process which is the Feller minimal -process.

151



Proof. As already remarked, we only need to consider the case mg <
mp < 0o. In order to prove that even for this case there still exists only
one GCBP, we will show that the forward equations have a unique solu-
tion. By Reuter’s Theorem (see for example, Theorem 2.2.8 of Anderson
(1991)), if the equation

nANA-Q)=0, 0<n(A) ek

has only trivial solution for some (and then all) A > 0, then there exists
only one Q-function satisfying Kolmogorov forward equations. Therefore,
we only need to prove that the above equation has only trivial solution.
Suppose that the above equation has a nontrivial solution. Let n =

{ni; 1 > 0} be the non-trivial solution corresponding to A = 1. Then, by
(5.1.1) we have

J+2

nj = 3 mi(i - 1)Pbjira, >0 (5.2.29)
with
nj >0 (720) and > 7n; < +oo. (5.2.30)
j=0

It is clear that the non-triviality of the solution n implies that
o
2 n; > 0. (5.2.31)
=2

]:

Condition (5.2.30) guarantees that ¥52,7;s’ is well defined, at least for
all s € [0,1]. This in turn implies that

_sz"‘(j —1)Pp;sf < 400, 0<s<1 (5.2.32)
=

because these two series have the same radius of convergence. It then
follows from (5.2.29) that for s € [0, 1),

o0 i oo J+2 .
_Z%)"?j =3 3 mi®(i — 1)Pbj_iyas’.
1= 7=01=2

By (5.2.32) and Fubini’s theorem, we know that for s € [0, 1),
S nsl = B(s). > z“(z — I)Bn,-si‘z;
j=0 i=2
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Now, (5.2.30) and (5.2.31) imply that 0 < £247;s’ < oo for s € (0,1).
(5.2.30) and (5.2.32) imply that 0 < ¥2,i%(i — 1)%ns'2 < oo for s €
(0,1). Thus B(s) > 0 for all s € (0,1). However, by Lemma 4.2.1, B(s)

has a root g € (0, 1) since my < my < +oo. This is a contradiction. The
proof is complete. U

The result of Theorem 5.2.10 is no wonder. In fact, if one checks
the proofs of Lemmas 5.2.1-5.2.4 carefully, one will find that all these
proofs do not necessarily need the condition that the transition function
1s the Feller minimal one. Indeed, in all these proofs we have only used
the Kolmogorov forward equations and thus all the results obtained in
Lemmas 5.2.1-5.2.4 hold well for the GCBP whose transition function
satisfies (5.1.4). This has implicitly implied Theorem 5.2.10.

5.3. Extinction Probability

Having established the fact that a GCBP is uniquely determined by
its g-matrix, we will now examine some of its properties. Let {X(¢), t >
0} be the unique GCBP associated with a given GCB ¢-matrix @, and
let P(t) = (p;;(t)) denote its transition function. Define the extinction

times 79 and 7 for states 0 and 1 as

{inf{t>0; X(t) =0} if X(t) =0 for some ¢t >0
T0 =
(t)

+o00 if X(t)#O0Oforallt>0
_ | inf{t > 0; X(t) =1} if X(¢) =1 for somet >0
T 4o if X() £ 1forallt>0

and denote the corresponding extinction probabilities by

a0 = P19 < +00|X(0) =) and aj; = P(11 < 4+00|X(0) = i).

Also, let 7 = 179 A 71 denote the (overall) extinction time and a; =:

P(7 < 400|X(0) = i) be the corresponding extinction probability.

In order to evaluate the above mentioned extinction probabilities, we
need to investigate properties regarding the roots of the equation B(s) =
0. Recall that Lemma 4.2.1 reveals some properties of its positive roots.

The following simple lemma provides further information concerning its
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other roots. Recall that a root is said to be simple if it has multiplicity
1 and that we have assumed that our GCB ¢-matrix is not degenerative
and thus B(—1) < 0 (see Remark 4.1.1 and the first paragraph of Section
5.2).

Lemma 5.3.1. The unique root g, of equation B(s) = 0 in (—1,0)
satisfies
a0 + g«a;1 = qi. (531)

Proof. By (5.2.1) in Lemma 5.2.1,
> p;j(t)sj = B(s)- ¥ pi(0)k*(k — 1)Ps*2, se (-1,1).
j=0 k=2

Since B(s) = 0 has a root ¢, € (—1,0), we can let s = g, in the above

equation to obtain that
o0 .
jZOpéj(t)qi =0.
Integrating the above equation yields that
00 . .
> pij(t)gs = d.
j=

Thus, letting ¢ — oo in the above equation and noting (5.2.11) yields
that (5.3.1) holds. The proof is complete. O

Theorem 5.3.2. The overall extinction probability satisfies
a; = aip + a;1. (5.3.2)

Furthermore, agg = a;; = 1 and for any ¢ > 2, we have
aio +ain =1, if mg2>my, (5.3.3)

aio +qain = ¢ <1, if mg<my < oo, (5.3.4)

where recall that ¢ < 1 is the smallest root of B(s) = 0 in [0, 1] in the

case mg < my < +00.

Proof. It follows from the definition of 7 and the fact that 0 and 1 are
absorbing states that

P(T < t|X(0) = Z) = pz'O(t) -I-pu(t).
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Letting 1 co in the above expression immediately yields (5.3.2).

Tt is clear that agg = a;1 = 1 and agy = ap = 0, hence (5.3.3)
and (5.3.4) hold for i = 0 and 4 = 1. For the case i > 2, recall we
proved in Lemma 5.2.3 that (5.2.9) and (5.2.10) hold. However, note
that a; = limy_,e pio(t) and a; = lim_e pi1(t), we see that (5.3.3) and
(5.3.4) are just (5.2.9) and (5.2.10) respectively. =

Theorem 5.3.2 and Lemma 5.3.1 allow us to evaluate the extinction
probabilities a;o and a;; starting in state i. Here and henceforth we will

always use g, to denote the unique root of B(s) =0 in (—1,0).
Theorem 5.3.3. (1) If mq > my then

an=(1-4)/(1-q)
and thus a; = a;p + a;; = 1.
(ii) If mg < my < +oo then
{aiO = (¢¢" — ¢:9")/ (¢ — a+) (5.3.6)
ain = (¢" — ¢;)/ (a4 — @)

and thus a; = ajo+aax <1 (i >2).

Proof. Suppose that mg > mp. By (5.3.3) in Theorem 5.3.2 and (5.3.1)

in Lemma 5.3.1, we have
aio + a1 =1
{ aio + Gai1 = G-
Solving the above equations yields (5.3.5).
Suppose that mg < my < oo. By (5.3.4) in Theorem 5.3.2 and (5.3.1)
in Lemma 5.3.1, we have
aip + ai1q = ¢'
{ aio + qai1 = G-
Solving the above equations yields (5.3.6). The proof is complete. O
Theorem 5.3.3 states that if mg > m; then the process is eventually

absorbed at either 0 or 1 with probability 1, while if mq < my < 400

absorption occurs with probability less than 1.
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5.4. Extinction Time

In this section we will evaluate several (conditional) mean extinc-
tion times including Ei[r] (i > 2), Eimk|mx < 0o] (@ > 2,k = 0,1)
and E;[t|T < o] (i > 2), where E; denotes the expectation under the
condition X (0) = . We consider E;[7] first.

Theorem 5.4.1. (i) If my > my then for any ¢ > 2, E;[7] is finite.
(i) If mg=mpand a+ B > 1 (i.e., Q is super-explosive), then for
any ¢ > 2, E;[r] is finite.
(iii) If mg = mp and @+ B < 1 (i.e.,, @ is sub-explosive), then if
B"(1) < 400, then for any ¢ > 2, E;[7] is infinite while if
B"(1) = +o00, then for any ¢ > 2, E;[7] is finite if and only if

—_qYa+B8
pa By(;; dy < +o0.

(iv) If mg < my < 400, then F;[7] is infinite.

Moreover, under the above finite conditions the finite E;[7] is given

1

1 _ —lny)etB-1
where | |
F) = (= ?; .. Z) [l - w)f Yy, (5.4.2)

Proof. First note that if my < mp < +o0, then by (5.2.10) in Lemma
5.2.3 we have P(7 < oo|X(0) = i) < 1 and thus Ej[r] = +oo. (iv)
is thus proved and therefore in the following we assume mg > m;,. By
Theorem 5.2.5 and Lemma 4.2.1, the associated Feller minimal process
is honest and B(y) > 0 for all y € [0,1). We now first prove that for the
case g > My, E;[7] is given in (5.4.1) together with (5.4.2), no matter
whether E;[r] is finite or not. For this purpose, we use the honesty
condition and (5.2.17) to get that

P(t > t|X(0) =1) =1 — (pio(t) + pir(t))

o0

= > pilt)

k=2
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1 1 F’ t y u
F(a)F(,B)/O B(y)(= Iny)i- P / u® 1—u5 1 y du)dy.

Integrating with respect to ¢ and using Fubini’s theorem yields

[ P(r > s|X(0) = i)ds

N 1 1 F( ) 1 a—1 -1, u
= TWIE) b By~ e ) = 0y

By (5.2.6) (see also Remark 5.2.2) we see that __(IT))__i and hence the

whole integrand in the right-hand side of the above equality is an in-
creasing functions of ¢ for any given y € [0,1). Therefore, letting ¢ 1 oo

and applying the Monotone Convergence Theorem in the above equality
yields that

/Ooo P(T > s|X(0) = 1)ds

_ 1 ) lhmtTooFi(ta?/)‘-?/i. lua—l W)yt dy
= T@rE b B mgpres U v 0wy

Using (5.2.11) yields that

L()T(B)- [~ P(r > s|X(0) = i)ds

-/ hmtTog ((Z)O((t—) 112 5)11(_22 —Y [ a1 - )y du)dy.

By Theorem 5.3.2, we obtain that

[(a)['(B) - Ei[7]

. 1 aj+ any — y . ﬁlu,d d 5.4.3
= ) By)(—lng)iad’ /u (1—u u) (5.4.3)

Substituting the expressions of a;p and a;; into (5.4.3) then leads to (5.4.1)
and (5.4.2). Next, we show that under the condition mgq > my, the F;[7]
given in (5.4.1) and (5.4.2) (for all ¢ > 2) is finite if and only if

gt y)(fé(;n)y)aw—ldy < +o0, (5.4.4)

or, equivalently, if and only if mg > my and for any 0 < e < 1,

1 (1 —y)(—Iny)e+s!
/6 B(y)

dy < +o00. (5.4.5)



The equivalence between (5.4.4) and (5.4.5) is clear. Indeed, if mq > my,
then we can see that forany 0 < e < 1,

e

dy < +00
0 B(y) ’
since the integrand (1—y)(;31(1; %’)Hﬁ_l is bounded.
Now, since
T'{a)T(8) 1-g
7 < : - < o0,

we know that (5.4.4) implies the finiteness of E;[r]. Conversely, by
(5.4.1)—(5.4.2) we have

1 1(1-y)(—lny)*tF1 1-¢ 1-¢
Ei'T Z - * - d
e e ) R e R e A
. 1 [ (1-y)(=Iny)*1 A=y 1-dy
— T'(a+p) e B(y) l1-y 1-gq.
1 (1 —y)(—Iny)>+F-1
> Me d
> Me | B(y) Y
where 0 < ¢ < 1 and M = =-L €% - ( due to the fact that

F(Ol'f‘ﬁ) ) 1—q:=
—1 < g. < 0. Hence if the integral in the left-hand side of (5.4.5) is

infinite then so is E;[7].
Now we turn to prove (i)-(iii). If mg > my then
B(y) (1 —y) - [bo+ (bo+b1)y — Y opy*™]
k=1

> (1—y)bo(l —y) + (ma—my)y], ye€[0,1)

where o} = ¥32; bj42. Hence
(1-y)(~lng)™ _ (Ing)ea-? (= Ing)e+s-1
< < :
B(y) bo(1 — y) + (ma — mp)y ~ b A (mg — my)
However, [}(—Iny)*™?~ldy < oo since o, 8 > 0. Therefore, (5.4.4) is
finite and hence E;[7] < oo.

If mg=mp and a+ B > 1, then
B(y) = (1—y)2-[b_o+kZlak(y+"'+,y’“)] |
Z bO(l_y)za yE[O,l)
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and hence

(l —_ y)(- In y)a+[3—1 - (_ In y)a+6—1
B(y) — b(l-y)

_Ing)e+B-1 _
However, [ ( nly_) ;——dy < oo since a+ B > 1. Therefore, (5.4.4) is finite

and hence E;[7] < co.

Suppose that mg = my and a+ 8 < 1. If B'(1) = 2(by+ £, koy) <
0o, then

Bly) = (1—y>2-[bo+§ok<y+---+yk>1
B(1) )

< —=(1-9)% yeo)

and hence

(L=-g)(=lng)**t 2  (=~Iny)h
B(y) — B'(1) 11—y '

—,—dy < oo since o + § < 1. Therefore, (5.4.4) is
infinite and hence E;j[7] = co. If B/(1) = oo then (5.4.4) is finite if and
only if

However, f; (

1 (1 — a+pB
/0( y) dy < o

B(y)
since limy 4 %f‘i = 1. The proof is complete. O

Remark 5.4.1 Considering 0 < y < 1 in expression (5.4.2), we have

L@)l(B) _ 1 a1 1 o L(@T(B)
UParp) < h TS Ty

Substituting the above inequalities into (5.4.2) and (5.4.1) yields upper

and lower bounds for E;[7] (see the similar results obtained in (5.2.18)
and (5.2.20)). Also note that by (5.4.1)—(5.4.2), if « = 8 = 1, then E;[7]

takes a particular simple form as already obtained in Chapter 4.

Next we consider the conditional mean extinction times E;[7i|r; <
+oo] (¢ > 2, k=0,1) and E;[7|T < o0]. Of course, for the latter we

only need to consider the case myg < my < +00.

Theorem 5.4.2. (i) If my > my, then for any ¢ > 2, both Ej[ri|m <
oo] (k = 0, 1) are finite if and only if one of the following conditions holds,
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(a) mg > my.

(b) mg=mp and a+ 5 > 1.

(c) mg=my, a+B<1, B"(1) = +oco and J3 (1- y) )wdy < 4o00.

Moreover, under the above conditions, the finite conditional mean extinc-

tion times are given by

Ei[T0|7‘0 < OO] = - — & (Jil — Jzz)

(¢t — ¢.)T ()T (B)

1
(=@ )

T . 1 — o
EZ[T] = 4~ 4 Ez'[T()|’T() < OO] + q*Ei[TllTl < OO]

E,;[TllTl < OO] =

1—gq. 1 —q.
where
1 _ —In a+8-1
Ji = /0 (1 y) (B(ly)y) fz(y)dy
— In &)o+h-1
Jo= [ 0 v-a )l(;(y)y) 9i(y)dy

and f;(y) is given by (5.4.2) and

’L

1—g 1 Y
i = — uo‘ 1-— “d'u,.
W) = (= =) ) [lu - - ()

(ii) If mg < mp < 400, then for any i > 2, Ej[ny|m < oo] (K =0,1)
and E;[7|T < oo] are all finite and given by
—qqx« F 1
: : Jis — J;
(99i — q*q’)l“(a)l“(ﬂ)( 3= )
1 - -
; : Jz - *Ji
(@~ @) "2~ 4%
(99: — 9:9") Eil[molTo < 00] + (¢ — ¢) E;[m1|m1 < 0]

Ei[T()lT() < OO] =

Ei[TllTl < OO] =

Ez'[’Tl’T < OO] = qz(l _ q*) _ q1(1 — q)
where
1 g\ya+p-1 _
/ 4=y (n ) fi(y)dy
)a+ﬁ 1 v
/ gi(y)dy
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and

F(y) = ¢-y d-4q Y oam1pq o 8-1(Yyu
fi(y) (q—y q—q*) /Ou (1—u)’ " (=)"du

3 ¢—q y-q¢, 1 Y
Gi(y) = ( — o w1 = w) ().
’ q—q. y—q) A (1=w) ()

Proof. Note that

Ei[Tk ' I{Tk<00}]
aik

Thus we only need to evaluate pix =: Ei[7 - I{r,<00}] (k= 0,1). In order

to do this, first prove that is for ¢ > 0 and s € [—1, 0],

[(a)T(B) - i pi()s"

EilT|me < 00] = , k=01 (5.4.6)

/ B F’ t yl — (/01 ua—l(l —U>ﬂ_1(-y—)udu)dy. (5.4.7)

S

Indeed, (5.4.7) is trivial for ¢ = 0 or 1 since the states 0 and 1 are

absorbing. So we assume i > 2. Using (5.2.3) we may rewrite (5.2.1) as

ﬂ/(t7y) — — _ Qa -2
Bly) ~ PR

for all y € [—1,0] provided that B(y) # 0. Note that by Lemma 4.2.1,
the only singularity at y = g, on the left-hand side of the above equality

is clearly removable, because the series on the right-hand side certainly
converges for y € [—1,0]. It then follows that the above equality holds
for all y € [—1,0]. Now for any given s € [—1, 0), multiplying (In £)>~*.
(In y)ﬁ 1 on both sides of the above equality and integrating on s < z <

y < 0 yields
o, (0 F!(t,y) 51 S\ a1
2277 . (In dy) - (In—)*""dz
[, gy ) ) ()
= S pa@E k=17 [ [ ¢ 2 (n ) dyda.
k=2 z 5 7 Y X
For each term k > 2 in the right-hand side of the above equality, perform
the transformation ln% = %7 and In 2 = 7, then we obtain that
0 (0
/S /m 4" 2(In g)ﬁ“l(ln z)a_ldyd:z
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a—1 1

R B = = T - v _ m_w
= S/O /0 ek =k (k—l)ﬂ—l o k(k—l) e Fidudv
k . o
= ka(ks 1) Jo wPTleTdu - [T 0t e o
Ia)T(B) S
ke(k —1)8°

where I'(-) denotes the gamma function. Therefore,

/80( 0 Fil(t, y) (11’1 )ﬂ ldy) (ln _S_)O"ldg; = I‘(a)r(ﬂ) épik(t)sk

T B(y) (] z
and hence
0 F' t, y (] 1 B
[ 5 ([fn 20 1ds) dy = T(@P(B) 3 palt)s”

Using the transformation v = (In 5)‘1 In 2 in the integral
y a—1 B-1
/s (In x) (In y) dz
on the left-hand side of the above equality then achieves (5.4.7).

We now prove (ii). Since mg < my < +o0o, we have 0 < ¢ < 1.
Letting s = ¢ in (5.2.4) and s = ¢, in (5.4.7), and using the fact that
S 0 Pij (£)¢’ = ¢ and £L, pij(t)gl = qi, which follow from the fact that
both g and g, are roots of B(s) = 0 (again refer to the argument leading
to (5.2.15)), we obtain

pio(t) + pir(t)q -

. q Fi, t, | _1 u
S AROL, B(y)(lngill—a—ﬂ Uy v = )y,
pio(t) + pin(t)g.

i g+ 0 Fi(t,y) f u°
“ 7 T(@)T(B) Yo Bly)(n E)—oF

In view of (5.3.4) and (5.3.1), the above equations can be rewritten as

(a0 — pio(t)) + (@i — pia(t))q

q g F(t,y) 9vatf-1 (1 a- ~17Y\u
=t h B ) e T,
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and

(a0 — pio(t)) + (ai1 — pir(t))q.

qx 0 Fi(t,y) q Yy
i\ I/ (1 TEyetB-1 1_ p-1 Ududu.
F@r@ he By )7 (v =y
Therefore, since a;r, — py(t) = P(t < 7, < o0|X(0) = 1), k = 0,1,
integrating with respect to ¢ yields

/Otp(s < 7 < 00| X(0) = Z')dS-i-q/OtP(s <1 < 00|X(0) =1)ds
_ q ¢ Fi(t, ' 1, Y
~ T b Bt U 0 -

and
t
/0 P(s <7 < 0] X(0) = i)ds +a. [ P(s < i < 00| X(0) = i)ds

t y — y 1 a—1 B-1 Yy
] B(y)(1n 27 ([ w1 - ) () du)dy.
Lettmg t — oo in the above two equations and using the Dominated

Convergence Theorem on the right-hand side we obtain that

pio + Hi1q |
N I‘(a)qI‘(ﬁ) A B?;)m?);iﬂ g /01 w1 —w)” 1(q)“du)d (5.4.8)
and
i + Hi1Gx
- I“(Oj}(ﬁ) qf BI(J 1 a—ﬁ / (1 - u)” 1(1)“4’“)@ (5.4.9)

where Fj(o0o,y) = hmt_,oo F;(t,y). Justification of using the Dominated
Convergence Theorem in the above is clear. Indeed, by Lemma 5.3.1 we
have that f§ % (2~ y)(ln )o+P-1dy < +o00 and [ > q)(ln =)atb-ldy < +oo.
However, by the deﬁn1t1on of Fi(t,y) we see that for all y € (0,q),

Fi(t,y) — ¢ qu Yy
By o (w1 - (;) dw)
PN [S2ans®@ ~ )~ (6 =) | 0
= F(a+ B) B(y) (1 y)
< (El i@t + gt ) : ?((Z)j—(g)) : (33_(_33) (In %)oﬁﬁ—l)
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and that for all y € (g.,0),

lﬂ(t7y)_yi .(IDQ*)a+ﬂ 1. / u® l—u)ﬂ l(y)udu)l

B(y) y G
L()T(B) [52Pii(t)(d —9") — (@ = ¥)| | G asp
= T(a+8) B(y) '(ln—) :

< (;jlq*P‘lJrilq*l"'"l) ' ?((Z)i(g)) - (yB(yq)*)(l qy*)a+/3 1

and therefore the Dominated Convergence Theorem is applicable. Hence

on using the identity Fj(co,y) = aip + ai1y together with (5.3.6) and
solving for ;o and p;; from (5.4.8) and (5.4.9) first and then using
(5.4.6), we can obtain the expressions E;[1o|m < oo] and E;[m|m < o]
as stated in (ii). The finiteness of these two expressions follow from

~ n 2)@ B—1
the facts that f;(y) and g;(y) are bounded and f§ - y)(;(y)) ! dy < oo,

- 2xyo+B—1
I W q*)(gl(yy)) dy < oo. It follows that E;[r|T < oo] is also finite and

the corresponding expression follows from the definition of .

Now we turn to prove (i). Since my > my, P(7 < 00| X (0) = 1) = 1.
It follows from the definition of 7 and (5.4.6) that
* 1 - i
Ejlr] = qf_ % By rolmo < 00] + — 1 L Bilnin < o). (5.4.10)
Hence both E;[7|m < oo] (k= 0,1) are ﬁnite if and only if F;[7] < oo.
By Theorem 5.4.1, this is equivalent to that one of (a), (b) or (c) in (i)

holds.

Moreover, suppose the above conditions regarding the finiteness of
E;[7] are satisfied, then by (5.4.6) and (5.4.10) we can get that

pio + i1 = ainEi[o|T0 < 00 + ain Ei[ni|m < o0).
Using (5.4.1) yields that

1 1(1—y)(=Ilny)ats-1
ot = sah a0 (sa

where f;(y) is given in (5.4.2). On the other hand, (5.4.9) still holds in
this case. Therefore, solving the equations (5.4.11) and (5.4.9) yields the
expressions of u;p and ;1 and hence the expressions of F;[r|7; < oo] (k =

0,1). The proof is thus complete. 0
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5.5. Explosion Time and Global Holding Time

In this section we investigate two closely related questions: the explo-
sion behaviour and the so-called global holding time. For these purposes,

we need the following Lemma 5.5.1. First, define a family of functions as

aio + ainy — Y’

Gi(y) = By

where a;p and a;; are extinction probabilities evaluated in Section 3.
Clearly, G;i(y) is well-defined at least on [—1, 1) since, as shown before,
the only possible singularities at y = ¢ < 1 and y = ¢, are removable.

Note also that substituting (5.3.5) and (5.3.6) into the numerator of G;(y)
in (5.5.1) yields

P> 2 (5.5.1)

(5.5.2)

aio + ey — Y = {

Lemma 5.5.1. For any ¢ > 2, we have

oo OO
[T (3 par(®))de
k=2
1 1
— . Gz —1 a+p-1
FarE b ORI ()
Moreover, the quantity in the left-hand side of (5.5.3) is finite if and only
if one of the following conditions holds.

i) a+B8>1

(ii) a4+ B <1 and mg > my.

1

w1 —w)flytdu)dy. (5.5.3)

(i) a+pB <1, mg=m, B”’(1)=+oc and

1(1—s)2th
/0( )

B(s) ds < +00. (5.5.4)

(iv) e+ B <1, my =+oo and

. S)a-{—ﬁ—l

/51 (1 - ds < 400 (5.5.5)

for some (equivalently, for all) € with ¢ <e < 1.
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Proof. Integrating (5.2.17) with respect to t from 0 to co yields that

(a)F Z/ pzk
azo—l-azl:c—:c I 1 u
= / B(z)(—Inz)-o? (/0 u* (1 — w)Plzvdu)dz.

Noting (5.5.1) yields (5.5.3). Then it follows from (5.5.3) (see Remark
5.4.1) that
1 1
—— ["yGi(y)(— Iny)*F1d
F(a—l—ﬁ)/o yGi(y)(—Iny) y
oo
|73 pa(t)dt
k=2
1 1
< ——— | G Iny)**F1d
< (Mﬁ)/ (y)(— Iny)*t#1dy
which implies, by the similar argument in proving Theorem 5.2.6, that for
any i > 2, [ 5L, pir(t)dt < +oo if and only if [} Gi(y)(— Iny)**P-ldy <
+00. We now prove that [i Gi(y)(— Iny)**#~ldy < +o0 is equivalent to

IA

either

(a) mg > mp and

/01 (1 ;ZS))des < 400

or

(b) mg < my < +oo and

/8 “B) ds < +00

for some (equivalently, for all) € with ¢ < € < 1. Indeed, if mg > m; then
1
/0 Gi(y)(—Iny)**P~ldy < +oo

is equivalent to
11—y
0 B ( )

Noting that limyp T=L = 1, we know that

(—Iny)**Pldy < .

— 2. (-Iny)*Pldy < 0
/OB(y) (-Iny) y
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1s equivalent to

1(1 — o+f3
/0( y)

dy < 0.
Bly) 7

If mg < my < oo, then

1
| Gily)(~ lny)**#~'dy < +oo
is equivalent to

11 — Y
Y . ({— ln a+ﬁ“1d < 00
. B(y) ( y) Yy

for some € € (g,1). Note that a;p + a;; < 1 and limyp :l—l_nzy— =1, we know
that

11—
/6 I (~Iny)**dy < oo
is equivalent to

1(1—gy)r+t
/6 —B(y)

Finally, we prove that either (a) or (b) holds if and only if one of the

dy < o0.

four statements (i)—(iv) in the lemma holds.

Suppose that (i) holds. Then [ (1 — y)*"~2dy < oo and (a) or (b)
holds.

Suppose that (ii) holds. Then fj (ljgyéjwdy < oo is equivalent to

(1 — y)*tP-1dy < co. But the latter is true since a + B > 0. Thus (a)
holds.

Suppose that (iii) holds. Then (a) holds.
Suppose that (iv) holds. Then (b) holds.
Conversely, suppose that (a) holds. Then one of (i)—(iii) holds.

Suppose that (b) holds. If o + 8 < 1, then we must have my =
and hence (iv) holds.

The proof is complete. O

We are now ready to consider the explosion behaviour of the process.

Note that by definition explosion means the number of particles tends to
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infinite at some random finite time epoch. Let 7o, denote this explosion

time and @;o, = P (700 < 00|X(0) = ¢) denote the explosion probability.

Since we are dealing with the minimal process,
pioo( ) =1- pr( ) (Too < th( ) ), (556)

is the probability of explosion by time ¢ starting at state 2, and p;o(t) —

Gjco AS T — OC.

The following conclusion tells us under what conditions the explosion

will occur together with the explosion probability when it does happen.

Theorem 5.5.2. Suppose that the GCBP starts from state ¢ > 2. Then
aio > 0 (i.e., the explosion occurs) if and only if one of the following

conditions holds
(i) mg <my < +ooand o+ 8 > 1.
(ii) mp = 400, a+ B < 1and [} —B—@—ds < 400 for some (and
therefore for all) e with g < e < 1.

Moreover, under either of these two conditions, the explosion probability

is given by

Gico = 1 — > 0. (5.5.7)

Proof. By Theorem 5.2.7 we see that except the two cases in (i) or (ii)
above, the corresponding process is honest and then by (5.5.6) we have
Pioo(t) = 0 and hence g, = 0, i.e., the explosion does not occur. On the
other hand, if either (i) or (ii) in the above holds, then first by Theorem
5.2.7, the corresponding GCBP is dishonest and then by Theorem 5.2.6
we know that lim; 0 252, p;ij(t) = 0 for all 4 > 2 (see (5.2.22)). It then
follows from (5.5.6) that

Qico — tll)m pzoo(t)

(0]
= 1— lim pyo(t) — lim pio(t) — lim J;Pij (t)

= 1-—aj — aj-
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By Theorem 5.3.3, we have
(1-g)g — (1—q)g.

q — 4«
and thus the explosion does occur. »

Qico = 1 — >0

By Theorem 5.5.2 we see that for a super-explosive GCBP, the ex-
plosion occurs if and only if my < my < +oco while for a sub-explosive
GCBP, the explosion seldom occurs. Indeed, for a sub-explosive GCBP,
no matter my > my or my < my < +o0o, the explosion definitely does
not occur. Even if my = +o00, the explosion still does not occur unless a
further condition, the finite integral condition stated in (ii) of Theorem
5.5.2, is satisfied. This shows that the explosion behaviour is substan-
tially different between the super-explosive and sub-explosive processes.

This also gives the probabilistic interpretation of (5.2.22) in Theorem
5.2.6.

Another important problem is to find how long, averagely, the pro-
cess will take to explosion. Of course, we shall only consider this question
under the condition that explosion does occur. Note that such condition
has been already given in Theorem 5.5.2. In other words, we shall only

consider the conditional mean time F;[Teo|To0 < 00).

Theorem 5.5.3. Under the explosion conditions given in Theorem 5.5.2,
the conditional mean explosion time E;[Te|Too < 0] (i > 2) is finite and

whose value can be obtained by using the equality

az'QEi[TolT() < OO] - ailEz'[’TllTl < OO] + aiooEi[Too'Too < OO]

1 1 a+p-1 1 a—1 -1, u
= G [ Giw)(=ny)™ - ([ u (A —u) Ty du)dy (5:5:8)

Proof. We only need to prove the equality (5.5.8) since the finiteness

of Ei[Too|Teo < oo]follows from it. Indeed, by Lemma, 5.5.1 we see that
under the explosion conditions given in Theorem 5.5.2, the right-hand
side of (5.5.8) is finite. But we also have @i > 0 under the explosion

conditions, hence the finiteness of F;[Te|Te0 < 00] follows.

Now we prove (5.5.8). Indeed, by (5.5.7) and Theorem 5.3.3,
a0 + a1 + Qio = 1.
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Thus it follows from (5.5.6) that we have
(Gico — Pioo(t)) + (aio — pio(t)) + (ain — P (t)) = kz pie(t), > 2.
=2
Integrating ¢ from 0 to infinity in the above expression yields that
/0 (Gico — Pico(t))dt +/O (aio — pio(t))dt +/0 (a1 — pa(t))dt
= [T(X pa(®)dt, i>2
k=2

Noting (5.5.3), (5.4.6) and the fact that

09}

aiooEi[ToolToo < OO] = Ei[TOOI{Too<OO}] = /0 (aioo - pioo(t))dt1
we know that (5.5.8) holds. The proof is complete. O

We now consider the so-called global holding time. We have already
obtained the mean extinction and mean explosion times. These quanti-
ties describe how long the process will take to extinction or explosion.
Before reaching the epoch of extinction/explosion, the process wanders
over the states k£ > 2 which forms the total life time of the process. We
are therefore interested in obtaining the time spent in each state over
the lifetime since it gives us much information regarding the moving be-
haviour of the process. More specifically, let T} be the total time spent
in state k& (> 2) and let p;x = E[Tk|X(0) =4] (i >2). Then

pir = B[TL|X(0) =] = [ pi(t)dt
and

Z pix = /0 Z pir(t)dt

k=2
are the global holding tlme at state k and total lifetime of the process,

starting from state 1 > 2, respectively. The expressions of these quantities
are given in the following theorem which is the final result of this chapter.
The expression for the latter quantity u; is, in fact, already obtained in
Lemma 5.5.1.

Theorem 5.5.4. All the global holding times p;, (1 > 2, k > 2) are
finite and given by

) 1 ¢¥d() | |
Hik = Ya(k — 1) (k — 2)! (55.9)
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where Gl(k—z)(O) is the (k — 2)’th derivative of G;(y) given in (5.5.1) eval-
uated at O.

Moreover, the total lifetime y; is given in the right-hand side of (5.5.3)

which is finite if and only if one of the conditions (i)—(iv) in Lemma 5.5.1
holds.

Proof. The finiteness of all u; (¢ > 2, k > 2) follows from (5.2.7).
Secondly, it follows from (5.2.6) that

Flty) -y = a k—2
B(y) = ’?::2(/0 pij(u)du) - k*(k — 1)Py+2,

Letting t 1 co yields
o

Gi(y) = > ([ pij(w)du) - ko (k — 1)Py*2.

k=2

Comparing the coefficient of y*~2 on both sides of the above equality

immediately yields (5.5.9). The last part of the theorem follows directly
from Lemma 5.5.1. O

5.6. Notes

GCBP is a generalisation of CBP considered in the previous chapter.
If a =B =1, then we recover CBP, so CBP is sub-explosive.

The work presented in this chapter has been submitted for pub-
lication in Chen, Li and Ramesh (2004b). Specifically, Lemma 5.2.2,
Theorem 5.2.6, Lemma 5.3.1, Theorem 5.4.1, Theorem 5.4.2 and Lemma
5.5.1 are due to Li. The introduction of the function G(s) is due to
Li. Lemma 5.2.1, Lemma 5.2.3, Lemma 5.2.4, Theorem 5.2.7, Theorem
5.3.2, Theorem 5.3.3, Theorem 5.5.2 and Theorem 5.5.3 are due Li and
the other authors. The idea of Lemma 5.2.2 is from Chen (2002a).

It is interesting to compare the different life behaviour between the
super-explosive and sub-explosive processes. By the results obtained in
Sections 5.3 to 5.9, particularly in Theorem 5.5.4, we have seen clearly
such substantial difference. If the process is super-explosive, then the

mean total lifetime is always finite. In fact, if mq > m;s, then the process
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will definitely tend to extinction with a finite mean time while if mg <
mp < +o00, then the process possesses a positive probability of explosion
and the process will tend to either extinction or explosion with a finite
mean time. On the other hand, if the process is sub-explosive, then
the behaviour is very different, particularly for the case mq < myp <
+00. In fact, only in the case mg > my, the behaviour of sub-explosive
process is similar to that of the super-explosive, i.e., the process will
tend to extinction with a finite mean time. If my; = m;, then although
the sub-explosive process will tend to extinction with probability 1, the
mean extinction time is usually infinite except in the unusual situation of
B"(1) = 400 together with (5.5.4) being held true. The most interesting
situation is that mg < my < +oo. In this case, the lifetime is infinite
although the sub-explosive process tends to extinction with a probability
which is strictly less than 1 and that no explosion will happen! This
means that with a positive probability, the process drifts to infinity by
wandering over states k > 2 at an infinite mean time (but spending at
each fixed state k¥ > 2 only finite mean time). Finally, if my = 400, the
behaviour is similar as in the case my < mp < 400 unless the condition
(5.5.5) is satisfied. For this last unusual case, the sub-explosive process
tends to explosion with a positive probability and the total lifetime is
finite, that is, only in this special case, will the sub-explosive process
behave like a super-explosive one, i.e., the process will tend to either

extinction or explosion with a finite mean time.

Since CBP is sub-explosive, its life behaviour is quite different from

that of super-explosive GCBP.

The most general collision branching models will be studied in the

next chapter.
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6. Weighted Collision Branching Processes

In this chapter, we shall consider the most general collision branching
model which covers GCBP (and hence CBP) as its special cases. It will be
seen that for the model considered in Chapter 4 or Chapter 5, the results
regarding extinction probabilities and extinction time can be deduced
from the corresponding results in this chapter. However, the regularity
and uniqueness criteria are still not available in some cases for the most
general model considered. Additionally, the explosion behaviour of this

most general model is quite different from that of CBP or GCBP in the
previous chapter.

6.1. Description of the Model

In Chapter 4, we studied a collision branching model, where the
branching events are effected by the interaction/collision of pairs of par-

ticles and this model was generalised in Chapter 9.

The models studied in Chapter 4 and Chapter 5 are applicable to
some realistic situations. However, in other realistic cases, we may need
to consider more general collision branching models. Although we studied
the GCB model in Chapter 5, which covers CBP as its special case, the
GCB model has its own limitation. In this chapter, we shall further
generalise GCBPs to the most general collision branching model which

covers CBP and GCBP as its special cases.

Definition 6.1.1. A conservative g-matrix Q@ = {g;j, i,j € Z+} is called
a weighted collision branching g-matrix (WCB g-matrix) if it takes the

following form:

1V5—i4+25 ’ , 2> 27 ' 2 , — 2
Gij = {"Uba - =5 =" (6.1.1)
0, otherwise
where
bj >0 (j 75 2) and 0 < —by = Z bj < +00 (612)

j#2
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together with

o0
bo >0, by >0,35; >0 and w; >0 (i > 2). (6.1.3)
i=3

By Remark 4.1.1, we shall again assume that the WCB g-matrix is not
degenerative throughout this chapter, i.e., X32¢b2j+1 > 0. Note that,
however, most of results obtained in this chapter apply well to the de-

generative case if some statements are amended in a proper way.

Definition 6.1.2. A Weighted Collision Branching Process (WCBP)
is a continuous-time Markov chain taking values in Z, whose transition

function P(t) = (pi;(t), %,7 € Z) satisfies the forward equation
P(t) = P()Q, (6.1.4)

where ) is a WCB g-matrix.
It is clear that a WCBP reduces to a GCBP if w; = i*(i—1)? (i > 2).
Definition 6.1.3. Let Q be a WCB Q-matrix defined in (6.1.1)—(6.1.3).
(i) If 2?225)1_,- = 400, then @ (respectively, the corresponding Q-
process) is called natural or sub-ezplosive.

(i) If 920, ,wi- < +o0, then @ (respectively, the corresponding Q-

process) is called ezplosive.

6.2. Preliminary

Since () is still stable and conservative, by Theorem 1.3.1, there
always exists a WCBP. Therefore, we first investigate the regularity and

uniqueness question. For this purpose, we need some preparation. First
of all, as in the previous two chapters, let

B(s)= Y b;s!, |s| <1
i=0
and

o0
mp = Y jbjia, mgq = 2by+ bs.
=1 |

We shall view B(s) as a complex function.
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iFrom Lemma 4.2.1, we can denote

—2,if mg>my
Po = ,

b .
_qq?*7 ’Lf mg < My S _|_OO7

Pk

{Z?il 0k+j-1Q?Z—1a ’Lf mq > My, LS 1

] . . .
iz Lozt berjra(d — ¢l),  if ma < my < o0,
As showed in the proof of Lemma 4.2.1, {rhog; k > 0} is a nonnegative
series and

s < po, tf mg>my,

> Pk .

=1 (=po, if mg<my < +oo.

Further define the function

(l—z)(z—q*) :
B U Mg 2> my,
G(Z):{ bt Fma 2 me 2] < 1. (6.2.1)

q_"B)ﬁ{q*), if ma <mp < o0,

G(z) is well-defined on the disk {z; |2| < 1} by Lemma 4.2.1. This
function will play an important role in our future analysis. The following

two lemmas show the detailed properties of G.
Lemma 6.2.1. G(z) is analytic on the disk {z; |z| < 1} and thus can
be expanded as a Taylor series

G(z) = i::o gn2", (6.2.2)

where g, = G (0)/n! (n > 0) satisfies the following properties:
(1) 0 < gn < go(n>0).
(ii) If mg < my < 400 (and thus B(s) = 0 has a root ¢ € (0,1)),

then the limit lim,_, g, exists, denoted by g, and

goo = L=V =) (6.2.3)
my — Ty

In particular, g, > 0 if and only if my < oco.

Proof. From the proof of Lemma 4.2.1,we can see that

oo
G(=) = (o0~ 3 puz*)
k=1
Since po — Lo pkz" is analytic on the disk {z;]z| < 1} and |py —

v 1 0k2%] > po(1 —|z]) > 0 for all |z| < 1, we obtain that G(z) is
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analytic on the disk {z;|z| < 1} and thus can be expanded as a Taylor
series (6.2.2).

It follows from G(z) - (po — =2 pxz¥) = 1 (|2] < 1) that
pogo =1, pogn = kZI Pkgn—k, T =1 (6.2.4)

and then (i) immediately follows.

Now suppose mq < mp < +00. After rewriting (6.2.4) as

n
- Z JkQn—k = Cp (n > 0)
k=0

where ag = 0, a; = py'pr (K > 1) and ¢, = p;'dp, and noting that
{gn; n > 0} is bounded and {2 ; ax = 1, we recognize that (6.2.4) is just
a renewal equation. It follows (see Theorem 3.1.1 in Karlin (1966) or

Kingman (1972) that lim, 0 gn = goo €xists and

) Co 1
lim g, = = .
nmee Ckzrkar  XRZi kpk
Note that
oo 1 (S ¢ . .
Y kpr = -2 > kbrtja(d’ — ¢l)
k=1 qd—04x k=1j=1
1 0 o0 ] : .
= [Z Z(k +7 - 1)bl<:+j+1((1J - Qi)
g — g« k=1j=1
o0 X . . .
=22 2.0 — Dbgrjra(d — )],
k=1j=1

§ i(k +7— 1)bk+y+1(q = q*)

k=13=1
= 4 (- § Kbirag®) — —— - (my — i% kby12q%)
1—gq = 1 —q, k=1 "
and
kZl ZI(J — Dbesjri(d’ — ¢)
=1]=
=1
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k = . my — kb
k; Pk P [1 _ q( b ;1 k+2q") — §]0y+1q
qx
1 _ (my Z kbk+2q*) + Z ]0']+1q
qx k=1 j=1
1 q qx
— | ( - )mb

qd — g« 1—q ].—-q*

IR TR R
eIy g et + (10 iomad]

q* x0 k O
+ . kb 2q; + (1 — g« 10419,
(a1 —a) g e @ ]
my 1 0
ju— — . 0‘ q
900 @-wi-o &%
1 o0
+ .S opgttt
CETACEr R
. mp — 1y
(1-q)(1—q)
The proof is thus complete. O

Lemma 6.2.2. Let (pi;(t);4,7 € Z+) and (¢()); 4, € Z4) be the Feller
minimal Q-function and Q-resolvent, respectively, where Q is a WCB ¢-
matrix given in (6.1.1)—(6.1.3). Then for any ¢ > 2 and |s| < 1,

S pi(B)wnls]F2 < +oo, (6.2.5)
k=2
i p;(t)s’ = B(s) - § pik(t) - wis" 2, (6.2.6)
3=0 k=2
and .
S () - wils|*? < oo, (6.2.7)
k=2
A dis (V) = 5+ B(s) - 3 dar(X) - wesh 2 (6.2.8)
J=0 k=2

Proof. We only need to consider the case 0 < s < 1, case —1 < s<0
is similar. By (1.3.2), the Feller minimal Q-resolvent can be obtained by

the following forward integral recursion

{ ) = “qﬂ (6.2.9)

n 1 n
D) = 2+ D o () - 22, n 20
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with ¢4 (A) 1 ¢5(A) as n 1 oo for all 4, j € Z,.

Now, we firstly claim that for any n > 0,7 > 0and 0 < s < 1,

> A (A) - wk - sF72 < oo, (6.2.10)
k=2

If s = 0 or 1, (6.2.10) is trivial true since both 0 and 1 are absorbing
states and so we assume 3 > 2. It is easy to see that for n = 0,
o0
O3) . . gF2 = i -2
k§2 Pis (A) - A+ g

< 400.

Suppose (6.2.10) holds true for n, then by (6.2.9)

> (A-+ )¢l ()

3=0

= $4+3 T ¢ W’

J=0k#j

— sy §: S0 (A)upst~2 - Qkj j—k+2
= 2 Pik WgS > =S

i#k Wk

= s+ 3 o (N wgs*2 - (bg + bys + Z bmyas™ ). (6.2.11)
k=2

m=1

Hence
—bo Z¢"+1)( A) - 'szjgsi-—nggb (A )wks 2 < 400
k=2

and therefore (6.2.10) holds true for n + 1. Thus (6.2.10) holds for any
n > 0 by the mathematical induction principle.

Secondly, define ATTV() = ¢V(A) — ¢ (), (n > 0). Then
AP(X) > 0,(n >1) and
lim A(n)()\) 0 for all i,j€Z,. (6.2.12)

n—o0

Using this notation, (6.2.11) can be rewritten as

A2&”WM§=:§+M)Z A () wysF?

+bys? Z A; "+1)()\) - w;s? 2, | (6.2.
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Now by (6.2.9) we have

AGPN) =T AP0 n>0

and so

18
o
~. 3
+
=
—
S
N’
o
+
o
(V)

LY

.
I
o

I
LN
Nk
oy
*[M
2
o
~~
>~
N’
2
=
(V)
LY

[
ol
1,078
S
by
N
N
p "
S
V)
=
o
.
LN\
™)
g =
LR
=
+
[N

[
8
2B

n ()\)wksk—Z . (bO + bls + Z bm+28m+2).
m=1

e
I
\

Therefore for all 0 < s <1 and 1 > 2,

< 0 L b beas™ 2w
ZA(_+1)()‘)ijJ—2 _ 0o+ 13+Zm_21 +28 -ZAz(k)()\)wkSk 2
j=2 —bys P

DICHEOE

bg 82 j=0
and hence

bo + b18 + £_; bng2s™

3 AT ;s <

=2 —6282
.3 AP O wyst (6.2.14)
k=2
Letting s = 1 in (6.2.14) yields
ZA”“( Ywi < 2 AW (N wy, (6.2.15)

However, it is easily seen that

o0 00 52 .
S A = DT e
k=2

s iz AT ATk
X 0 qjk
= Z wk
j2=:2/\+qj kEj A T Gk
1 o 8
< - > ik
S b At aGiE
< ! |
< 5



and thus by (6.2.15), %2, Agz)(/\)wk < ——51; for all n > 1. Applying
Dominated Convergence Theorem and using (6.2.12) yield that for 0 <
s<1

Letting n 1 oo in (6.2.13
fact that for 0 <s <1

AY ¢ (Vs = 5+ B(s) - lim 3 gip (\)wgst? (6.2.16)
j=0 k=2

S

and using the above equality then leads to the

provided B(s) # 0. However, we may find an € > 0 such that for all
1 —-e<s<1, B(s) #0. Hence by (6.2.16) we have

o0
gggokg_qusﬁz)( Jwps® 2 < +oo, for s€[l—¢g1).
Using Monotone Convergence Theorem yields

Z Pk (A )'wks = Z ¢Zk (A )fwksk_2 < 400, for s€[l—¢,1)

which actually holds for all 0 < s < 1. Thus we have proved (6.2.7)
and (6.2.8). Hence (6.2.5) and (6.2.6) follow immediately by using the
properties of Laplace transform. ]

Lemma 6.2.3. Let (p;;(t);4,j € Z;) be the Feller minimal Q-function,
where @ is a WCB ¢-matrix given in (6.1.1)—(6.1.3). Then for any ¢, k >
2,

o0
| pir()dt < oo (6.2.17)
and hence lim;_,, p;x(t) = 0. Moreover, for any i > 2,
_‘Q*'f‘qi .
St W mg>my
lim i t) = 1 q,* p
t—>oop0( ) { —q;q—;lf;qq*7 if mg < my < 400 (6.2.18)
and L
_q*7 Zf mq 2> my
lim p;1 (T =g -
lim p;i (t) = {2 Pk f mg < my < +oo. (6.2.19)

Proof. For any fixed ¢ > 0, it follows from the Kolomogorv forward

equations that - , , |
t
pio(t) = dio + g20 - /0 pia(s)ds
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which clearly implies that [§° pia(t)dt < co. Suppose [° pix(t)dt < oo for

2 < k < j. {From Kolmogorov forward equations we can see that
J 00 00
pij—1(t) — i1 = kZ Wib; k41 - /0 pir(t)dt + wj+1b0/0 pij+1(t)dt
=2

and hence [§° p;j41(t)dt < oo. Therefore, (6.2.17) follows from the math-
ematical induction principle. Hence lim; o, pix(t) = 0.

We now prove (6.2.18) and (6.2.19). First of all, noting that 0
and 1 are absorbing states we know that the limits lim; o pio(t) and

limy o0 i1 (t) exist. If my > my, then using (6.2.6) and the fact B(s) > 0
for all s € [0,1) can easily yield

w . .

> pij(t)s’ > s, s€l0,1).

§=0
Letting ¢ — oo in the above equality yields

tl‘iglopio(t) + Stli{élopil(t) > s, se0,1).

and therefore

lim pio(t) + lim piy () = 1 (6.2.20)
since we always have lim;_, o pig(t)+lims, 00 pi1(t) < 1. On the other hand,

note that B(g,) = 0 we may deduce from (6.2.6) that ¥32pi;(t)gl = ¢..

Hence we have

From (6.2.20) and (6.2.21) we immediately obtain (6.2.18) and (6.2.19)
for the case my > my. If mg < my < 400, then B(s) = 0 has a root ¢ in
(0,1), so we can deduce from (6.2.6) that S520 Pijt )¢’ = ¢' and hence

tli)l’g pio(t) + qtli)rglo pir(t) = qi. (6.2.22)

Also note that (6.2.21) still holds for the present case, therefore (6.2.18)

and (6.2.19) follow from (6.2.21) and (6.2.22). The proof is complete. O
For any 1 > 2, define

Gi(s) = { (_f*:q* + i q*s )/B( ), if mg=>mp

(= qqq:qq*+q s )/B( ), 1f mqg < my < Foo.
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Remark 6.2.1. It is easily seen from (6.2.1) that Gy(s) = G(s) and for
any 17 > 2,

Gi(s) = il N 6.2.23)
() Zz__%q —q.” sJ”, if mg < mp < 400. (

. i—1—j .

sl gl if mg > my

G(s) { 7=0" 1-g. "
9—4s

Therefore, from Lemma 6.2.1 we can see that for any i > 2, Gi(z) is
analytic on the disk {z; |z| < 1} and thus can be expanded as a Taylor
series as

© G;"(0) ,

Gi(z) = > 2", |zl <1, 122
n=0 n:

where ng)(O) is the n’th derivative of G; at 0. Also, by (6.2.23) and
Lemma 6.2.1, it is easy to see that for any ¢ > 2 and n > 0,

ng)( ) Z(z 2)An 1 1qz ql J  Gnj) zf mq > My (6 9 24)
n! Z(’ 2)"" ¢~ ;—(;Ii - + Gn—j, 3f Mg < my < 400 o
which implies that {G (0), n > 0} is also bounded. In fact, some specific

bounds can be easily provided. For example, it is easily seen that g,_; <

(;L‘IJ)«’" . gn, (0 < j < n). So combining this with (6.2.22) yields that for

any 1 > 2,
G (0)
n!

Ci-gn < <Cy:Gn, n2>0

where the positive constants C; and Cs, which may depend on ¢ > 2, are
independent of n.

Lemma 6.2.4. Let (p;;(t);4,5 € Z,) be the Feller minimal Q-function,
where @) is a WCB g-matrix given in (6.1.1)—(6.1.3).

(i) For any i, k£ > 2, we have

1 G20
Wk (k) - 2)! '

|| pik(t)dt = (6.2.25

(i) If %2 o(gk—2/wk) < +o0, in particular, if 32 ,(1/wy) < +00,
then for any ¢ > 2

og 0 : 00 - (k—2)- : : : :
S putoyie = 5 T < 4o (6226
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and hence

lim 2 pir(t) = 0. (6.2.27)

t——>ook 9

Proof. Integrating with respect to t in (6.2.6) yields
Z pij(t)s’ — s' = B(s) - Z(/o pir(u)du) - wis® 2. (6.2.28)
7=0 k=2

Letting t 1 co in (6.2.28) for s € (—1, 1), using Dominated Convergence
Theorem on the left-hand side of (6.2.28) and applying Monotone Con-
vergence Theorem on the right-hand side of (6.2.28) yields that

Gi(s) = kz( [ pan(t)dt) - wis™ 2. (6.2.29)
=2
Since (6.2.29) holds at least in (—1,1), we obtain (6.2.25) by using the

uniqueness of Taylor expansion.

Finally, suppose that % 5(gx—2/ wk) < 400. Then by Remark 6.2.1

we see that for any 7 > 2, Y32, u}k . "Ek——_i)(?_) +o00. Now using (6.2.25)

immediately yields (6.2.26). In particular, if ¥32,(1/wk) < oo, then
¥ o(gr—2/wk) < oo since {gx} is bounded. O

6.3. Regularity and Uniqueness

Now we can consider the regularity and uniqueness of the process.

Theorem 6.3.1. Suppose that mg > my, then the WCB g-matrix is

regular, i.e., the Feller minimal @Q-process is honest.

Proof. Let (¢;;(\)) be the Feller minimal Q-resolvent. If mq > my, then
Lemma 4.2.1 implies B(s) > 0 in [0,1]. So, from (6.2.8) we see that

A f dis(\)s? >, 120,0<s<L (6.3.1)

Letting s 7 1 in (6.3.1) yields A¥X3Zg ¢i;(\) > 1, implying that equality
holds for all ¢ > 0. We deduce that the minimal @-function is honest,
and hence that @ is regular. O

Theorem 6.3.2. Suppose that £3,(1/wn) = +00-

(i) If my < 400, then @ is regular, i.e., the Feller minimal WCBP
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is honest and thus there exists only one WCBP.
(ii) If my = +o0 and 2 ,(gr—2/wk) < 400, then Q is not regular,
i.e., the Feller minimal WCBP is dishonest.
Proof. We prove (ii) first. Let (p;;(t)) be the Feller minimal Q-function.

Suppose the contrary is true, then
o0
1—pio(t) —pa(t) = D_ pir(t), ©2>2
k=2
which, together with (6.2.26) in Lemma 6.2.4, yields

/000(1 — pio(t) — pir(t))dt < oo.

Hence we obtain lim;_, o pig(t) -+ lim;—o0 pi1(t) = 1 which contradicts with
(6.2.18) and (6.2.19) in Lemma 6.2.3 since we have assumed that m; =
~+00.

We now prove (i). If mg > my, the conclusion follows from Theorem
6.3.1 directly. So we only need to consider the case mg < mp < +o00. Let
(#ij(A\)) denote the Feller minimal Q-resolvent. Using the definition of
G(s) we may rewrite (6.2.8) for ¢ = 2 as

G(s) - A k>°5 bu(N)s* — 87 = (g — 5)(s — g.) i bok(2) - wpst2.

Comparing the coefficients of the both sides in the above equality can

yields that for any n > 2,
A Z()¢2j(>\)9n—j — gn-2
]:
= —q@qP2n+2(AN)Wni2 + (¢ + ¢)P2nr1(A)wpy1 — Pon(Nw,.  (6.3.2)

Noting Lemma 6.2.1 and the fact that 372, Adg;(A) < 1, we obtain (see
for example Theorem 2.5.5 in Hunter (1983)) that

Jim Z())\szj(/\)gn—j = goo * ZO)\QSzj()\), (6.3.3
j= =

j
where g > 0, guaranteed by the condition mq < my < 400, is given ir
(6.2.3). We now claim that for any A > 0 we have

i)wzj(/\) =1 | | (6.3.4
fa |
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Indeed, if (6.3.4) fails then there exists a A > 0 such that 1—A 2324 ¢2;(A) >

0. Letting n — oo in (6.3.2) and using (6.3.3) and (ii) of Lemma 6.2.1
we obtain

,}L,IQO[QSZn()‘)wn + QQ*¢2n+2(/\)wn+2 - (q + Q*)¢2n+1(/\)]
= oo (1~ Z())\Qszj()\)) > 0.
j=

Hence there exists a constant § > 0 and an integer N > 2 such that for
all n > N, we have

This is a contradiction since ©%, w; ' = +oo0. Thus (6.3.4) holds for all
A > 0. It follows from (6.3.4) that

kij:o Adik(A) = 1, (VA > 0)

for all i > 2 since the set of states {2,3, - - -} forms a communicating class.

As for i = 0,1, it is trivially true. This completes the proof. a

Theorem 6.3.3. Suppose ©2,(1/wy) < oo. Then Q is regular if and
only if mg > my.

Proof. By Theorem 6.3.1, we only need to prove that if mg < mp < 400,
then Q is not regular. Indeed, since {gx; k > 0} is bounded we know that
5% (1/wy) < oo implies ¥32,(gk-2/wk) < 0o and thus the conclusion
follows from the proof of Theorem 6.3.2. a

The previous three theorems established regularity criteria. If a
WCB-¢g-matrix @ is regular then there exists only one WCBP. However,
the converse may not be always true. Indeed, if a WCB-g-matrix Q is
not regular, then although there exist infinitely many (even honest) Q-
functions, there may still exist only one WCBP since our WCBP must
satisfy the Kolmogorov forward equation (6.1.4). Therefore, in addition
to the regularity criteria, we also need to establish uniqueness criteria.
Of course, we shall only be interested in the case of mg < my < +o00 since
otherwise the question has already been answered by Theorem 6.3.1. Note
that by Lemma 4.2.1 we know that if mq < mp < +00, then B(s) = 0
has a root q such that 0 < ¢ < 1.
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Theorem 6.3.4. Suppose that @ is a WCB g-matrix satisfying mq <
my < +oo. If limsup,_, /W, < 1/q, where g(€ (0, 1)) is the smallest
root of B(s) = 0 in [0, 1], then there exists only one WCBP which is, in
fact, the Feller minimal process. In particular, if limsup,_,o, /Wn < 1,
then there exists only one WCBP.

Proof. We only need to prove that if limsup,_,., /W, < 1/g, then the
equation
YA -Q)=0, 0<Y(X) €l (6.3.5)

has only the trivial solution for some (and therefore for all) A > 0. Sup-
pose the contrary is true, then equation (6.3.5) has a non-trivial solution

{y,(X\) : n > 0} which, after some rearrangements, satisfies, for all n > 2,

n n (0.0
bown+oYn+2 + (bo + b1)Wn41Ynt1 = kZ yr+ (Y br—j+2)wjy;  (6.3.6)
=0 i=2 k=n+1

here we have let A = 1 and denoted y, = y,(1) (n > 0). Denote
hn = WnYn (n > 2) and 0, = T2, bj2 (n > 1). Note that {y,} is a
non-negative summable solution of (6.3.5) and thus ¥ y,s™ is finite for
all |s| <1 and therefore

limsup /y, <1 (6.3.7)

n—o

Since both {w,} and {y,} are non-negative sequence we have, by (6.3.7)
and the assumed condition, that

lim sup \Wz-n < liixl)scgp Y - liiri)solgp Jw, < 1/q

n—oo

and hence the convergence radius of the power series H(s) =: %, h,,s" 2
is strictly greater than q. Hence there exists € > 0 such that H(s) is well-
defined and finite on [0,q + €), here we may further assume g + ¢ < 1.
Also let Y(s) = £3% yns™ and o(s) = £52, 0,s" ! , then both Y (s) and
o(s) are well-defined and finite at least on [0,1). Hence by (6.3.6) and
some algebra we obtain

bo(H(S) — hy — h3s) + (bo -+ bl)s(H(S) — hz)
_Y(s)
l-—3s

—w—(o+y)s+s2a(s)H(s) (6.3
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where all H(s), Y (s) and o(s) are at least well-defined and finite on [0, g+
). But it is easily seen that

B(s) = (1 = s)[by + (b + b1)s — s°c(s)]. (6.3.9)

Substituting (6.3.9) into (6.3.8) and using the fact that yo = bohe
and 4y = bihy + bohs, which come from the first two equation of (6.3.5),

yields the next equation

H(s)B(s) = Y(s) (6.3.10)
where all three functions are well-defined and finite at least on [0, g+ ¢).
In particular, letting s = ¢ in (6.3.10) yields

H(q)B(q) = Y (q)-

Therefore B(q) = 0 and H(q) < +oo imply Y(g) = 0 which, in turn,
implies ¥, = 0 (Vn). A contradiction since {y, : n > 0} is a non-trivial
solution of Equation (6.3.6) for A = 1. O

We now summarise our main conclusions regarding uniqueness as

follows.

Theorem 6.3.5. Suppose Q is a WCB g-matrix as in (6.1.1)—(6.1.3).
Then there exists exactly one WCBP if either

(i) mgq > 1y, or
(i) mg < mp < +o0 and limsup,,_,, /Wn < 1/q where 0 < ¢ <1
is the smallest root of B(s) = 0 on [0, 1], holds.

Note that for nearly all the models we are interested in, if mg <
my < 400, then they do satisfy the condition limsup, . 3/wn < 1/q.
n

For example, the most interesting model discussed in Chapter 4, w, = (3)
and thus limsup,,_,o, /W, = 1 < 1/qif mg < mp < +00.

6.4. Extinction

We now turn to consider the extinction probability and extinction
time. From now on, we shall only consider the Feller minimal WCBP

and thus Lemma 6.2.2 is applicable.
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Let {X(t); t > 0} be the Feller minimal WCBP, and let P(t) =
(pij(t)) denote its transition function. Define the extinction times 7y and

71 for states 0 and 1 by
{ inf{t >0, X(t) =0} if X(¢) =0 for some ¢ > 0
T —

+00 if X(¢) 0 forall t > 0
inf{t >0, X(¢t) =1} if X(¢) =1 for somet >0
T =
S PSS if X(t)#1forallt>0

and denote the corresponding extinction probabilities by

a;p = P(T() < -|-OO|X(O) = ’L) and a;1 = P(Tl < +OO|X(O) = Z)

Note that 7 =: 79 A 7 is the extinction time and a; =: P(7 <

+00| X (0) = 4) is the corresponding extinction probability.
Theorem 6.4.1. For the Feller minimal WCBP starting at state ¢ > 2.

(1) If mg > my then

{ aio = (~g¢. +¢.)/(1 - ¢.) (6.4.1)
air = (1—q;)/(1 - qu).
(i) If mg < mp < 400 then
e e o4
(ili) The overall extinction probability satisfies
a; = a;jp + a;1. (6.4.3)
Therefore
aio +ai =1, if mg > my, (6.4.4)
aio+qai1 =q¢ <1, if mg < my < +oo. (6.4.5)

Proof. The required results follow directly from Lemma 6.2.3 since
P(ry < 00X (0) = @) = limsoopie(t) (i > 2,k = 0,1) and P(r <
t|X(0) =) = pio(t) + pu(t) (i > 2). 0

Having pointed out the extinction probabilities, we now consider

the mean extinction time E;[7] (¢ > 2) and conditional mean extinction
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times E[7i|m < 0o] (12> 2,k=0,1) and E;[7|7 < o0] (¢ > 2), where E;
denotes the expectation under the condition X (0) = i. It is clear that

Ei[TkI{'rk<oo}]
P(r, < 00| X(0) =4’

Ei[Te|m < oo] = k=0,1.
Theorem 6.4.2. For the Feller minimal WCBP starting at state ¢ > 2,

E;i[r] is finite if and only if mgq > mj and Y32 ,(gr—2/wk) < oo hold and
in which case we have

(6.4.6)
More specifically,
(1) If mq > my, then F;[7] is finite if and only if = o(gr—2/wk) < 0o.
(ii) If mq < my < +o0, then F;j[r] = +o0.

Proof. If mg < my < +o0, it is easily seen from Theorem 6.4.1 that
E;[T] = 4+00. So we can assume that mg > my, then (p;;(t); 4,5 € Z4) is
honest and thus

/Ot P(r > s|X(0) =1)ds = /Ot(l — pio(s) — pi(s))ds = /Ot(épik(s))ds.

Letting ¢ 1 co and then using (6.2.26) yields

Eilr] = [~ P(r > s|X(0) = i)ds = 3

Finally, it follows from (6.2.24) that E;[7] < oo if and only if =32 5(gk—2/wk)
< 0o. The proof is complete. O

;From Theorem 6.4.2 we see that Ei[m] = 400 (2 > 2, k =
0,1) in some cases, so we consider the conditional mean extinction time
Ei[me|me < +o0] (12> 2, k=0, 1).

Theorem 6.4.3. Suppose that the Feller minimal WCBP starts at state
P> 2.

(i) If mg > myp and TL o(gr_2/wx) = oo, then Ej[ni|m < 00] (k =

0,1) are all infinite while if mg > m, and 252 o(gr-2/wk) < 00,
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then E;[7;|m < oo] (k= 0,1) are all finite and given by

1 < 1 G¥2(0)
(g +d) iwe (k—2)

© 1 GF(0)

( Q*+q*) (6'4'7)

Ei[TolT() < OO] =

Ei[r|n < o0] = (1 ) 2_:2 o k=2 (1-¢5 (6.4.8)
Eijr] = %ﬂE [rofro < o0 + 1= qz “Eifnin < odl. (6.4.9)

(ii) If mg < mp < +o00 and £72, %"f . ¢* = o0, then E;[r|mx < o0]
(k =0,1) and E;[7|T < oo] are all infinite while if mg < my
< +oo and T2, =2 . ¢* < 0o, then Ej[7i|m, < o] (k=0,1)
and E;[T|T < oco] are all finite and given by

FEi[1o|m0 < o0]

1 ® 1 G (0 N

— I L (—quq" + qq"), 6.4.10
—g.q" + qqt Z‘zwk (k —2)! (e.q" +a0.) ( )

1 = 1 G¥F2(0)

G—a) Sw (k=2)

Ei[n|n < oo] = - (qk — q,’f) (6.4.11)

[TIT < 00]
_ (—q.q* + qq*)E [70|70 < 00] + (q ) imlm < OO]. (6.4.12)
¢'(1—q)—qi(1~- q)
Proof. Note that
Ei[TkITk < OO] _ E’L[Tk . [{Tk<00}], E — O, 1. (6413)

ik
We only need to evaluate px =: Ei[7k - [{7,<o01], £ =0,1.

We will prove (ii) first. Since mg < mp < +00,0 < g < 1. It follows
from (6.4.5) and 352 pi;(¢ )¢’ = q' that
(@io — pio(t)) + (@i — pur(t))g = kZ pik(t)q". (6.4.14)
=2

Similarly, from (6.2.21) and the fact that Y32 p;;(t)¢! = ¢ we can get
(@0 — Pz'o(t)) + (ail - pia(t))g. = Z pz'k(t)Qf- (6.4.15)
k=2
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Therefore, since a;x — pit(t) = P(t < 7 < oo|X(0) = 4), k£ = 0,1,

integrating (6.4.14) and (6.4.15) with respect to ¢ yields
t _ t
/0 P(s < 19 < 00| X (0) = 4)ds + q/o P(s < 11 < 00| X(0) =1)ds

/Ot P(s < 19 < 00| X(0) =1)ds — g, /OtP(s <1 < 00|X(0) = t)ds
= S (f; pu(s)ds) - gt

and hence

1 ®©  rt
: ZSdS.—*k+ f,
o L prls)ds) - (—a.d" + aat)

f Pl < < 00l X(0) = i)ds = g _1 ¢ é(/otpz'k(S)dS) (¢* — af).

Note that 0 < —¢q, < ¢ < 1, letting t T oo and using Monotone Conver-

/OtP(s < 79 < 00| X(0) =1)ds =

gence Theorem yields that

1 =1 G0 ko ok
Lio = : il - (—g+q" + qq° 6.4.16
1 =1 G* P . .
=" - (q" — q5). 6.4.17
On the other hand, from the definition of 7 we can see that
(6.4.18)

Ei[T . I{T<oo}] = Ei['r(] . I{T()(OO}] -+ Ei[Tl - I{'rl<oo}]

Thus the conclusions in (ii) follow from (6.4.16)—(6.4.18) and the fact
that 0 < —q, < g < 1.

Now we turn to prove (i). Since mg > my, P(T < 00|X(0) =) = 1.

It follows from (6.4.4) and the honesty of (p;;(t)) that

(aio — pio(t)) + (ai1 — pa(t)) = épik(t)- (6.4.19)

Secondly, (6.4.15) still holds in this case. Thus, a similar argument yields

/Ot P(s <19 < 00| X(0) =1)ds = ; _1 . . é(/otpik(s)ds) =gy + qf),
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t , 1 ®
/0 P(s <1 < 00|X(0) =14)ds = I 162::2(/0 pik(s)ds) - (1 — qr).

Note that 0 < —q, < 1, letting t 1 co and using Monotone Convergence
Theorem yields that

= 1 G* 20
g = T+ > )

1 k
: : (g + ¢* 6.4.20

1 = 1 G¥ )
11— gx =2 Wk (k — 2)'
On the other hand, it follows from (6.4.13) and the definition of 7 that

Hil = (1- Qf) (6.4.21)

1

EZ[T] = EZ[T ) I{T<OO}] = __q_Q_ y Ei[TolTO < OO] + 9 . Ei['TllTl < OO]

1 — g, 1 —gq.
(6.4.22)
Thus the conclusions in (i) follow from (6.4.20)—(6.4.22) and the fact
that 0 < —g, < 1. O

6.5. Explosion and Holding Time

Having obtained the extinction probability and mean extinction time,
we are now in a position to consider the explosion probability and mean
explosion time. By Theorem 6.3.1, we only need to consider the case that
mg < mp < +00. Let 7, denote the explosion time and @i = P(700 <
oo| X (0) = 7) denote explosion probability.

Since we are dealing with the minimal process,
o0
Pico(t) =1 =D pij(t) = P10 < t|X(0) = 2)
7=0
is the probability of explosion by time ¢ starting at state ¢, and p;oo(2) —

Qiso aS T — 0O.

Theorem 6.5.1. Suppose that the Feller minimal WCBP starts at state
1> 2.

(i) If mq > my, then a;, = 0.
(ii) If mg < mp < +o0 and Yie2(gr—2/wk) < 0o, then

(1-4¢)¢" = (1 - q)q
R Chul OO0 el Ul )L
q — g«
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and

aioE@'[To‘To < OO] + ailEi[TllTl < OO] + aiooEz'[ToolToo < OO]
© 1 G¥ ()
k2 wr (k- 2)! .

(6.5.2)

Proof. If mq > my, then the Feller minimal WCBP is honest and hence
Uico = 0. If myg < my < 400 and Y22 o(gr_2/wy) < oo, it follows from
Theorems 6.3.2 and 6.3.3 that the Feller minimal WCBP is dishonest,

ie.,

pioo(t) =1- i}pzj(t) >0 (653)

which yields (6.5.1) by letting ¢ 1 co and using (6.2.27) together with
(6.4.2). It follows from (6.5.1) and (6.5.3) that

o0

(aio — Pio(t)) + (@1 — pin(t)) + (Gioo — Pico(t)) = X pij (%) (6.5.4)
j=2
Integrating (6.5.4) with respect to ¢ and noting that

iy < t7y < 00) = Pio!)

Qico
yields (6.5.2). O

Our final result concerns the time spent in each state over the lifetime
of the process. Let T; be the total time spent in state k (> 2) and let
pir = E|[Tx| X (0) = 4], ¢ > 2. Then,

00 . 00
pir = B[ [~ Iix=ndt| X (0) = i = | pax(t)dt.
This expression was evaluated in (6.2.26). We have therefore proved the
following result.
Theorem 6.5.2. All of p;, ¢ > 2, k > 2, are finite and given by

16770
Hik = wp (k—2)1
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6.6. Notes

WCBP is a natural generalisation of CBP and GCBP. In fact, we
recover GCBP by letting w, = n%(n — 1)# (n > 2) and recover CBP by
letting w, = n(n —1)/2 (n > 2).

The work discussed in this chapter is in preparation for submission
in Chen, Pollett, Li and Zhang (2004). More specifically, the introduction
of the function G(z) (see (6.2.1)) is due to Li. Lemma 6.2.1, Lemma, 6.2.2,
Lemma 6.2.4, Theorem 6.3.2, Theorem 6.4.2 and Theorem 6.4.3 are due
to Li. Lemma 6.2.3, Theorem 6.2.1, Theorem 6.3.3, Theorem 6.4.1 and
Theorem 6.5.1 are due to Li and the other authors.

Similar as regarding WMBP, the regularity problem for WCBP re-
mains unsolved in the case my = +00. By Theorem 6.3.2, if the WCBP is
regular then Y2 ,(gx_2/wg) = 400, i.e., the condition X2 o(gx—2/wk) =
+oo is necessary for the regularity. However, in most situations, such
as the CBPs or GCBPs considered in Chapter 4 or 5, respectively, this
condition is also sufficient. A natural problem is whether this condition

is sufficient for regularity in the most general WCBP.

Theorem 6.3.5 gives some sufficient conditions for uniqueness. How-
ever, when mg < mp < 400, the uniqueness problem of ()-processes

satisfying Kolmogorov forward equations is still not completely solved.

As mentioned in Section 3.8, by using a proper compound Poisson
process as an underlying structure, the approach of random time changes
could be applicable in studying WCBPs. We will study this interesting

problem in future.

Because of the generality of the sequence {wy,;n > 2}, many special
properties of CBP or GCBP are no longer true for the most general
WCBP. For example, the partial differential equation (4.3.5) established
for CBP and the important expression (5.2.16) established for GCBP are
not now available for WCBP. However, this most general WCBP has a
wide range of applications. We can use different forms of {w,;n > 2} to

model different realistic cases, for instance, we can obtain an interesting
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7. Conclusions and Future work

7.1. Conclusions

In the previous chapters, we have considered some generalised branch-
ing models and discussed some of the important characteristics of the
corresponding @Q-processes. This included the regularity criterion, ex-
tinction and explosion behaviour, recurrence and ergodic properties. We

now summarise our main conclusions.

7.1.1. Markov Branching Processes with Immigration and Res-

urrection

Criteria for the regularity and uniqueness for Markov branching pro-
cesses with immigration and resurrection are established. The effect of

such immigration and resurrection is investigated in detail.

Explicit expressions for the extinction probability and mean extinc-
tion time of the process are presented. It is revealed that if the death
rate is greater than the mean birth rate for the underlying branching
structure, then a considerably large immigration is necessary to rescue a
species from extinction, while if the death rate is equal to the mean birth

rate, then a mild immigration will suffice.

Ergodicity and stability properties of the process incorporating res-
urrection structure are then investigated. The conditions for recurrence,

ergodicity and exponential ergodicity are obtained. An explicit expres-

sion for the equilibrium distribution is also presented.

7.1.2. Weighted Markov Branching Processes

Regularity and uniqueness criteria for the weighted Markov branch-

ing processes, which are very easy to verify, are established.

Some 1important characteristics regarding the hitting times of such
structure are obtained. In particular, closed expressions for the mean

extinction time and conditional mean extinction time are presented.

The explosion behaviour of the process is investigated and the mean
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explosion time is derived. The mean global holding time and the mean
total survival time are also obtained. The Harris regularity criterion for

ordinary Markov branching process is extended to the more general case

of non-linear Markov branching processes.

7.1.3. Collision Branching Processes and General Collision Branch-
ing Processes with 2 parameters

The collision branching process is explored further and a new class
of branching models, the general collision branching process with 2 pa-
rameters, 1s also considered. The regularity and uniqueness criteria of
the process are established.

Explicit expressions are then obtained for the extinction probability

vector, the mean extinction times and the conditional mean extinction

times of the process.

The explosion behaviour of such model is investigated and an explicit
expression for mean explosion time is established. The mean global hold-
ing time is also obtained. It is discovered that these properties are sub-

stantially different between the super-explosive and sub-explosive cases.
7.1.4. Weighted Collision Branching Processes

For the most general WCBP, some conditions for the regularity and

uniqueness are established.

The extinction behaviour of such processes is investigated and ex-
plicit expressions for mean extinction time and conditional mean extinc-

tion time are presented.

The explosion behaviour of the process is also investigated and the
mean explosion time is derived. The mean global holding time and the

mean total survival time are also obtained.

7.2. Future Work

The models discussed in the previous chapters play an important
role in the study of complex branching systems and have a wide range

of applications. The following are some significant related problems we
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would like to investigate in the future.

Question 1. Since C' = {2,3,---} is the transient and communi-
cating class of a weighted collision branching process (p;;(¢)), the limit
limy o0 p;ij(t) is equal to O for all 4,5 € C and therefore quite uninfor-
mative. The sample paths are simply thinning out with increasing ¢. In
order to get more information about this process, it is natural and im-
portant to consider the so-called decay parameter of C, i.e., to find the
limit

Ac = — tli)rglo % logpij(t), 4,7€C
and to consider the quasistationary distribution:

o pg(Y)
pzy(oo) - tllglo YkeC pik(t),

i,j€C.

For additional material regarding the decay parameter and quasis-
tationary distribution, refer to Kingman (1963), Vere-Jones (1962, 1967,
1969), Pollett (1986, 1988), Pollett and Vere-Jones (1992) and Nair and
Pollett (1993).

Question 2. In this thesis, the models we considered have at most
two absorbing states. However, in many realistic situations, the branch-
ing events are eflected by the interaction or collision of k(> 3) parti-
cles. When the number of particles in the system is strictly less than k,
such interaction or collision can not happen. Therefore, in these models,
there are k(> 3) absorbing states. A special case of such structures was
considered in Kalinkin (1982, 2002). We are interested in studying the

extinction and explosion behaviour for the general cases.

Question 3. Consider a system in which there are d > 2 different
types of particle: the branching events are affected by the interaction of
k(< d) (maybe different types of) particles. For example (Asmussen and
Hering (1983)), suppose there are two different types of particles, say,
male and female, in the system. The system evolves as follows: only a
couple, a male and a female, can give birth. Neither a single male nor
a single female alone can give birth. Therefore, when only one gender

is left, the system will stop. For the general multi-dimensional cases, it
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could be much more complicated. In order to describe such population

systems, a multi-dimensional process is needed. It is worth considering

the evolution of such systems.

Finally, we would like to point out that our discussion in this thesis is
mainly theoretical. We understand that simulation is another important
technique. Therefore, in future, we will use simulated realisations to
illustrate the different types of behaviour of the models considered in

this thesis and apply the theoretical results to tackle realistic problems

in science, engineering and finance.
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