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Abstract. A piece-wise epidemic model is proposed to describe a switching
vaccination program such that it is implemented once the number of people

exposed to a disease-causing virus reaches a critical level. We also examine
a perturbed system to represent variation or uncertainties in interventions.
By using generalized Jacobian theory, Lyapunov constants for a non-smooth
vector field and generalized Dulac’s criterion, we theoretically analyzed the

global dynamic behaviors of the original piece-wise system and the perturbed
version. The main results show that as the critical value varies, the piece-
wise system will stabilize at the disease-free equilibrium or at the endemic
states for the two subsystems or at a generalized equilibrium which is a novel

global attractor for non-smooth systems. The perturbed system exhibits new
global attractors including a pseudo-focus of parabolic-parabolic (PP) type,
a pseudo-equilibrium and a crossing cycle surrounding a sliding mode region.
Our findings demonstrate that we can either eradicate an infectious disease

by increasing the vaccination rate or by stabilizing the number of infected
individuals at a previously given level conditional upon a suitable critical level
and parameters.

1. Introduction. Infectious disease remains a major threat to public health around
the world [3, 25]. Therefore, designing an effective prevention and control strategy
to fight against epidemic outbreaks is a vital task for government and public health
officers. Because of the global eradication of smallpox in May 1980, vaccination
has gained in prominence as a strategy for the elimination of such diseases such as
measles, hepatitis, parotitis, smallpox, and phthisis. Investigation of the impact of
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vaccines based on mathematical models has received much attention in recent years
[1, 8, 30, 13, 12, 21, 20].

Continuous and impulsive vaccination have been proposed as the two main mod-
eling approaches. The former strategy, relying on ordinary differential equations,
may lead to epidemic eradication if the vaccination ratio is sufficiently high [1, 8, 30].
The latter refers to repeated application of vaccine at fixed moments so impulsive
differential equations are appropriate for it [13, 12, 21, 20]. Infectious diseases can
also be eradicated by choosing suitable vaccine dosing intervals [12]. Impulsive
vaccination strategy is more realistic for describing the scheduled immunization
programme than a continuous vaccination strategy. However, neither of these two
strategies consider limited medical resources or represent variations in vaccination
strategies when facing emerging infectious diseases. For example, during the 2009
A/H1N1 pandemic, the vaccination strategy in mainland China varied according
to provinces or population ages, due to a lack of vaccine against A/H1N1 [10, 11].
Ideally, those who are exposed to the virus should be effectively vaccinated and the
vaccination strategy should depend on the number of individuals who are exposed
to the virus (susceptibles). However, little attention has been paid to modeling
switching vaccination strategies and its effect on dynamic behaviors of infectious
diseases, which is the scope of this study.

Our main idea for this study is to propose a piece-wise epidemic model to de-
scribe a switching vaccination strategy such that it is implemented only when the
number of those exposed to disease-causing virus is greater than a critical level,
and there are no vaccinations otherwise. Note that this type of vaccination strategy
belongs to a so-called threshold policy (TP) [19, 24, 18] and systems subject to such
a policy are called switched systems. Switched systems serve as models for a large
number of problems in subjects ranging from mechanics and electrical engineering
to biology [16, 23, 2, 15] and epidemiology [31, 32, 28]. Here we examine whether
the proposed vaccination strategy affects the evolution of infectious disease in com-
parison with a general vaccination without switching. To this end, we analyzed
the global dynamics of the piece-wise system with switching vaccination strategy
on the basis of qualitative theories for non-smooth systems. Moreover, some more
interesting and complicated biological phenomena are observed if the system admits
a small perturbation.

The rest of our paper is organized as follows. We propose a piece-wise epidemic
model with switching vaccination strategy and present some preliminaries in the
following section. Section 3 is devoted to the dynamics of two subsystems. The
global behavior of the switched system is rigorously investigated in section 4 and a
perturbed system is further examined in section 5. In the last section, we present
some concluding remarks on the results.

2. Piece-wise epidemic model with vaccination and preliminaries. Consid-
er a population that is divided into three types: susceptible, infective and recovered.
Let S, I and V be the number of susceptible, infective and recovered individuals,
respectively. Then the model equations take the following form:

dS(t)
dt

= A− kSI
1 + ωI − δS −H(S),

dI(t)
dt

= kSI
1 + ωI − δI − αI,

dV (t)
dt

= H(S)− δV,

(1)
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with vaccination policy function

H(S) =
εh(S − Sc)

hm + ε(S − Sc)
(2)

and

ε =

{
0, σ(S, I) < 0,
1, σ(S, I) ≥ 0.

(3)

Note that function σ(S, I) = S − Sc determines whether vaccination is implement-
ed or not, and parameter Sc is the threshold of susceptibles. Vaccination policy
function H(S) represents when no vaccination strategy is adopted if the number of
susceptible individuals is below the critical level Sc. In contrast, once the number
of susceptibles in the population reaches and exceeds the level Sc, the vaccination
strategy is implemented and governed by a nonlinear function in S − Sc, given by
H(S) = h(S−Sc)/(hm+(S−Sc)). Here h gives the maximum vaccination per unit
of time, and hm is the number of those susceptible individuals S − Sc that yields a
50% chance of the maximum vaccination level being reached (i.e. H(Sc+hm) = h/2)
and measures how soon saturation occurs. This vaccination represents a logistic re-
sponse to the increase in S−Sc, that is, when S−Sc ≪ hm, H grows linearly with
S − Sc; when S − Sc ≫ hm, H approaches a steady state h, showing the effect of
saturation. Parameter A represents the recruitment rate of the population, δ is the
natural death rate and α denotes the disease-related death rate, respectively. It is
reasonable to assume A > h since the recruitment rate is usually greater than the
maximum number of vaccinated individuals.

We assume that the immunity to the virus of vaccinated individuals will persist.
Taking into account the ‘psychological’ effects, we adopt a saturated incidence rate
in this model. Indeed, we choose the incidence rate as kI/(1 + ωI), where kI
denotes the infection force of a disease, and 1/(1 + ωI) reflects an inhibition effect
resulting from the reducing contact rate as the population size of infected individuals
increases. All other parameters are positive constants. Model (1) with (2) and (3)
is a description of a dynamical system subject to a threshold policy (TP), which is
referred to as a switched system [16]. In particular, it involves a coupling between
smooth dynamics of two distinct subsystems with or without implementation of
the vaccination strategy and the discrete switching events from the dynamics of
one subsystem to the other dynamics. It is a special and simple case of variable
structure control in the control literature.

Note that the vaccinated class does not influence the dynamics of the first and
second equations of model (1), so we only need to consider the reduced system

dS(t)
dt

= A− kSI
1 + ωI − δS −H(S),

dI(t)
dt

= kSI
1 + ωI − δI − αI.

(4)

Let N = S + I, and it follows from the definition of H(S) that dN
dt = A − δN −

αI −H(S) ≤ A− δN , which indicates that any trajectory of system (4) will attain
the region Ω ultimately, where

Ω=̇
{
(S, I) ∈ R2

+ | S + I ≤ A

δ

}
.
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Moreover, since dS
dt |S=0 = A > 0 and dI

dt |I=0 = 0, every trajectory of system (4)
initiating from some point in Ω remains in the region Ω forever. Hence, Ω is an
attraction region of system (4).

Obviously, the (S, I) phase plane is divided into two parts: G1 = {(S, I) ∈
R2

+ | σ(S, I) < 0}, G2 = {(S, I) ∈ R2
+ | σ(S, I) ≥ 0}. We denote the switching

boundary by

Σ = {(S, I) ∈ R2
+ | σ(S, I) = 0}. (5)

Let vector Z = (S, I)T and

F (Z) =
(
A− kSI

1 + ωI − δS −H(S), kSI
1 + ωI − δI − αI

)T

,

then system (4) can be rewritten as the following switched system

Ż = F (Z) =

{
F1(Z), σ(S, I) < 0,
F2(Z), σ(S, I) ≥ 0

(6)

with

F1(Z) =
(
A− kSI

1 + ωI − δS, kSI
1 + ωI − δI − αI

)T

=̇ (f11(Z), f12(Z))
T
,

F2(Z) =

(
A− kSI

1 + ωI
− δS − h(S − Sc)

hm + (S − Sc)
,

kSI

1 + ωI
− δI − αI

)T

=̇ (f21(Z), f22(Z))
T
.

It is worth noting that the vector field defined by system (6) is continuous. Further,
if it is locally Lipschitz-continuous, the trajectory of (6) initiating from any point
in R2

+ exists and is unique. Indeed, we provide a brief examination of the local
Lipschtiz-continuity of system (6) in Appendix A.

We call system (6) defined in region G1 system S1 and that defined in region G2

system S2.
In the following, we introduce two types of equilibria, which will play an impor-

tant role later in the discussion of this paper.

Definition 2.1. An equilibrium Z∗ of system (6) is said to be real if it lies in the
region governed by the structure that it originates from, whereas it is called virtual
if it is located in another region. Both the real equilibria and virtual equilibria are
called regular equilibria.

Definition 2.2. An equilibrium Z∗ = (Sc, I
∗) is said to be a generalized equilibrium

of (6) if f11(Z
∗)f21(Z

∗) ≤ 0.

It is known that the main characteristics of trajectories for a smooth system
near a non-degenerate equilibrium point of focus type is that it turns around the
point. For non-smooth systems, such points are replaced by a type of generalized
equilibrium point, i.e. the so-called ‘pseudo-focus’ point, which consists of four pos-
sible types, i.e. focus-focus type (denoted by FF), focus-parabolic type (denoted by
FP), parabolic-focus type (denoted by PF) and parabolic-parabolic type (denoted
by PP). In the following, we give a brief introduction to the pseudo-foci of FF and
PP type of system (6) which will be used in the rest of this paper and the detailed
description about other types of pseudo-foci can be found in the literature [6, 9].

Definition 2.3. Let Z∗ be a generalized equilibrium point of system (6) and tra-
jectories near it are oriented counter-clockwise.

• Z∗ is said to be of FF type if it is a focus for both systems S1 and S2.
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• Z∗ is said to be of PP type if solutions for both systems S1 and S2 have a
parabolic contact at Z∗ with Σ.

Definition 2.4. (i) Let Z∗ = (Sc, I
∗) be a pseudo-focus of FF type for system

(6). It is said to be elementary if Z∗ is elementary as an equilibrium point for both
systems S1 and S2.
(ii) Let Z∗ = (Sc, I

∗) be a pseudo-focus of PP type for system (6). It is said to be
elementary if

fi1(Z
∗) = 0,

∂fi1(Z
∗)

∂I
fi2(Z

∗) ̸= 0, i = 1, 2.

In terms of Filippov theory [7], there are three types of sliding modes, namely,
transversal sliding mode, attracting sliding mode and repulsing sliding mode. Since
system (6) is continuous, attracting and repulsing sliding modes are excluded and
only a transversal sliding mode is allowed. This demonstrates that the vector field is
directed from one side to the other at switching boundary S = Sc. The trajectories
will cross switching boundary S = Sc and the trajectory initiating from one specified
point is unique.

3. Dynamics of two subsystems. In this section, we examine the existence of
all possible equilibria and their local stability. We initially consider the equilibria of
system S1, the basic reproduction number of which is R01 = Ak/(δ(δ+α)). It is easy
to get that the disease free equilibrium E01 = (A/δ, 0) is a locally stable node for
R01 < 1, while it is a saddle for R01 > 1. According to Definition 2.1, E01 is a real
equilibrium (denoted by Er

01) for Sc > A/δ, and it is a virtual equilibrium (denoted
by Ev

01) for Sc < A/δ. When R01 > 1, the endemic equilibrium E1 = (S∗
1 , I

∗
1 ) is

feasible and locally asymptotically stable with

S∗
1 =

Aω + δ + α

k + ωδ
, I∗1 =

Ak − δ(δ + α)

(δ + α)(k + ωδ)
.

It is a real or virtual equilibrium (represented by Er
1 or Ev

1 ) for Sc > S∗
1 or Sc < S∗

1 ,
respectively. Furthermore, it is a node or a focus if η1 ≥ 0 or η1 < 0, where

η1 =
{δ + [k + ω(2δ + α)]I∗1}2

(1 + ωI∗1 )
2

− 4 det(J1(S
∗
1 , I

∗
1 ))

and

J1(S, I) =

 −δ − kI
1 + ωI − kS

(1 + ωI)2

kI
1 + ωI −(δ + α) + kS

(1 + ωI)2

 .

Consequently, we have

Proposition 1. For system S1, disease-free equilibrium E01 = (A/δ, 0) is a locally
asymptotically stable node for R01 < 1 and a saddle for R01 > 1. Unique endemic
equilibrium E1 = (S∗

1 , I
∗
1 ) is feasible and locally asymptotically stable if R01 > 1.

Further, E1 is a stable node for η1 ≥ 0 and a stable focus for η1 < 0.

Now we will investigate all possible equilibria of system S2. It is worth noting
that virtual equilibrium points locate in their opposite region, so they cannot be
attained although they are locally stable. That is because the dynamics change
once the trajectories cross the switching boundary σ(S, I) = 0. Therefore, we only
focus on the real equilibria of system S2 in the following, but for completeness we
also analyze the virtual equilibria in Appendix A.
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For system S2, the disease free equilibria satisfy the equations{
A− δS − h(S − Sc)

hm + (S − Sc)
= 0,

I = 0.
(7)

The first equation of (7) is equivalent to

δS2 − [A− h+ δ(Sc − hm)]S − [hSc −A(Sc − hm)] = 0, (8)

solving which yields

S02 =
δSc − δhm +A− h+

√
(δSc − δhm +A− h)2 + 4δ(Ahm + hSc −ASc)

2δ
,

S03 =
δSc − δhm +A− h−

√
(δSc − δhm +A− h)2 + 4δ(Ahm + hSc −ASc)

2δ
.

We denote E02 = (S02, 0), E03 = (S03, 0) in the following.
Taking x = S − Sc, the first equation of (7) reads

hhm

x+ hm
= δx+ δSc + h−A. (9)

It follows that E02 = (S02, 0) is real if a positive root for equation (9) exists and vice
versa; E03 = (S03, 0) is always virtual if it is well defined. Equation (9) possesses
a positive root if and only if g1(0) > g2(0) (i.e., Sc < A/δ). As a conclusion,
there exists a unique real disease free equilibrium (denoted by Er

02 = (S02, 0)) for
system S2 provided Sc < A/δ. For the existence of virtual equilibria (denoted by
Ev

02 = (S02, 0), E
v
03 = (S03, 0)), see Appendix A.

Further, E02 is stable for R02 < 1 and unstable for R02 > 1, where the basic
reproduction number R02 = kS02/(δ + α).

Next we consider the existence of endemic equilibria for system S2, which satisfy
the equations  S =

(δ + α)(1 + ωI)
k

,

(A− h)− δS − (δ + α)I + hhm
hm + (S − Sc)

= 0.
(10)

Substituting the first one of (10) into the second one yields

hhmk2

ω(δ + α)I + (δ + α) + k(hm − Sc)
= (δ+α)(k+ωδ)I + δ(δ+α) + k(h−A), (11)

which is equivalent to

ω(δ + α)2(k + ωδ)I2 +Φ1(Sc)I +Φ2(Sc) = 0 (12)

with

Φ1(Sc) = ω(δ + α) [δ(δ + α) + k(h−A)] + (δ + α)(k + ωδ) [(δ + α) + khm − kSc] ,
Φ2(Sc) = (δ + α− kSc) [δ(δ + α) + k(h−A)] + khm [δ(δ + α)−Ak] .

We denote E2 = (S∗
2 , I

∗
2 ), E3 = (S∗

3 , I
∗
3 ), where

I∗2 =
−Φ1(Sc) +

√
Φ2

1(Sc)− 4ω(δ + α)2(k + ωδ)Φ2(Sc)

2ω(δ + α)2(k + ωδ)
,

I∗3 =
−Φ1(Sc)−

√
Φ2

1(Sc)− 4ω(δ + α)2(k + ωδ)Φ2(Sc)

2ω(δ + α)2(k + ωδ)
,

S∗
2 =

(δ + α)(1 + ωI∗2 )

k
, S∗

3 =
(δ + α)(1 + ωI∗3 )

k
.

(13)
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It follows from the first equation of (10) that S > Sc is equivalent to I > Ic,
where

Ic =
kSc − (δ + α)

ω(δ + α)
.

Let x = I − Ic, and equation (11) can be written as

g3(x) = g4(x), (14)

where

g3(x) = hhmk2

ω(δ + α)x+ hmk
,

g4(x) = (δ + α)(k + ωδ)x+
k(k + ωδ)

ω Sc +
ωk(h−A)− k(δ + α)

ω .

Equation (11) possesses a root I∗i , i = 2, 3 with I∗i > max{Ic, 0} if and only if
equation (14) possesses a root x∗ satisfying x∗ > max{0,−Ic}. For Ic ≥ 0, we require
g3(0) > g4(0) to ensure x∗ > Ic > 0, while for Ic < 0, we require g3(−Ic) > g4(−Ic)
to ensure x∗ > −Ic > 0. There are two cases (including Ic ≥ 0 and Ic < 0) to
consider in the following and we initially investigate the case Ic ≥ 0.

Note that

Sc ≥
δ + α

k
⇒ Ic ≥ 0, Sc < S∗

1 ⇒ g3(0) > g4(0).

Further, if R01 > 1, δ(δ + α) + k(h−A) > 0, the following inequalities hold

Sc0 <
δ + α

k
< S∗

1 <
A

δ
, Sc1 > Sc0 (15)

with

Sc0 = hm +
δ + α

k
− hhmk

δ(δ + α) + k(h−A)
,

Sc1 = hm +
δ + α

k
+

ω [δ(δ + α) + k(h−A)]

k(k + ωδ)
,

which will be useful in the rest of this work.
A similar discussion yields

δ + α

k
< S∗

1 <
A

δ
, Sc0 >

δ + α

k
, Sc1 < Sc0 (16)

are true for R01 > 1, δ(δ + α) + k(h−A) < 0.
Then we conclude that there is only one real endemic equilibrium (denoted by

Er
2) for system S2 if

R01 > 1,
δ + α

k
≤ Sc < S∗

1 .

Now we turn to examine the case Ic < 0. In such scenarios, an equilibrium is
real provided it is well defined. It follows from (14) that there is a unique endemic
equilibrium (i.e. E2) when g3(−Ic) > g4(−Ic) and no endemic equilibrium exists
when g3(−Ic) ≤ g4(−Ic). Furthermore, if

δ(δ + α) + k(h−A) ≤ 0, Sc < hm +
δ + α

k
or

δ(δ + α) + k(h−A) > 0, Sc > Sc0,

then g3(−Ic) > g4(−Ic) holds. We also note that

Sc <
δ + α

k
⇒ Ic < 0.
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Therefore, based on (15) and (16), if

R01 > 1, δ(δ + α) + k(h−A) ≤ 0, Sc <
δ + α

k

or

R01 > 1, δ(δ + α) + k(h−A) > 0, Sc0 < Sc <
δ + α

k

are true, system S2 possesses a unique real endemic equilibrium (i.e. Er
2).

In addition to the existence of the real endemic equilibrium (i.e. Er
2) for system

S2, we address the existence of virtual endemic equilibria (denoted by Ev
2 , E

v
3 ) for

system S2 in detail in Appendix A.
Further, endemic equilibrium E2 is a stable node for η2 ≥ 0 and a stable focus

for η2 < 0, where

η2 =

[
δ + kI∗2 + ω(2δ + α)I∗2

1 + ωI∗2
+

hhm

(S∗
2 − Sc + hm)2

]2
− 4 det(J2(S

∗
2 , I

∗
2 ))

and

J2(S, I) =

 −δ − kI
1 + ωI − hhm

(S − Sc + hm)2
− kS
(1 + ωI)2

kI
1 + ωI −(δ + α) + kS

(1 + ωI)2

 .

Summarizing the above discussion, we obtain the following result.

Proposition 2. For system S2, there exists a real disease-free equilibrium E02 =
(S02, 0) if Sc < A/δ, which is a locally asymptotically stable node for R02 < 1 and
a saddle for R02 > 1. If conditions

δ(δ + α) + k(h−A) ≤ 0, Sc < S∗
1 (17)

or

δ(δ + α) + k(h−A) > 0, Sc0 < Sc < S∗
1 (18)

hold true, there is a unique real endemic equilibrium E2 = (S∗
2 , I

∗
2 ) which is locally

asymptotically stable. Furthermore, E2 is a stable node for η2 ≥ 0 and a stable
focus for η2 < 0.

Remark 1. (i) It is impossible that all equilibria of system S1 and S2 are virtual
or real. In particular, if E01 (E1) is real, then E02 (E2) is virtual and hence no
disease-free equilibrium (endemic equilibrium) of system S2 is real; if E01 (E1) is
virtual, then disease-free equilibrium E02 (endemic equilibrium E2) of system S2 is
real.
(ii) It follows from formula (13) that I∗2 varies with variation of threshold value Sc

and further

sgn

{
δI∗2
dSc

}
= sgn

{
(k + ωδ)Sc − ν +

√[
(k + ωδ)Sc − ν

]2
+ 4ωhhm(k + ωδ)

}
,

where ν = ω(A − h) + (δ + α) + hm(k + ωδ). Then we get
dI∗2
dSc

> 0 and so I∗2 is

monotonically increasing with respect to variable Sc.
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4. Global dynamics. The objective of this section is to perform a global qualita-
tive analysis of system (6). To investigate the richness of the dynamics that switched
system (6) can exhibit, we consider all possible combinations of parameters in the
following. The basic transmission rate k and threshold level Sc are selected to build
the bifurcation diagram and all other parameters are specified as given in legend of
Figure 1. We define five critical curves in parameter plane Sc − k as follows:

L1 =

{
(Sc, k) | k =

δ(δ + α)
A

}
, L2 =

{
(Sc, k) | Sc =

A
δ

}
,

L3 =

{
(Sc, k) | Sc = S∗

1

}
, L4 =

{
(Sc, k) | k =

δ(δ + α)
A− h

}
,

L5 =

{
(Sc, k) | Sc = Sc0

}
.
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Figure 1. Bifurcation set for switched model (6) with respect to
basic transmission rate k and threshold level Sc. We fix all other
parameters as follows: A = 0.6, ω = 1.2, δ = 0.5, h = 0.2, hm =
1.2, α = 1. Let Γ1 be the region bounded by lines L1, L2, Sc = 2
and Sc−axis; Γ2 be the region bounded by lines L1, L2 and the
two axes; Γ3 be the region enclosed by lines L1, L2, Sc = 2 and line
k = 4; Γ4 be the region bounded by lines L2, L3 and line k = 4;
Γ5 be the region delimited by lines L3, L4, k = 4 and k−axis; Γ6

be the region bounded by lines L3, L4, L5 and k−axis; Γ7 be the
region bounded by lines L1, L5 and k−axis.

Solid line L1 divides the parameter space into two parts in terms of whether
endemic equilibrium E1 of system S1 exists. Solid line L2 also divides the parameter
space into two parts, in terms of whether disease-free equilibrium E01 is real. Dash-
dotted line L5 divides the region bounded by lines L2, k = 4, Sc−axis and k−axis
into two parts, and the upper region is for R02 > 1 while the lower region is for
R02 < 1. Dashed-line L3 divides the region bounded by lines L2, L5, k = 4 and
k−axis into two parts in terms of whether endemic equilibrium Er

2 exists. Dotted
line L4 is plotted to delimit the regions where inequalities (17) and (18) are satisfied
in the parameter space.
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Before showing the global behavior of trajectories of system (6), we first give the
following lemma.

Lemma 4.1. R02 < 1 if and only if δ(δ + α) + k(h−A) > 0 and Sc < Sc0.

In this section we examine the global stability of all possible equilibria including
regular equilibria and generalized equilibria. To realize this purpose, we initially
need to preclude the existence of limit cycles in attraction region Ω. Note that the
vector field defined by system (6) is locally Lipschitz- continuous in Ω but not in C1,
which means that the classical Dulac’s criterion cannot be applied to the system.
Hence, we shall use the generalized Dulac’s criterion to exclude the existence of
closed orbits in Ω, which is addressed in [22] and is for locally Lipschitz-continuous
planar systems

dZ

dt
= Υ(Z), Z ∈ R2, (19)

where Υ = (Υ1,Υ2) is a locally Lipschitz-continuous vector field. For convenience,
we give a brief introduction of it as follows.

Lemma 4.2. Let D be a simply connected, bounded and open subset of R2, and
suppose there exists a constant c > 0 and a C1 function χ : R2 → R such that

div(χ(Z)Υ(Z)) ≤ −c a.e. in D,

then every compact limit set of (19) in D consists of equilibria.

Applying Lemma 4.2 to system (6) yields the following conclusion.

Lemma 4.3. There is no closed orbit in attraction region Ω for system (6).

Proof. We consider a C1 function in Ω defined by

χ(S, I) =
1

SI
.

Then for system S1, we have

div
(
χ(S, I)F1(S, I)

)
=

∂(χ(S, I)f11(S, I))
∂S

+
∂(χ(S, I)f12(S, I))

∂I
= − A

S2I
− ωk

(1 + ωI)2

≤ − ωkδ2

(δ + ωA)2
.

A similar discussion to that for system S2 yields

div
(
χ(S, I)F2(S, I)

)
=

∂(χ(S, I)f21(S, I))
∂S

+
∂(χ(S, I)f22(S, I))

∂I

= − A
S2I

− ωk
(1 + ωI)2

− hhm

(hm + S − Sc)
2SI

+
h(S − Sc)

(hm + S − Sc)S
2I

≤ − 1
S2I

(A− h)− ωk
(1 + ωI)2

− hhm

(hm + S − Sc)
2SI

≤ − ωkδ2

(δ + ωA)2
.

Taking c = ωkδ2

(δ + ωA)2
, we have

div (χ(S, I)F (S, I)) ≤ −c

for all (S, I) ∈ Ω. Hence, the generalized Dulac’s criteria can be applied to system (6)
in region Int(Ω), and it follows that no closed orbit exists in the region. Furthermore,
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it is not difficult to rule out the existence of a closed orbit on the boundary of Ω
and so no closed orbit exists in attraction region Ω. This completes the proof.

We consider the following two cases according to whether R01 is greater than
unity.

Case A R01 < 1 (i.e. Ak < δ(δ + α)).
In this case, endemic equilibrium E1 is not feasible due to R01 < 1 and neither

does E2 since conditions (17) or (18) do not hold true. The disease-free equilibrium
E01 does exist and it may be real or virtual for Sc > A/δ or Sc < A/δ, whereas
equilibrium E02 is real provided it is well defined. On the basis of Lemma 4.3, we
know that there is no limit cycle in the attraction region. We can also exclude
the existence of limit cycles of system (6) in attraction region Ω by computing
the divergence of system (6) based on distribution theory in this case. A detailed
introduction about the method is addressed in [17]. Based on the feature of stable
disease-free equilibria, we consider the following three subcases.

(A1) Sc > A/δ (region Γ1 shown in Figure 1).
In this scenario, E01 is the unique real disease-free equilibrium (denoted by Er

01)
and by Proposition 1, we know Er

01 is locally asymptotically stable. The nonexis-
tence of limit cycles in the attraction region has been obtained in Lemma 4.3, so
Er

01 is a global attractor, as shown in Figure 2 (a).
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Figure 2. Phase plane S-I of non-smooth epidemic model (6)
for case A, showing the distinct asymptotic equilibrium for dif-
ferent parameter sets. Vertical isocline gs1 is plotted for system
S1. The curves represent the orbits in the phase plane indicating
the asymptotic equilibrium. Parameter values are: A = 0.6, ω =
1.2, δ = 0.5, h = 0.2, hm = 1.2, α = 1 and k = 1, Sc = 1.3 (a);
k = 1, Sc = 1.2 (b).

(A2) Sc < A/δ (region Γ2 shown in Figure 1).
It follows from Definition 2.1 that E01 is virtual (denoted by Ev

01) and E02 is
the unique real disease-free equilibrium (denoted by Er

02) in this case. Since R02 <
R01 < 1, equilibrium Er

02 is locally asymptotically stable. Lemma 4.3 excludes
the existence of limit cycles in the attraction region, and hence Er

02 is globally
asymptotically stable.

(A3) Sc = A/δ (region Γ1 ∩ Γ2 given in Figure 1).
In this case, two disease-free equilibria E01 and E02 collide together and we de-

note this by E0 = (S0, 0) = (A/δ, 0), which is actually a generalized equilibrium
according to Definition 2.2. It is difficult to study the stability of generalized equi-
librium E0 since the vector field defined by (6) is not C1 and the classical approach
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using the Jacobian for smooth vector fields cannot be applied. Here, we introduce
the generalized Jacobian developed by Clarke [14, 4, 33]. In such scenarios, the
generalized Jacobian at E0 gives

J(S0, 0) = co
{
J1(S0, 0), J2(S0, 0)

}
=

{
(1− p)J1(S0, 0) + pJ2(S0, 0) | p ∈ [0, 1]

}
.

For any p ∈ [0, 1], it reads

J(S, I) =

 −δ − kI
1 + ωI − phhm

(S − Sc + hm)2
− kS
(1 + ωI)2

kI
1 + ωI −(δ + α) + kS

(1 + ωI)2

 .

Direct computation shows that J(S0, 0) possesses two negative real characteristic
values, i.e.

λ1 = −δ − ph

hm
, λ2 = −(δ + α) +

kA

δ
.

Hence, generalized equilibrium point E0 is locally asymptotically stable. It follows
from Lemma 4.3 that no limit cycle exists in the attraction region Ω and so E0 is
globally asymptotically stable, as shown in Figure 2 (b).

In summary, we obtain the following result.

Theorem 4.4. For system (6), if R01 < 1 the disease dies out. In particular, the
disease-free equilibrium Er

01, Er
02 or E0 is globally asymptotically stable for Sc >

A/δ, Sc < A/δ or Sc = A/δ, respectively.

Case B R01 > 1 ( i.e. Ak > δ(δ + α)).
Since R01 > 1, disease-free equilibrium E01 is unstable while endemic equilibrium

E1 is locally stable and it is real or virtual for Sc > S∗
1 or Sc < S∗

1 . The existence
of real disease-free equilibrium E02 depends on whether Sc < A/δ or not. If one
of the conditions (17) and (18) is true, endemic equilibrium Er

2 is feasible and real.
We shall address how global attractors vary with the variation of a combination
of parameters. For global qualities of system (6) in this scenario, we consider the
following four subcases.

(B1) Sc > S∗
1 (i.e. region Γ3 ∪ Γ4 described in Figure 1).

Equilibrium E1 is the unique real endemic equilibrium ( denoted by Er
1 ) and

locally asymptotically stable in this scenario, while real disease-free equilibrium Er
02

is feasible for Sc < A/δ ( region Γ4 ) and unfeasible for Sc ≥ A/δ ( region Γ3 ).
According to (15), (16) and Lemma 4.1, one gets R02 > 1, which implies when
Sc < A/δ, Er

02 is feasible but unstable. Therefore, only endemic equilibrium Er
1 is

locally stable. By Lemma 4.3, we easily conclude that endemic equilibrium Er
1 is

globally asymptotically stable, as shown in Figure 3 (a).
(B2) Sc < S∗

1 , R02 > 1 (i.e. region Γ5 ∪ Γ6 given in Figure 1).
Endemic state E1 is virtual (denoted by Ev

1 ) and disease-free equilibrium Er
02 is

unstable. It follows from inequalities (15), (16) and Lemma 4.1 that condition (17)
(region Γ5), or condition (18) (region Γ6) holds in such scenarios, which implies real
endemic equilibrium Er

2 is feasible and locally asymptotically stable. Thus, endemic
equilibrium Er

2 is globally asymptotically stable, according to Lemma 4.3.
(B3) Sc < S∗

1 , R02 < 1 (i.e. region Γ7 given in Figure 1).
A similar discussion to that in (B2) yields that endemic equilibrium E1 is virtual

and endemic state Er
2 is unfeasible. It follows from Proposition 2 and inequalities

(15), (16) that disease-free equilibrium Er
02 is feasible and locally asymptotically
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Figure 3. Phase plane S-I of non-smooth epidemic model (6)
for case B, showing the distinct asymptotical equilibrium for d-
ifferent parameter sets. Vertical isoclines gs1 and gs2 are plot-
ted for systems S1 and S2, respectively, and gi denotes the hor-
izontal isocline. The curves represent the orbits in the phase
plane indicating the asymptotical equilibrium. Parameter values
are: A = 0.6, ω = 1.2, δ = 0.5, h = 0.2, hm = 1.2, α = 1 and
k = 4, Sc = 0.8 (a); k = 4, Sc = 0.4826 (b).

stable in this scenario. Therefore, it is globally asymptotically stable by Lemma
4.3.

(B4) Sc = S∗
1 (i.e. region Γ4 ∩ (Γ5 ∪ Γ6) given in Figure 1).

Two endemic equilibria E1 and E2 collide together, and we denote this by E∗,
which results in a critical case. It follows that E∗ = (S∗, I∗) with S∗ = S∗

1 , I
∗ = I∗1 ,

which is a generalized equilibrium in the sense of Definition 2.2. We shall examine it
is globally asymptotically stable in the following. To this end, we initially investigate
the local stability of E∗.

By implementing a discussion similar to that in subcase (A3), we derive the
generalized Jacobian at E∗ as follows

J(S∗, I∗) = co{J1(S∗, I∗), J2(S
∗, I∗)} = (1− p)J1(S

∗, I∗) + pJ2(S
∗, I∗)

=

 −δ − kI∗

1 + ωI∗
− ph

hm
− kS∗

(1 + ωI∗)2

kI∗

1 + ωI∗
−(δ + α) + kS∗

(1 + ωI∗)2

 ,

with p ∈ [0, 1]. Since

tr (J(S∗, I∗)) = −δ + kI∗ + ω(2δ + α)I∗

1 + ωI∗
− ph

hm
< 0

and

det (J(S∗, I∗)) =

(
δ +

ph

hm

)[
(δ + α)− kS∗

(1 + ωI∗)2

]
+

(δ + α)kI∗

1 + ωI∗
> 0,

one gets that the generalized Jacobian J possesses two eigenvalues with negative
real parts at point E∗ and concludes the following.

Lemma 4.5. If R01 > 1 and Sc = S∗
1 , generalized equilibrium E∗ is feasible and

locally asymptotically stable.

By Lemma 4.3, it follows that there is no limit cycle in attraction region Ω, and
hence E∗ is globally asymptotically stable. In particular, we can identify the type
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of generalized equilibrium E∗. Denote

η1 =
{δ + [k + ω(2δ + α)]I∗}2

(1 + ωI∗)2
− 4 det(J1(S

∗, I∗)),

η2 =

[
δ + kI∗ + ω(2δ + α)I∗

1 + ωI∗
+

h

hm

]2
− 4 det(J2(S

∗, I∗)),

where Ji(S, I), i = 1, 2 is defined in section 3. (i) When η1 < 0, η2 < 0 hold true,
then according to Proposition 1 and 2, we know E∗ is a focus for both systems S1

and S2, so it is a pseudo-focus of FF type in the sense of Definition 2.3 (shown in
Figure 3 (b)). It is worth noting that we can also examine the local stability of E∗

in such scenarios (i.e. a pseudo-focus of FF type) by presenting the expression of
the first Lyapunov constant, according to [6, 9], which is distinct from the one for
smooth systems. (ii) When η1 ≥ 0, η2 ≥ 0 hold true, generalized equilibrium point
E∗ appears as a node for both systems S1 and S2 in such scenarios. (iii) When
η1η2 < 0 is true, generalized equilibrium point E∗ is a focus for system S1 (S2),
while it is a node for system S2 (S1).

Based on the above discussion, we derive the following conclusion.

Theorem 4.6. For system (6), when R01 > 1, the disease may either persist or
die out. In particular, endemic equilibrium E1 is globally asymptotically stable if
Sc > S∗

1 ; equilibrium E2 is globally asymptotically stable if Sc < S∗
1 and R02 > 1;

disease-free equilibrium E02 is globally asymptotically stable if Sc < S∗
1 and R02 < 1;

generalized equilibrium E∗ is globally asymptotically stable if Sc = S∗
1 .

5. A perturbed system and its dynamics. To model the density-dependent
vaccination strategy subject to a threshold policy, we formulate model (1) by ig-
noring many minor factors such as natural immunity, treatments, migrations and
effects of media coverage. However, if we consider these elements as small variables,
we can derive a perturbed system which may be a better approximation of the real
world. In particular, we can consider the natural acquisition of immunity and treat-
ments on the infected class. Let ϕ(S) be the rate of acquiring natural immunity to
the virus and φ(I) be the treatment rate. Then the perturbed system reads

dS(t)
dt

= A− kSI
1 + ωI − δS −H(S)− ϕ(S),

dI(t)
dt

= kSI
1 + ωI − δI − αI − φ(I),

dV (t)
dt

= H(S)− δV + ϕ(S) + φ(I)

(20)

where

ϕ(S) =

{
µ1, σ(S, I) < 0
µ2, σ(S, I) > 0

, φ(I) =

{
ν1, σ(S, I) < 0
ν2I, σ(S, I) > 0

, (21)

with µi > 0, νi > 0(i = 1, 2) sufficiently small. Note that the vaccinated class R
does not influence the dynamics of the first two equations of (20), so we only focus
only on the following system

dS(t)
dt

= A− kSI
1 + ωI − δS −H(S)− ϕ(S),

dI(t)
dt

= kSI
1 + ωI − δI − αI − φ(I).

(22)
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Denote

F̃1(Z) =
(
A− kSI

1 + ωI − δS − µ1,
kSI

1 + ωI − δI − αI − ν1

)T

=̇(f̃11(Z), f̃12(Z))T ,

F̃2(Z) =

(
A− kSI

1 + ωI − δS − h(S − Sc)
hm + (S − Sc)

− µ2,
kSI

1 + ωI − δI − αI − ν2I

)T

=̇(f̃21(Z), f̃22(Z))T .

Then system (22) becomes

Ż =

{
F̃1(Z), σ(S, I) < 0,

F̃2(Z), σ(S, I) > 0.
(23)

We denote the system defined by F̃i(Z) as Spi, i = 1, 2 in the rest of this paper. Since
µi, νi, i = 1, 2 are small parameters with small values, system (23) is a perturbed
one of system (6). Consequently, the dynamics of system (23) is consistent with
that of system (6) in most cases except for critical cases (A3) and (B4). We only
focus only on the dynamics of system (23) for case (B4) in the following, and a
similar argument for case (A3) can be made and so we omit it.

Note that the righthand side of system (23) is piecewise continuous, so we take
into account its solutions in Filippov’s sense, i.e., the solutions of differential inclu-
sions Ż(t) ∈ F̃ (Z(t)) with

F̃ (Z(t)) =
∩
δ>0

∩
µN=0

co(F̃1(B(Z; δ)\N) ∪ F̃2(B(Z; δ)\N)),

where co represents the convex hull, B(Z; δ) denotes the open δ−neighbourhood

of Z, and µ stands for the Lebesgue measure. By the definition of F̃i, i = 1, 2,
it follows that F̃ (Z(t)) is nonempty, bounded and closed, convex, and it is upper
semi-continuous in Z. According to [7], a solution for system (23) with initial value
S(t0) = S0, I(t0) = I0 does exist but may not be unique.

Remark 2. As far as perturbation of system (6) is considered, there is more than
one form, which means that there are quite a lot of forms for functions ϕ(S) and
φ(S). However, if the coordinates of the generalized equilibrium point (see case
(B4)) remain the same under perturbation, no new phenomena occurs. In particu-
lar, if the type of a pseudo-focus including FF type, FP type, PF type and PP type
remains unchanged, an attracting or repulsing sliding mode, or limit cycle does not
occur. Hence, we consider perturbation (21) in this work.

We can choose perturbed parameters µ1, ν1 appropriately such that endemic
equilibria Ẽv

11 = (S̃11, Ĩ11) and Ẽv
12 = (S̃12, Ĩ12) of system Sp1 are virtual, where

S̃1i =
A− µ1 − ν1 − (δ + α)Ĩ1i

δ
, i = 1, 2,

Ĩ11 =
Ak − δ(δ + α)− ν1ωδ − k(µ1 + ν1)−

√
ξ

2(δ + α)(k + ωδ)
,

Ĩ12 =
Ak − δ(δ + α)− ν1ωδ − k(µ1 + ν1) +

√
ξ

2(δ + α)(k + ωδ)
,

ξ = [Ak − δ(δ + α)− ν1ωδ − k(ν1 + µ1)]
2 − 4ν1δ(δ + α)(ωδ + k).

Similarly, we can assign a set of appropriate values for µ2, ν2 such that endemic
equilibrium Ẽv

2 = (S̃2, Ĩ2) for system Sp2 is feasible and virtual, where

S̃2 =
(δ + α+ ν2)(1 + ωĨ2)

k
, Ĩ2 =

−ã1 +
√
ã21 − 4ã0ã2
2ã0

(24)
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and

ã0 = ω(δ + α+ ν2)
2(k + ωδ),

ã1 = (δ + α+ ν2)(k + ωδ)[(δ + α+ ν2) + k(hm − Sc)]+
ω(δ + α+ ν2)[δ(δ + α+ ν2) + k(h−A− µ2)],

ã2 = [k(h−A− µ2) + δ(δ + α+ ν2)][(δ + α+ ν2) + k(hm − Sc)]− hhmk2.

By (23), equation

f̃i1(Sc, I) = 0, i = 1, 2

possesses a unique solution

Ĩci =
A− µi − δSc

kSc − ω(A− µi − δSc)
, i = 1, 2.

It follows that trajectories of (23) passing through point Ãi = (Sc, Ĩci), i = 1, 2 are

tangent to switching boundary S = Sc if Ãi is not singular. We consider three cases
in the following in terms of the relation of perturbed parameters µ1 and µ2.

Case (C1) µ1 = µ2.

In this case, two points Ã1 and Ã2 collide together and we denote this by Ã(Sc, Ĩc)

with Ĩc = (A − µ1 − δSc)/(kSc − ω(A − µ1 − δSc)). Furthermore, we can choose

appropriate parameter values such that endemic equilibria Ẽ11, Ẽ12 and Ẽ2 are all
virtual and Ã is a pseudo-focus of PP type, according to Definition 2.3. In order to
determine the global stability of Ã, we initially need to preclude the existence of limit
cycles in attraction region Ω. It is worth noting that on the one hand, perturbed
system (23) is not continuous any longer, so it cannot be analyzed by applying
the generalized Dulac’s Theorem; on the other hand, neither can it be completed
by calculating the divergence in the sense of distributions. That is because the
transversal mode is no longer allowed for every point on the switching boundary
due to the existence of pseudo-focus Ã. Thus, we shall establish two lemmas to rule
out the existence of any possible limit cycles.

Lemma 5.1. There is no closed orbit totally within region Gi, i = 1, 2.

Proof. Let B = 1/(SI). In region G1, we have

∂(Bf̃11)

∂S
+

∂(Bf̃12)

∂I
= −A− µ1

S2I
− ωk

(1 + ωI)2
+

ν1
SI2

< 0 (25)

for sufficiently small µ1, ν1, which indicates that no closed orbit exists in region G1.
Similarly, in region G2, one obtains

∂(Bf̃21)

∂S
+
∂(Bf̃22)

∂I
≤ − 1

S2I
(A−h−µ2)−

ωk

(1 + ωI)2
− hhm

(hm + S − Sc)
2SI

< 0 (26)

for sufficiently small µ2 and ν2, so no closed orbit exists in G2. Hence, there is no
closed orbit totally within region Gi, i = 1, 2. This completes the proof.

Lemma 5.2. No closed orbit crosses switching boundary S = Sc in attraction region
Ω.

The approach for proving this lemma is only slightly different from that in [31, 29],
so we omit it here.

Theorem 5.3. There is a set of sufficiently small positive constants for perturbed
parameters µ1, µ2, ν1, ν2 such that PP type of pseudo-focus Ã is globally asymptoti-
cally stable.
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Proof. According to the above discussion, we can assign a set of appropriate values
for perturbed parameters µi, νi, i = 1, 2 such that endemic equilibria Ẽ11, Ẽ12 and
Ẽ2 are virtual (denoted by Ẽv

11, Ẽ
v
12, Ẽ

v
2 ) and generalized equilibrium point Ã(Sc, Ĩc)

is of PP type. In the following, we will use the theory developed in [6, 9] to determine

the local stability of Ã. Let

api = f̃i2(Ã), bpi =
∂f̃i2(Ã)

∂I
, mpi =

∂f̃i1(Ã)
∂S

lpi =
∂f̃i1(Ã)

∂I
, npi =

∂2f̃i1(Ã)
2∂I2

, i = 1, 2.

By (23), one gets

ap1 = kScĨc
1 + ωĨc

− (δ + α)Ĩc − ν1, ap2 = kScĨc
1 + ωĨc

− (δ + α)Ĩc − ν2Ĩc,

bp1 = −(δ + α) + kSc

(1 + ωĨc)
2 , bp2 = −(δ + α+ ν2) +

kSc

(1 + ωĨc)
2 ,

mp1 = −δ − kĨc
1 + ωĨc

, mp2 = −δ − kĨc
1 + ωĨc

− h
hm

,

lpi = − kSc

(1 + ωĨc)
2 , npi =

ωkSc

(1 + ωĨc)
3 , i = 1, 2.

Then it follows that

w1 =
2 [ap1np1 − (bp1 +mp1)lp1]

3ap1lp1

=

2ω

1 + ωĨc

[
kScĨc

1 + ωĨc
− (δ + α)Ĩc − ν1

]
− 4δ − 2α+

2kSc(
1 + ωĨc

)2 − 2kĨc

1 + ωĨc

3

[
− kScĨc

1 + ωĨc
+ (δ + α)Ĩc + ν1

]
and

w2 =
2 [ap2np2 − (bp2 +mp2)lp2]

3ap2lp2

=

2ω

1+ωĨc

[
kScĨc

1+ωĨc
−(δ + α+ ν2)Ĩc

]
−4δ−2α−2ν2−

2h

hm
− 2kĨc

1+ωĨc
+

2kSc(
1+ωĨc

)2

3

[
(δ + α+ ν2)Ĩc −

kScĨc

1 + ωĨc

] .

Therefore, the first two Lyapunov constants are

V1 = 0,
V2 = w1 − w2

=

2

[
kSc(

1 + ωĨc
)2 − kĨc

1 + ωĨc
− (2δ + α)

]
(ν2Ĩc − ν1)

3

[
− kScĨc

1 + ωĨc
+ (δ + α)Ĩc + ν1

][
− kScĨc

1 + ωĨc
+ (δ + α)Ĩc + ν2Ĩc

]+
2

(
ν2 +

h

hm

)
3

[
− kScĨc

1 + ωĨc
+ (δ + α)Ĩc + ν2Ĩc

] .
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We can select a set of appropriate values for perturbed parameters µi, νi, i = 1, 2
such that V2 < 0, and hence we can conclude PP type of pseudo-focus Ã is locally
stable. Furthermore, by Lemma 5.1 and 5.2, there is no limit cycle in attraction
region Ω, so Ã is globally asymptotically stable, as shown in Figure 4 (a).
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Figure 4. Phase plane S-I of perturbed system (23) for Case (C1) and (C2).

(a) Stability of PP type of pseudo-focus Ã for case (C1); (b) Attracting sliding

mode domain (Ã2Ã1) and global stability of pseudo-equilibrium Ẽ1 for case
(C2) . Isoclinic lines g̃i1 (g̃i2) and g̃s1 (g̃s2) are plotted for system Sp1 (Sp2). The

curves are plotted to show the asymptotic equilibrium. Parameter values are:
A = 0.6, k = 4, ω = 1.2, δ = 0.5, h = 0.2, hm = 1.2, α = 1, Sc = 0.4826 and
µ1 = 0.05, µ2 = 0.05, ν1 = 0.025, ν2 = 0.002(a);µ1 = 0.03, µ2 = 0.05, ν1 =
0.015, ν2 = 0.002(b).

Case (C2) µ1 < µ2.

In such scenarios, two points Ã1 and Ã2 are distinct and we define

Ls
1 =

{
(Sc, I) | Ĩc2 ≤ I ≤ Ĩc1

}
.

In fact, Ls
1 turns out to be the attracting sliding mode domain of system (23), ac-

cording to theories in [7, 27, 26]. Basically, there are three approaches to determine
the sliding mode dynamics, i.e. a method via singular perturbation [5], Utkin’s
equivalent control method [27] and the well known Filippov’s convex method [7].
In the following, we will examine the sliding mode dynamics by applying Filippov’s
convex method. Before doing that we initially introduce a type of equilibrium which
is in the sliding mode domain and plays an important role in the rest of this work.

Definition 5.4. A point Z∗ is called a pseudo-equilibrium of system (23) if it is
an equilibrium of the attracting or repulsing sliding mode of system, i.e.,

λF̃1(Z
∗) + (1− λ)F̃2(Z

∗) = 0, σ(Z∗) = 0, λ =
F̃2σ(Z

∗)

(F̃2 − F̃1)σ(Z∗)

where F̃ σ(Z) = F̃ (Z) · grad σ(Z) is Lie derivative of σ with respect to vector field

F̃ at point Z.

Let F̃ = qF̃1 + (1− q)F̃2, where q ∈ [0, 1]. By (23), we obtain

F̃ =

 A− kSI
1 + ωI − δS − qµ1 − (1− q)µ2 −

(1− q)h(S − Sc)
hm + (S − Sc)

kSI
1 + ωI − (δ + α)I − qν1 − (1− q)ν2I

 . (27)
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It follows from F̃ σ(Z) = 0 that

q =
(A− µ2 − δSc)(1 + ωI)− kScI

(µ1 − µ2)(1 + ωI)
. (28)

Substituting (28) into (27) gives the sliding mode dynamics of (23) governed by

dI

dt
=

kScI

1 + ωI
− (δ + α+ ν2)I −

(ν1 − ν2I)
[
(A− µ2 − δSc)(1 + ωI)− kScI

]
(µ1 − µ2)(1 + ωI)

(29)

with I ∈ Ls
1. Denote

b̃0 = ν2ω(A− µ2 − δSc)− ν2kSc − ω(µ1 − µ2)(δ + α+ ν2),

b̃1 = (µ1 − µ2)(kSc − δ − α− ν2) + (ν2 − ν1ω)(A− µ2 − δSc) + ν1kSc,

b̃2 = −ν1(A− µ2 − δSc).

Then the equilibrium of (29) is exactly the root of the following equation

− [b̃0I
2 + b̃1I + b̃2] = 0. (30)

Therefore, we can choose perturbed parameters µi, νi, i = 1, 2 appropriately such
that there is an equilibrium Ĩ∗1 ∈ [Ĩc2, Ĩc1] for equation (29) with

Ĩ∗1 =
−b̃1 +

√
b̃21 − 4b̃0b̃2

2b̃0

and b̃0 > 0, b̃2 < 0. Thus system (23) has a pseudo-equilibrium Ẽ1 = (Sc, Ĩ
∗
1 ) in

terms of Definition 5.4. Denote the right-hand side of (29) as f(I). Then one gets

f(I) > 0 for I < Ĩ∗1 and f(I) < 0 for I > Ĩ∗1 , so Ẽ1 is locally asymptotically
stable on attracting sliding mode domain Ls

1. To determine the global stability of

Ẽ1, we also need to preclude the existence of any limit cycles in attraction region
Ω. Indeed, there is no limit cycle containing part of sliding segment Ls

1 due to

the stability of pseudo-equilibrium Ẽ1. According to Lemma 5.1, no limit cycle
is totally in Gi, i = 1, 2. Besides, by implementing a slightly different process to
that in [31, 29], we obtain that there is no limit cycle crossing switching boundary
S = Sc. Then we can conclude that no limit cycle exists in attraction region Ω as
shown in Figure 4 (b) and derive the following result.

Theorem 5.5. There is a set of appropriate values for perturbed parameters µ1, µ2,
ν1, ν2 such that pseudo-equilibrium Ẽ1 is globally asymptotically stable.

Case (C3) µ1 > µ2.
In such scenarios, there does also exist an attracting sliding mode region

Ls
2 =

{
(Sc, I) : Ĩc1 ≤ I ≤ Ĩc2

}
and (29) determines the sliding mode dynamics on Ls

2. Then the equilibrium of
(29) is exactly the root of equation

b̃0I
2 + b̃1I + b̃2 = 0 (31)

in this case, so it is possible to assign a set of values for the perturbed parameters
such that b̃0 < 0, b̃2 < 0 and only one pseudo-equilibrium Ẽ2(Sc, Ĩ

∗
2 ) is feasible and

satisfies Ẽ2 ∈ Ls
2, where

Ĩ∗2 =
−b̃1 −

√
b̃21 − 4b̃0b̃2

2b̃0
.
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A similar discussion to Case (C2) yields that pseudo-equilibrium Ẽ2 is unstable on
sliding mode region Ls

2. Furthermore, on the one hand all possible regular equilibria

Ẽ11, Ẽ12, Ẽ2 are virtual conditional upon proper parameter values, so none of them
can act as a global attractor. On the other hand we can preclude the existence of
any possible limit cycles except for the ones surrounding attracting sliding segment
Ls
2. In fact, limit cycles totally within region Gi, i = 1, 2 are excluded in Lemma

5.1. Since the vector field to the right of null-isocline g̃s1 points to the left, while
the vector field to the left of null-isocline g̃s2 points to the right as shown in Figure
5 (a), there is no crossing cycle without surrounding attracting sliding segment

Ls
2. It is not difficult to get trajectories initiating from point Ã2 or Ã1 cannot hit

Ls
2 again according to Figure 5 (a), which demonstrates no canard cycle (i.e. a
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Figure 5. Phase plane S − I of Filippov system (23) for Case (C3). (a)
The vector field in different subregions divided by switching boundary S = Sc,
vertical null-isocline g̃s1(g̃

s
2) and horizontal null-isocline g̃i1(g̃

i
2) of system Sp1

(system Sp2); (b) The existence of limit cycle in attraction region Ω. Parameter

values are A = 0.6, k = 4, ω = 1.2, δ = 0.5, h = 0.2, hm = 1.2, α = 1, Sc =
0.4826, µ1 = 0.05, µ2 = 0.03, ν1 = 0.015, ν2 = 0.002.

cycle containing part of Ls
2) exists in attraction region Ω. Therefore, a crossing

cycle appears in attraction region Ω and surrounds sliding segment Ls
2, as shown in

Figure 5 (b). Then we summarize as follows.

Theorem 5.6. There exists a set of proper values for perturbed parameters µ1, µ2,
ν1, ν2 such that a crossing cycle surrounding attracting sliding mode region Ls

2 is
feasible in attraction region Ω.

Remark 3. Only the transversal sliding mode is admitted for the original system
(i.e. system (6)) while the attracting sliding mode besides transversal sliding mode
is allowed for the perturbed system (i.e. system (23)). That is because the original
system is continuous but the perturbed version of it is piecewise continuous and it
is in fact a Filippov system. It is because of this that a pseudo-equilibrium and a
crossing cycle occur for the perturbed system.

6. Discussion. In this paper, we have proposed a piece-wise SIV model with sat-
urated incidence rate and switching vaccination strategy to represent a vaccination
policy that is implemented only when the number of susceptible individuals reach-
es the threshold level. The resulting model is a continuous system with discrete
switching events. We mainly focus on global dynamics of the formulated piece-wise
system and obtain the effect of the switching vaccination strategy on the control of
infectious diseases. We conclude that this non-smooth system exhibits a much wider
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range of dynamical behaviors than the smooth counterpart does. Our main results
show that the switching vaccination policy could maintain a disease at previously
specified and acceptable level if it is impossible to eradicate.

By carrying out a global qualitative analysis, we have obtained the global struc-
ture of the behavior of the proposed switched epidemic model, which exhibits some
novel dynamics. Our results demonstrate that if the infectivity of a disease (rep-
resented as k) is relatively low (i.e. regions Γ1,Γ2 and Γ7 given in Figure 1), the

disease will be eradicated as shown in Figure 2 (a). Otherwise (i.e. region
∪6

j=3 Γj

presented in Figure 1), the system can stabilize at one of the endemic equilibria for
two variable systems (i.e. E1 or E2), as shown in Figure 3 (a). The most interesting
result is that we have examined the stability of the so-called generalized equilibrium
points E0 and E∗, which are newly arisen properties of switched models, compared
with the smooth systems [1, 8, 30]. The results obtained here indicate that if the
threshold level is specified at critical values A/δ or S∗

1 , solutions of the system can
approach generalized equilibrium point E0 or E∗, as shown in Figure 2 (b) and
Figure 3 (b), which is typical for the switched system and qualitatively different
from the long behavior for smooth systems. The significant challenge in proving
their global stability is to exclude the existence of limit cycles and to prove the
local stability of generalized equilibrium points, which is technically analyzed by
introducing and implementing the theories for non-smooth systems. This the first
time that these theories have been applied to solve real world problems.

According to Theorem 4.5, when the basic reproduction number R01 is greater
than unity, the infectious disease may persist or die out, depending on whether
the other basic reproduction number R02 is greater or less than unity with other
parameters being appropriately selected. This result demonstrates that the basic
reproduction numberR01 only could not dominate the dynamics. Further, according
to Lemma 4.1, R02 is greater or less than unity if threshold level Sc is greater or
less than Sc0, where

Sc0 = hm +
δ + α

k
− hhmk

δ(δ + α) + k(h−A)
=

δ + α

k
+

hm

[
δ(δ + α)−Ak

]
δ(δ + α) + k(h−A)

,

which implies that whether a disease is eradicated or not is sensitive to the vacci-
nation rate (h). Therefore, it is possible to eradicate a disease by increasing the
vaccination rate conditional on availability of medical resources.

It follows from the formula of I∗2 given in (13) and Remark 1 (ii) that we could
choose a sufficiently small value for threshold level Sc and other parameter values
such that the population size of infected individuals stabilizes at some previously
chosen level. In practice, it is not always possible to eradicate a disease and hence
the objective changes to one of containing the disease by keeping the number of
infected individuals at a low level. If it is really the case, we can determine the
critical level of threshold Sc in terms of (13) such that the number of infected
individuals stabilizes at a specified value. This is interesting and will help public
health officers to decide when to implement the vaccination strategy.

Comparing the proposed model with the switching vaccination strategy and the
one with general vaccination strategy without switching suggests that the switching
vaccination strategy has many advantages. From the point view of mathematics,
when disease persists, two different kinds of level of infection can be approached in
the first model, whereas only a unique level of infection is possible in the second
model. Theoretical analysis of the model with a switching vaccination strategy
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is much harder than analyzing the corresponding smooth counterpart. From the
point view of biology, the first system better describes the impact of a variable
vaccination strategy on the control of infectious disease, the second one represents
consistent intervention; more importantly, the first one can lead the size of the
infected population to stabilize at a desired level but the second one cannot do
so. In conclusion, the proposed switching vaccination program is more realistic for
modelling a vaccination policy with variation and is more efficacious in containing
the disease.

More importantly, when we take into account some minor elements related to in-
terventions, we derive a perturbed system version of the original one, which can bet-
ter describe real world problems. Qualitative analysis demonstrates that trajectories
of the system may approach a pseudo-focus of PP type or a pseudo-equilibrium, or
a crossing cycle surrounding a sliding mode region, depending on the rate of acqui-
sition of natural immunity to the virus (represented as µ1 and µ2). If µ1 > µ2, both
the number of susceptibles and infecteds vary periodically and approach a dynamic
equilibrium as time t is sufficiently large. If µ1 = µ2, a pseudo-focus of PP type is
a global attractor, which implies we can choose the threshold level and other pa-
rameters appropriately such that the size of the population of infected individuals
stabilizes at a previously specified level. This is a new stable level and dramati-
cally different from the results in [1, 8, 30, 13, 12, 21, 20], by continuous switching
between vaccination and no vaccination. If µ1 < µ2, the number of infected indi-
viduals can also stabilize at a scheduled level, but in such case, the model exhibits
a rapid alternation of vaccination with no vaccination, resulting in shorter periods
of both modalities [31].

By formulating and analyzing a switched epidemic model, the work presented
in this paper demonstrates how such a switching vaccination policy affects disease
spread. Qualitative analysis showed that some new types of global attractors are
possible. In particular, the switched system possesses two novel global attractors
that are generalized equilibria; while the perturbed system has three types of novel
global attractors including a pseudo-focus of PP type, a pseudo-equilibrium and a
crossing cycle surrounding a sliding mode region. The results demonstrate that an
infectious disease can be maintained at some desired level if more realistic interven-
tions are considered.
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Appendix A Local Lipschitz-continuity of system (6)
Due to the smoothness of F (Z) in Gi, i = 1, 2, it is sufficient to examine that

for any closed rectangle M ⊂ R2
+ centered at (Sc, I), there is a constant L(M) > 0

such that
|F (Z1)− F (Z2)| ≤ L|Z1 − Z2|

for Zi ∈ M ∩ Gi, i = 1, 2. Denote Zi = (Si, Ii), g̃1 = A − kSI/(1 + ωI) − δS, g̃2 =
kSI/(1 + ωI)− δI − αI, and one gets∣∣F (Z1)− F (Z2)

∣∣2 =

(
g̃1(Z1)− g̃1(Z2) +

h(S2 − Sc)

hm + (S2 − Sc)

)2

+
(
g̃2(Z1)− g̃2(Z2)

)2
≤
(∣∣∣g̃1(Z1)− g̃1(Z2)

∣∣∣+ h

hm
(S2 − S1)

)2

+
(
g̃2(Z1)− g̃2(Z2)

)2
.

Since g̃i(Z), i = 1, 2, is smooth in M , there are constants Li > 0, i = 1, 2, such that∣∣g̃i(Z1)− g̃i(Z2)
∣∣2 ≤ Li|Z1 − Z2|2.

Thus,∣∣F (Z1)− F (Z2)
∣∣2 ≤ 2

(
L1 +

h2

h2
m

)[
|Z1 − Z2|2 + (S2 − S1)

2
]
+ L2|Z1 − Z2|2

≤
[
2L1 +

2h2

h2
m

+ L2

]
|Z1 − Z2|2.

Let L2 = 2L1 + 2h2/h2
m + L2, and it follows that∣∣F (Z1)− F (Z2)

∣∣ ≤ L|Z1 − Z2|.
Therefore, system (6) is locally Lipschitz-continuous in R2

+.
Appendix B Existence of equilibria for system S2

We initially examine the existence of all possible disease-free equilibria for system
S2, which satisfy equation (8) according to Section 3. It follows from

(A− h)Sc −Ahm > 0 ⇐⇒ Sc >
Ahm

A− h
,

δSc + (A− h− δhm) > 0 ⇐⇒ Sc > hm − A− h

δ
and Ahm/(A− h) > hm − (A− h)/δ that S02 > 0, S03 < 0 for Sc < Ahm/(A− h);
S02 > 0, S03 > 0 for Sc > Ahm/(A− h); S02 > 0, S03 = 0 for Sc = Ahm/(A− h).

Note that

A < h+ δhm ⇐⇒ A

δ
<

Ahm

A− h
.

Thus, we conclude the following.
(i) When A < h + δhm, there is a unique disease-free equilibrium (i.e. E02) for

Sc < Ahm/(A−h), which is real for Sc < A/δ and virtual for Sc > A/δ; there exist
two disease-free equilibria (i.e. E02 and E03) for Sc ≥ Ahm/(A − h) and both of
them are virtual.

(ii) When A > h + δhm, only one disease-free equilibrium (i.e. E02) exists for
Sc < Ahm/(A−h) and it is real; two disease-free equilibria (i.e. E02 and E03) exist
for Sc ≥ Ahm/(A − h), E03 is always virtual while E02 is real for Sc < A/δ and
virtual for Sc > A/δ.

(iii) When A = h + δhm, there is one disease-free equilibrium (i.e. E02) for
Sc < A/δ, which is real; two disease-free equilibria (i.e. E02, E03) exist for Sc > A/δ
and both of them are virtual.
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For clarity, we list the results in Table 1, where ER denotes the existence of
equilibrium which is real, EV represents the existence of equilibrium which is virtual
and N stands for the nonexistence of equilibrium.

Table 1. Existence of real or virtual disease-free equilibria for system S2

Threshold Value E02 E03

A < h + δhm

Sc <
A

δ
ER N

A

δ
< Sc <

Ahm

A − h
EV N

Sc ≥
Ahm

A − h
EV EV

A > h + δhm

Sc <
Ahm

A − h
ER N

Ahm

A − h
≤ Sc <

A

δ
ER EV

Sc >
A

δ
EV EV

A = h + δhm

Sc <
A

δ
ER N

Sc >
A

δ
EV EV

It follows from Table 1 that E03 remains virtual if it is well defined while E02 is
real provided Sc < A/δ.

Now we consider the existence of all endemic equilibria for system S2. To this
end, it is necessary to examine the existence of positive roots for equation (12) in
Section 3.

When δ(δ + α) + k(h−A) < 0, one gets that

Φ2(Sc) < 0 ⇐⇒ Sc < Sc0.

Similarly, when δ(δ + α) + k(h−A) > 0, we have

Φ2(Sc) < 0 ⇐⇒ Sc > Sc0.

If δ(δ + α) + k(h − A) = 0, then Φ2(Sc) < 0 for all Sc > 0. We also get that
Φ1(Sc) < 0 if and only if Sc > Sc1.

According to equation (14) in Section 3, endemic equilibrium E3 is always virtual
provided it is well defined while E2 is real for I

∗
2 > max{Ic, 0}. If Ic ≥ 0, we conclude

as following on the basis of discussion in Section 3 and inequalities (15), (16).
(i) When R01 > 1, δ(δ+α) + k(h−A) > 0 and Sc ≥ (δ+α)/k, there is only one

endemic equilibrium (i.e. E2), which is real for Sc < S∗
1 and virtual for Sc > S∗

1 .
(ii) When R01 > 1, δ(δ + α) + k(h−A) < 0, Sc0 < S∗

1 and Sc ≥ (δ + α)/k, there
is a unique endemic equilibrium (i.e. E2) for Sc < Sc0, which is real; two endemic
equilibria (i.e. E2, E3) exist for Sc ≥ Sc0, E2 is real for Sc < S∗

1 and virtual for
Sc > S∗

1 while E3 is always virtual.
(iii) When R01 > 1, δ(δ+α)+k(h−A) < 0, Sc0 > S∗

1 and Sc ≥ (δ+α)/k, there is
a unique endemic equilibrium (i.e. E2) for Sc < Sc0, which is real for Sc < S∗

1 and
virtual for Sc > S∗

1 ; there exist two endemic equilibria (i.e. E2, E3) for Sc ≥ Sc0

and both of them are virtual.
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(iv) When R01 > 1, δ(δ + α) + k(h−A) < 0, Sc0 = S∗
1 and Sc ≥ (δ + α)/k, only

one endemic equilibrium (i.e. E2) exists for Sc < Sc0 which is real; two endemic
equilibria (i.e. E2, E3) exist for Sc > Sc0, both of which are virtual.

(v) When R01 > 1, δ(δ+α)+k(h−A) = 0 and Sc ≥ (δ+α)/k, a unique endemic
equilibrium (i.e. E2) does exist, which is real for Sc < S∗

1 and virtual for Sc > S∗
1 .

When Ic < 0, one gets no endemic equilibrium existing for

R01 > 1, δ(δ + α) + k(h−A) > 0, Sc ≤ Sc0,

based on the discussion in Section 3.
For simplification and convenience, we list all results related to the existence of

endemic equilibria for system S2 in Table 2.

Table 2. Existence of real or virtual endemic equilibria of system S2

for R01 > 1

Threshold Value E2 E3

δ(δ + α) + k(h − A) > 0

Sc ≤ Sc0 N N

Sc0 < Sc < S∗
1 ER N

Sc > S∗
1 EV N

δ(δ + α) + k(h − A) < 0

Sc0 < S∗
1

Sc < Sc0 ER N

Sc0 ≤ Sc < S∗
1 ER EV

Sc > S
∗
1 EV EV

δ(δ + α) + k(h − A) < 0

Sc0 > S∗
1

Sc < S∗
1 ER N

S∗
1 < Sc < Sc0 EV N

Sc ≥ Sc0 EV EV

δ(δ + α) + k(h − A) < 0

Sc0 = S∗
1

Sc < S∗
1 ER N

Sc ≥ Sc0 EV EV

δ(δ + α) + k(h − A) = 0
Sc < S∗

1 ER N

Sc > S∗
1 EV N

It follows from Table 2 that endemic equilibrium E3 remains virtual if it is well
defined while endemic equilibrium E2 is real for Sc < S∗

1 provided it is well defined.
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